REPRESENTATION RINGS FOR FUSION SYSTEMS AND
DIMENSION FUNCTIONS
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Abstract. We define the representation ring of a saturated fusion system F as the
Grothendieck ring of the semiring of F-stable representations, and study the dimension
functions of F-stable representations using the transfer map induced by the characteristic
idempotent of F. We find a list of conditions for an F-stable super class function to be
realized as the dimension function of an F-stable virtual representation. We also give an
application of our results to constructions of finite group actions on homotopy spheres.

1. Introduction
Let G be a finite group and K be a subfield of the complex numbers. The representation
ring RK (G) is defined as the Grothendieck ring of the semiring of the isomorphism classes
of finite dimensional G-representations over K. The addition is given by direct sum and
the multiplication is given by tensor product over K. The elements of the representation
ring can be taken as virtual representations U − V up to isomorphism.
The dimension function associated to a G-representation V over K is a function
DimV : Sub(G) → Z,
from subgroups of G to integers, defined by (DimV )(H) = dimK V H for every H ≤ G.
Extending the dimension function linearly, we obtain a group homomorphism
Dim : RK (G) → C(G),
where C(G) denotes the group of super class functions, i.e. functions f : Sub(G) → Z that
are constant on conjugacy classes. When K = R, the real numbers, and G is nilpotent, the
image of the Dim homomorphism is equal to the group of Borel-Smith functions Cb (G).
This is the subgroup of C(G) formed by super class functions satisfying certain conditions
known as Borel-Smith conditions (see Definition 4.6 and Theorem 4.8).
If we restrict a G-representation to a Sylow p-subgroup S of G, we obtain an Srepresentation which respects fusion in G, i.e. character values for G-conjugate elements
of S are equal. Similarly the restriction of a Borel-Smith function f ∈ Cb (G) to a Sylow pgroup S gives a Borel-Smith function f ∈ Cb (S) which is constant on G-conjugacy classes
of subgroups of S. The question we would like to answer is the following:
Question 1.1. Given a Borel-Smith function f ∈ Cb (S) that is constant on G-conjugacy
classes of subgroups of S, under what conditions can we find a real S-representation V
such that V respects fusion in G and DimV = f ?
To study this problem we introduce representation rings for abstract fusion systems
and study the dimension homomorphism for fusion systems. Let F be a (saturated) fusion
system on a finite p-group S (see Section 2 for a definition). We define the representation
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ring RK (F) as the subring of RK (S) formed by virtual representations that are F-stable.
A (virtual) S-representation V is said to be F-stable if for every morphism ϕ : P → S in
the fusion system F, we have
resSP V = resϕ V
where resϕ V is the P -representation with the left P -action given by p · v = ϕ(p)v for every
v ∈V.
We prove that RK (F) is equal to the Grothendieck ring of the semiring of F-stable
S-representations over K (Proposition 3.4). This allows us to define the dimension homomorphism
Dim : RK (F) → C(F)
as the restriction of the dimension homomorphism for S. Here C(F) denotes the group of
super class functions f : Sub(S) → Z that are constant on F-conjugacy classes of subgroups
of S. In a similar way, we define Cb (F) as the group of Borel-Smith functions which are
constant on F-conjugacy classes of subgroups of S.
Our first observation is that after localizing at p, the dimension homomorphism for
fusion systems
Dim : RR (F)(p) → Cb (F)(p)
is surjective (see Proposition 4.9). This follows from a more general result on short exact
sequences of biset functors (see Proposition 2.6).
To obtain a surjectivity result for the dimension homomorphism in integer coefficients,
we consider a result due to S. Bauer [2] for realization of Borel-Smith functions defined
on subgroups of prime power order in a finite group G. In his paper Bauer introduces a
new condition in addition to the Borel-Smith conditions. We introduce a similar condition
for fusion systems (see Definition 5.3). The group of Borel-Smith functions for F which
satisfy this extra condition is denoted by Cba (F). We prove the following theorem which
is one of the main results of this paper.
Theorem A. Let F be a saturated fusion system on a p-group S. Then
Dim : RR (F) → Cba (F)
is surjective.
We prove this theorem in Section 5 as Theorem 5.5. If instead of virtual representations
we wish to find an actual representation realizing a given F-stable super class function, we
first observe that such a function must be monotone, meaning that for every K ≤ H ≤ S,
we must have f (K) ≥ f (H) ≥ 0. It is an interesting question if every monotone super
class function f ∈ Cba (F) is realized as the dimension function of an actual F-stable
S-representation. We answer this question up to multiplication with a positive integer.
Theorem B. Let F be a saturated fusion system on a p-group S. For every monotone
Borel-Smith function f ∈ Cb (F), there exists an integer N ≥ 1 and an F-stable rational
S-representation V such that DimV = N f .
This theorem is proved as Theorem 6.1 in the paper. From the proof of this theorem
we observe that it is possible to choose the integer N independent from the super class
function f . We also note that it is enough that the function f only satisfies the condition
(ii) of the Borel-Smith conditions given in Definition 4.6 for the conclusion of the theorem
to hold.
In the rest of the paper we give some applications of our results to constructing finite
group actions on finite homotopy spheres. Note that if X is a finite-dimensional G-CWcomplex which is homotopy equivalent to a sphere, then by Smith theory, for each p-group
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H ≤ G, the fixed point subspace X H has mod-p homology of a sphere S n(H) . We define
the dimension function of X to be the super class function DimP X : P → Z such that
(DimP X)(H) = n(H) + 1 for every p-subgroup H ≤ G, over all primes dividing the order
of G. We prove the following theorem.
Theorem C. Let G be a finite group, and let f : P → Z be a monotone Borel-Smith
function. Then there is an integer N ≥ 1 and a finite G-CW-complex X ' S n , with prime
power isotropy, such that DimP X = N f .
This theorem is proved as Theorem 7.5 in the paper. Up to multiplying with an integer,
Theorem C answers the question of when a monotone Borel-Smith function defined on
subgroups of prime power order can be realized. We believe this is a useful result for
constructing finite homotopy G-spheres with certain restrictions on isotropy subgroups
(for example rank restrictions). We also prove a similar result (Theorem 7.8) on algebraic
homotopy G-spheres providing a partial answer to a question of Grodal and Smith [9].
The paper is organized as follows: In Section 2 we introduce basic definitions of biset
functors and fusion systems, and prove Proposition 2.6 which is one of the key results
for the rest of the paper. In Section 3, we introduce representation rings and dimension
homomorphisms for fusion systems. In Section 4, we define Borel-Smith functions and
prove Proposition 4.9 which states that the dimension homomorphism is surjective in plocal coefficients. In Section 5, we consider a theorem of Bauer for finite groups and prove
Theorem A using Bauer’s theorem and its proof. Theorem B is proved in Section 6 using
some results on rational representation rings for finite groups. In the last section, Section
7, we give some applications of our results to constructions of finite group actions on
homotopy spheres. Throughout the paper we assume all the fusion systems are saturated
unless otherwise is stated clearly.
Acknowledgement. We thank Matthew Gelvin, Jesper Grodal, and Bob Oliver for many
helpful comments on the first version of the paper. Most of the work in this paper was
carried out in May-June 2015 when the authors were visiting McMaster University. Both
authors thank Ian Hambleton for hosting them at McMaster University. The second author
would like to thank McMaster University for the support provided by a H. L. Hooker
Visiting Fellowship.
2. Biset functors and fusion systems
Let P and Q be finite groups. A (finite) (P, Q)-set is a finite set X equipped with a
left action of P and a right action of Q, and such that the two actions commute. The
isomorphism classes of (P, Q)-bisets form a monoid with disjoint union as addition, and
we denote the group completion of this monoid by A(P, Q). The group A(P, Q) is the
Burnside biset module for P and Q, and it consists of virtual (P, Q)-bisets X − Y where
X, Y are actual (P, Q)-bisets (up to isomorphism).
The biset module A(P, Q) is a free abelian group generated by the transitive (P, Q)bisets (P × Q)/D where the subgroup D ≤ P × Q is determined up to conjugation in
P × Q. A special class of transitive (P, Q)-bisets are the ones where the right Q-action
is free. These Q-free basis elements are determined by a subgroup R ≤ P and a group
homomorphism ϕ : R → Q, and the corresponding transitive biset is denoted
[R, ϕ]Q
P := (P × Q)/(pr, q) ∼ (p, ϕ(r)q) for p ∈ P , q ∈ Q and r ∈ R.
We write [R, ϕ] whenever the groups Q, P are clear from the context.

4

S. P. REEH AND E. YALÇIN

The biset modules form a category A whose objects are finite groups, and the morphisms are given by HomA (P, Q) = A(P, Q) with the associative composition ◦ : A(Q, R)×
A(P, Q) → A(P, R) defined by
Y ◦ X := X ×Q Y ∈ A(P, R)
for bisets X ∈ A(P, Q) and Y ∈ A(Q, R), and then extended bilinearly to all virtual
bisets. Note that this category is the opposite category of the biset category for finite
groups defined in [3, Definition 3.1.1]. Given any commutative ring R with identity, we
also have an R-linear category RA with morphism sets MorRA (G, H) = R ⊗ A(G, H).
Definition 2.1. Let C be a collection of finite groups closed under taking subgroups
and quotients, and let R be a commutative ring with identity (R = Z unless specified
otherwise). A biset functor on C and over R is an R-linear contravariant functor from RAC
to R-mod. Here RAC is the full subcategory of the biset category RA restricted to groups
in C, i.e. the set of morphisms between P, Q ∈ C is the Burnside biset module R ⊗ A(P, Q).
In particular a biset functor has restrictions, inductions, isomorphisms, inflations and
deflations between the groups in C.
A global Mackey functor on C and over R is an R-linear contravariant functor from
RAbifree
to R-mod, where RAbifree
has just the bifree (virtual) bisets for groups in C,
C
C
bifree
i.e. for the morphism sets R ⊗ A
(P, Q) with P, Q ∈ C. A global Mackey functor has
restrictions, inductions and isomorphisms between the groups in C.
For Q ≤ P in C and a given biset functor/global Mackey functor M , we use the following
notation for restriction and induction maps:
[Q,incl]P
Q

resPQ : M (P ) −−−−−→ M (Q),

[Q,id]Q

P
indPQ : M (Q) −−−−→
M (P ).

Similarly for a homomorphism ϕ : R → P , we denote the restriction along ϕ by
[R,ϕ]P

R
resϕ : M (P ) −−−−→
M (R).

By a biset functor/global Mackey functor defined on a p-group S, we mean a biset
functor/global Mackey functor on some collection C containing S.
A fusion system is an algebraic structure that emulates the p-structure of a finite group:
We take a finite p-group S to play the role of a Sylow p-subgroup and endow S with
additional conjugation structure. To be precise a fusion system on S is a category F where
the objects are the subgroups P ≤ S and the morphisms F(P, Q) satisfy two properties:
• For all P, Q ≤ S we have HomS (P, Q) ⊆ F(P, Q) ⊆ Inj(P, Q), where Inj(P, Q)
are the injective group homomorphisms and HomS (P, Q) are all homomorphisms
P → Q induced by conjugation with elements of S.
ϕ
• Every morphism ϕ ∈ F(P, Q) can be factored as P −
→ ϕP ,→ Q in F, and the
inverse homomorphism ϕ−1 : ϕP → P is also in F.
We think of the morphisms in F as conjugation maps to the point that we say that
subgroups of S or elements in S are F-conjugate whenever they are connected by an
isomorphism in F.
There are many examples of fusion systems: Whenever S is a p-subgroup in an ambient
group G, we get a fusion system FS (G) by defining HomFS (G) (P, Q) := HomG (P, Q) as
the set of all homomorphisms P → Q induced by conjugation with elements of G. To
capture the “nice” fusion systems that emulate the case when S is Sylow in G, we need
two additional axioms. These axioms require a couple of additional notions: We say that
a subgroup P ≤ S is fully F-centralized if |CS (P )| ≥ |CS (P 0 )| whenever P and P 0 are
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conjugate in F. Similarly, P ≤ S is fully F-normalized if |NS (P )| ≥ |NS (P 0 )| when P, P 0
are conjugate in F.
We say that a fusion system F on a p-group S is saturated if it has the following
properties:
• If P ≤ S is fully F-normalized, then P is also fully F-centralized and AutS (P )
is a Sylow p-subgroup of AutF (P ).
• If ϕ ∈ F(P, S) is such that the image ϕP is fully F-centralized, then ϕ extends
to a map ϕ
e ∈ F(Nϕ , S) where
Nϕ := {x ∈ NS (P ) | ∃y ∈ NS (ϕP ) : ϕ ◦ cx = cy ◦ ϕ ∈ F(P, S)}.
The main examples of saturated fusion systems are FS (G) whenever S is a Sylow psubgroup of G, however, other exotic saturated fusion systems exist.
For a bisets functor or global Mackey functor M that is defined on S, we can evaluate
M on any fusion system F over S according to the following definition:
Definition 2.2. Let F be a fusion system on S, and let M be a biset functor/global
Mackey functor defined on S. We define M (F) to be the set of F-stable elements in
M (S):
M (F) := {X ∈ M (S) | resϕ X = resP X for all P ≤ S and ϕ ∈ F(P, S)}.
There is a close relationship between saturated fusion systems on S and certain bisets
in the double Burnside ring A(S, S):
Definition 2.3. A virtual (S, S)-biset X ∈ A(S, S) (or more generally in A(S, S)(p) or
A(S, S)∧
p ) is said to be F-characteristic if
• X is a linear combination of the transitive bisets on the form [P, ϕ]SS with P ≤ S
and ϕ ∈ F(P, S).
• X is F-stable for the left and the right actions of S. If we consider A(S, S)
as a biset functor in both variables, the requirement is that X ∈ A(F, F), cf.
Definition 2.2.
• |X|/|S| is not divisible by p.
There are a couple of particular F-characteristic elements ΩF and ωF that we shall
make use of, and that are reasonably well behaved: ΩF is an actual biset, and ωF is
idempotent. These particular elements have been studied in a series of papers [8, 14–16],
and we gather their defining properties in the following proposition:
Proposition 2.4 ([8, 14, 15]). A fusion system F on S has characteristic elements in
A(S, S)∧
p only if F is saturated (see [15, Corollary 6.7]). Let F be a saturated fusion
system on S.
F has a unique minimal F-characteristic actual biset ΩF which is contained in all other
F-characteristic actual bisets (see [8, Theorem A]).
Inside A(S, S)(p) there is an idempotent ωF that is also F-characteristic. This Fcharacteristic idempotent is unique in A(S, S)(p) and even A(S, S)∧
p (see [14, Proposition
5.6], or [16, Theorem B] for a more explicit construction).
It is possible to reconstruct the saturated fusion system F from any F-characteristic
element, in particular from ΩF or ωF (see [15, Proposition 6.5]).
Using the characteristic idempotent ωF it becomes rather straightforward to calculate
the F-stable elements for any biset functor/global Mackey functor after p-localization.
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Proposition 2.5. Let F be a saturated fusion system on S, and let M be a biset functor/global Mackey functor defined on S. We then obtain
M (F)(p) = ωF · M (S)(p) ,
ω

F
F
F
and writing trF
−→
M (F), resF
S : M (S) −
S : M (F) ,→ M (S), we have trS ◦ resS = id.

Proof. The inclusion ωF · M (S)(p) ≤ M (F)(p) follows immediately from the fact that ωF
is F-stable: For each X ∈ M (S)(p) , P ≤ S and ϕ ∈ F(P, S), we get
resϕ (ωF · X) = (ωF ◦ [P, ϕ]SP ) · X = (ωF ◦ [P, incl]SP ) · X = resP (ωF · X);
hence ωF · X ∈ M (F)(p) .
It remains to show that ωF · X = X for all X ∈ M (F)(p) . The following is essentially
the proof by Kári Ragnarsson of a similar result [14, Corollary 6.4] for maps of spectra.
We write ωF as a linear combination of (S, S)-biset orbits:
X
ωF =
cQ,ψ [Q, ψ]SS .
(Q,ψ)S,S

Suppose then that X ∈ M (F)(p) , and we calculate ωF · X using the decomposition of ωF
above:


X
ωF · X = 
cQ,ψ [Q, ψ]SS  · X
(Q,ψ)S,S

=

X

cQ,ψ indSQ resψ X

(Q,ψ)S,S

=

X

cQ,ψ indSQ resSQ X

(Q,ψ)S,S


=

X


X


(Q)S

cQ,ψ  indSQ resSQ X

(ψ)NS (Q),S

P
According to [14, Lemma 5.5] and [16, 4.7 and 5.10], the sum of coefficients (ψ)N (Q),S cQ,ψ
S
equals 1 for Q = S and 0 otherwise, hence we conclude


X
X

ωF · X =
cQ,ψ  indSQ resSQ X = indSS resSS X = X.

(Q)S

(ψ)NS (Q),S

Proposition 2.6. Let F be a saturated fusion system on S. If
0 → M 1 → M2 → M3 → 0
is a short-exact sequence of biset functors/global Mackey functors defined on S, then the
induced sequence
0 → M1 (F)(p) → M2 (F)(p) → M3 (F)(p) → 0
is exact.
Proof. Note that exactness of 0 → M1 → M2 → M3 → 0 implies that
0 → (M1 )(p) → (M2 )(p) → (M3 )(p) → 0
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is exact as well. Additionally we have a sequence of inclusions
0

M1 (F)(p)

M2 (F)(p)

M3 (F)(p)

0

0

M1 (S)(p)

M2 (S)(p)

M3 (S)(p)

0

We start with proving injectivity and suppose that X ∈ M1 (F)(p) maps to 0 in M2 (F)(p) .
Considered as an element of M1 (S)(p) , then X also maps to 0 in M2 (S)(p) , hence by
injectivity of M1 (S)(p) → M2 (S)(p) , X = 0.
Next up is surjectivity, so we consider an arbitrary X ∈ M3 (F)(p) . By surjectivity of
M2 (S)(p) → M3 (S)(p) we can find Y ∈ M2 (S)(p) that maps to X. Then ωF · Y ∈ M2 (F)(p)
maps to ωF · X, and since X is F-stable, ωF · X equals X.
Finally we consider the middle of the sequence and suppose that X ∈ M2 (F)(p) maps
to 0 in M3 (F)(p) . Then there exists a Y ∈ M1 (S)(p) that maps to X. Similarly to above,
ωF · Y ∈ M1 (F)(p) then maps to ωF · X = X ∈ M2 (F)(p) .

3. Representation rings
Throughout this entire section we use K to denote a subfield of the complex numbers.
In applications further on, K will be one of Q, R and C.
+
(S) consists
Definition 3.1. Let S be a finite p-group. The representation semiring RK
of the isomorphism classes of finite dimensional representations of S over K; addition is
given by direct sum ⊕ and multiplication by tensor product ⊗K .
+
(S), and
The representation ring RK (S) is the Grothendieck ring of the semiring RK
+
consists of virtual representations X = U − V ∈ RK (S) with U, V ∈ RK (S).
+
Additively RK
(S) is a free abelian monoid, so it has the cancellation property and
+
(S)
→ RK (S) in injective. In particular for all representations U1 , U2 , V1 , V2 ∈ RK
we have U1 − V1 = U2 − V2 in the representation ring if and only if U1 ⊕ V2 and U2 ⊕ V1
are isomorphic representations.
+
(S)
RK

Remark 3.2. The representation ring RK (−) has the structure of a biset functor over all
finite groups. For a (G, H)-biset X and an H-representation V , the product K[X] ⊗K[H] V
is a K-vector space on which G acts linearly, and we define
X ∗ (V ) := K[X] ⊗K[H] V ∈ RK (G),
which extends linearly to all virtual representations V ∈ RK (H) and virtual bisets X ∈
A(G, H).
If K ≤ H is a subgroup, then H as a (K, H)-biset gives restriction resH
K of represenH
tations from H to K, while H as a (H, K)-biset gives induction indK of representations
from K to H.
Definition 3.3. Let F be a saturated fusion system on S. As described in Definition 2.2,
we define the representation ring RK (F) as the ring of F-stable virtual S-representations,
i.e. virtual representations V satisfying resϕ V ∼
= resP V for all P ≤ S and homomorphisms
ϕ ∈ F(P, S). To see that RK (F) is a subring and closed under multiplication, note that
resϕ respects tensor products ⊗K , so tensor products of F-stable representations are again
F-stable.

8

S. P. REEH AND E. YALÇIN

As the restriction of any actual representation is a representation again, the definition
+
+
above makes sense in RK
(S) as well, and we define the representation semiring RK
(F) to
consist of all the F-stable representations of S.
Proposition 3.4. Let F be a saturation fusion system on S. The representation ring
+
RK (F) for F is the Grothendieck ring of the representation semiring RK
(F).
+
+
Proof. The inclusion of semirings RK
(F) ,→ RK
(S) induces a homomorphism between
+
the Grothendieck rings f : Gr(RK (F)) → RK (S). The image of this map is the sub+
+
group hRK
(F)i ≤ RK (S) generated by RK
(F). Because RK (S) has cancellation, the map
+
+
+
+
f : Gr(RK (F)) → hRK (F)i ≤ RK (S) is in fact injective, so hRK
(F)i ∼
(F)).
= Gr(RK
Since all F-stable representations are in particular F-stable virtual representations, the
+
inclusion hRK
(F)i ≤ RK (F) is immediate. It remains to show that RK (F) is contained in
+
hRK (F)i.
Let X ∈ RK (F) be an arbitrary F-stable virtual representation, and suppose that
X = U − V where U, V are actual S-representations that are not necessarily F-stable. Let
ΩF be the minimal characteristic biset for F, and note that ΩF has an orbit of the type
[S, id] (see [8, Theorem 5.3]), so ΩF − [S, id] is an actual biset. We can then write X as

X = U − V = (U + (ΩF − [S, id])∗ V ) − (V + (ΩF − [S, id])∗ V )
= (U + (ΩF − [S, id])∗ V ) − (ΩF )∗ V. (3.1)
The F-stability of the biset ΩF implies that (ΩF )∗ V is F-stable. Since X is also F-stable,
the sum
X + (ΩF )∗ V = U + (ΩF − [S, id])∗ V
has to be F-stable as well. Hence (3.1) expresses X as a difference of F-stable represen+
(F)i as we wanted.

tations, so X ∈ hRK
Using the biset functor structure of RK (−), we note the following special case of Proposition 2.5 for future reference:
Proposition 3.5. Let F be a saturation fusion system on S. After p-localizing the representation rings, we have
RK (F)(p) = ωF · RK (S)(p) ,
and ωF sends each F-stable virtual representation to itself.
The character ring RK (S) over K embeds in the complex representation ring RC (S) by
the map
C[S]⊗K[S] −

RK (S) −−−−−−−→ RC (S),
which is injective according to [17, page 91]. If we identify RC (S) with the ring of complex
characters, the map sends each virtual representation V ∈ RK (S) to its character χV : S →
K ≤ C defined as χV (s) := Trace(ρV (s)) ∈ K.
While the complex character for each K[S]-representation only takes values in K, it
is not true that a complex representation with K-valued character has to come from a
representation over K.
Definition 3.6. We define RK (S) to be the subring of RC (S) consisting of complex characters that take all of their values in the subfield K ≤ C.
Fact 3.7. The inclusion of rings RK (S) ≤ RK (S) is of finite index. A proof of this fact
can be found in [17, Proposition 34].
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Definition 3.8. Let L := K(ζ) ≤ C be the extension of K by some (pn )th root of unity
such that all irreducible complex characters for S take their values in L. If all elements of
S have order at most pr , then taking ζ as a (pr )th root of unity will work.
Given any irreducible character χ and automorphism σ ∈ Gal(L/K), we define σχ : S →
L as
(σχ)(s) := σ(χ(s)) for s ∈ S,
which is another irreducible character of S. Taking the sum over all σ ∈ Gal(L/K) gives
a character with values in the Galois fixed points, i.e. in K, so we define a transfer map
tr : RC (S) → RK (S) by
X
σ
tr(χ) :=
χ.
σ∈Gal(L/K)

Subsequently multiplying with index of RK (S) in RK (S) gives a transfer map RC (S) →
RK (S).
Characters of S-representations are in particular class functions on S, i.e. functions
defined on the conjugacy classes of S.
Definition 3.9. We denote the set of all complex valued class functions on S by c(S; C).
Remark 3.10. The set of complex class functions c(−; C) is a biset functor over all finite
groups (see [3, Lemma 7.1.3]). Suppose X is a (G, H)-biset and χ ∈ c(H; C) is a complex
class function. The induced class function X ∗ (χ) is then given by
X
1
X ∗ (χ)(g) =
χ(h)
|G|
x∈X,h∈H
s.t. gx=xh

for g ∈ G. For complex characters χ ∈ RC (H) the formula above coincides with the biset
structure on representation rings (see [3, Lemma 7.1.3]).
Note that in the special case of restriction along a homomorphism ϕ : G → H, we just
have
resϕ (χ)(g) = χ(ϕ(g))
as we would expect.
Lemma 3.11. Let F be a saturated fusion system on S, and let χ ∈ c(S; C) be any class
function. Then χ is F-stable if and only if χ(s) = χ(t) for all s, t ∈ S that are conjugate
in F (meaning that t = ϕ(s) for some ϕ ∈ F).
Proof. For every homomorphism ϕ : P → S, we have resϕ (χ) = χ ◦ ϕ. F-stability of χ
is therefore the question whether χ ◦ ϕ = χ|P for all P ≤ S and ϕ ∈ F(P, S), which on
elements becomes χ(ϕ(s)) = χ(s) for all s ∈ P .
We immediately conclude that χ is F-stable if and only if χ(ϕ(s)) = χ(s) for all s ∈ P ,
P ≤ S and ϕ ∈ F(P, S). By restricting each ϕ to the cyclic subgroup hsi ≤ P , it is enough
to check that χ(ϕ(s)) = χ(s) for all s ∈ S and ϕ ∈ F(hsi, S), i.e. that χ is constant on
F-conjugacy classes of elements in S.

Proposition 3.12. Let L be as in Definition 3.8, and let χ ∈ RC (F) be any F-stable
complex character. For every Galois automorphism σ ∈ Gal(L/K) the character σχ is
again F-stable, and the transfer map tr : RC (S) → RK (S) restricts to a map tr : RC (F) →
RK (F).

10

S. P. REEH AND E. YALÇIN

Proof. According to Definition 3.8 the character σχ is given by σχ(s) = σ(χ(s)) for s ∈ S.
That χ is F-stable means, according to Lemma 3.11, that χ(ϕ(s)) = χ(s) for all s ∈ S
and ϕ ∈ F(hsi, S). This clearly implies that
σ

χ(ϕ(s)) = σ(χ(ϕ(s))) = σ(χ(s)) = σχ(s)

for all s ∈ S and ϕ ∈ F(hsi, S), so σχ is F-stable as well. Consequently, the transfer map
applied to χ is
X
σ
tr(χ) =
χ
σ∈Gal(L/K)

which is a sum of F-stable characters and thus F-stable.



4. Borel-Smith functions for fusion systems
Let G be a finite group. A super class function defined on G is a function f from the
set of all subgroups of G to integers that is constant on G-conjugacy classes of subgroups.
The set of super class functions for G, denoted by C(G), is a ring with the usual addition
and multiplication of integer valued functions. As an abelian group, C(G) is a free abelian
group with basis {εH | H ∈ Cl(G)}, where εH (K) = 1 if K is conjugate to H, and zero
otherwise. Here Cl(G) denotes a set of representatives of conjugacy classes of subgroups
of G.
We often identify C(G) with the dual of the Burnside group A∗ (G) := Hom(A(G), Z),
where a super class function f is identified with the group homomorphism A(G) → Z which
takes G/H to f (H) for every H ≤ G. This identification also gives a biset functor structure
on C(−) as the dual of the biset functor structure on the Burnside group functor A(−).
Given an (K, H)-biset U , the induced homomorphism C(U ) : C(H) → C(K) is defined by
setting
(U · f )(X) = f (U op ×K X)
for every f ∈ C(H) and K-set X. For example, if K ≤ H and U = H as a (K, H) biset
with the usual left and right multiplication maps, then (U · f )(K/L) = f (H/L) for every
L ≤ K. So, in this case U · f is the usual restriction of the super class function f from H
to K, denoted by resH
K f.
Remark 4.1. The biset structure on super class functions described above is the correct
structure to use when considering dimension functions of representations as super class
functions. However super class functions also play a role as the codomain for the so-called
homomorphism of marks Φ : A(G) → C(G) for the Burnside ring. Φ takes each finite G-set
X to the super class function H 7→ |X H | counting fixed points. As a word of caution we
note that, with the biset structure on C(−) given above, the mark homomorphism Φ is
not a natural transformation of biset functors. There is another structure of C(−) as a
biset functor, where Φ is a natural transformation, but that would be the wrong one for
the purposes of this paper.
Definition 4.2. Let F be a fusion system on a p-group S. A super class function defined
on F is a function f from the set of subgroups of S to integers that is constant on Fconjugacy classes of subgroups.
Let us denote the set of super class functions for the fusion system F by C 0 (F). As in
the case of super class functions for groups, the set C 0 (F) is also a ring with addition and
multiplication of integer valued functions. Note that since C(−) is a biset functor (with
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the biset structure described above), we have an alternative definition for C(F) coming
from Definition 2.2 as follows:
C(F) := {f ∈ C(S) | resϕ f = resP f for all P ≤ S and ϕ ∈ F(P, S)}.
Our first observation is that these two definitions coincide.
Lemma 4.3. Let F be a fusion system on a p-group S. Then C 0 (F) = C(F) as subrings
of C(S).
Proof. Let f ∈ C 0 (F). Then for every ϕ ∈ F(P, S) and L ≤ P , we have
(resϕ f )(P/L) = f (indϕ (P/L)) = f (S/ϕ(L)) = f (S/L) = (resP f )(P/L)
where indϕ : A(P ) → A(S) is the homomorphism induced by the biset
([P, ϕ]SP )op = [ϕ(P ), ϕ−1 ]PS .
This calculation shows that f ∈ C(F). The converse is also clear from the same calculation.

The main purpose of this paper is to understand the dimension functions for representations in the context of fusion systems. Now we introduce the dimension function of a
representation.
Let G be a finite group, and K be a subfield of complex numbers C. As before let RK (G)
denote the ring of K-linear representations of G (see Definition 3.1). Recall that RK (G) is
a free abelian group generated by isomorphism classes of irreducible representations of G
and the elements of RK (G) are virtual representations V − W . The dimension function of
a virtual representation X = V − W is defined as the super class function Dim(X) defined
by
Dim(X)(H) = dimK (V H ) − dimK (W H )
for every subgroup H ≤ G. This gives a group homomorphism
Dim : RK (G) → C(G)
which takes a virtual representation X = V − W in RK (G) to its dimension function
Dim(X) ∈ C(G).
Lemma 4.4. The dimension homomorphism Dim : RK (G) → C(G) is a natural transformation of biset functors.
Proof. Note that for a K-linear G-representation V , we have dimK V H = dimC (C ⊗K V )H ,
so we can assume K = C. Consider the usual inner product in RC (G) defined by hV, W i =
dimC HomC[G] (V, W ). Since
G
dimC V H = hresG
H V, 1H i = hV, indH 1H i = hV, C[G/H]i,

it is enough to show that for every (K, H)-biset U , the equality
hC[U ] ⊗C[H] V, C[K/L]i = hV, C[U op ×K (K/L)]i
holds for every H-representation V and subgroup L ≤ K. By Lemma [3, Lemma 2.3.26],
every (K, H)-biset is a composition of 5 types of bisets. For the induction biset the above
formula follows from Frobenius reciprocity, for the other bisets the formula holds for obvious reasons.


12

S. P. REEH AND E. YALÇIN

If F is a fusion system on a p-group S, then recall (Proposition 3.4) that every element
X ∈ RK (F) ⊆ RK (S) can be written as X = V − W for two K-linear representations
that are both F-stable. This implies that for every X ∈ RK (F), we have Dim(X) ∈ C(F)
since Dim(X)(P ) = Dim(X)(Q) for every F-conjugate subgroups P and Q in S. Hence
we conclude the following:
Lemma 4.5. Let F be a saturated fusion system on a p-group S. Then the dimension
homomorphism Dim for S induces a dimension homomorphism
Dim : RK (F) → C(F)
for the fusion system F.
For the rest of this section we assume K = R, the field of real numbers. The dimension
function of a real representation of a finite group G satisfies certain relations called Artin
relations. These relations come from the fact that for a real represention V , the dimension
of the fixed point set V G is determined by the dimensions of the fixed point sets V C for
cyclic subgroups C ≤ G (see [7, Theorem 0.1]). In particular, the homomorphism Dim
is not surjective in general. It is easy to see that in general Dim is not injective either.
For example, when G = Cp , the cyclic group of order p where p ≥ 5, all two dimensional
irreducible real representations of G have the same dimension function (f (1) = 2 and
f (Cp ) = 0).
For a finite nilpotent group G, it is possible to explain the image of the homomorphism
Dim : RR (G) → C(G) explicitly as the set of super class functions satisfying certain conditions. These conditions are called Borel-Smith conditions and the functions satisfying
these conditions are called Borel-Smith functions (see [4, Def. 3.1] or [5, Def. 5.1]).
Definition 4.6. Let G be finite group. A function f ∈ C(G) is called a Borel-Smith
function if it satisfies the following conditions:
(i) If L C H ≤ G, H/L ∼
= Z/p, and p is odd, then f (L) − f (H) is even.
(ii) If L C H ≤ G, H/L ∼
= Z/p × Z/p, and Hi /L are all the subgroups of order p in
H/L, then
p
X
f (L) − f (H) =
(f (Hi ) − f (H)).
i=0

(iii) If L C H C N ≤ NG (L) and H/L ∼
= Z/2, then f (L) − f (H) is even if N/L ∼
= Z/4,
and f (L) − f (H) is divisible by 4 if N/L is the quaternion group Q8 of order 8.
These conditions were introduced as conditions satisfied by dimension functions of pgroup actions on mod-p homology spheres and they play an important role understanding
p-group actions on homotopy spheres (see [6]).
Remark 4.7. The condition (iii) is stated differently in [5, Def. 5.1] but as it was explained in [4, Remark 3.2] we can change this condition to hold only for Q8 because every
generalized quaternion group includes a Q8 as a subgroup.
The set of Borel-Smith functions is an additive subgroup of C(G) which we denote by
Cb (G). For p-groups, the assignment P → Cb (P ) is a subfunctor of the biset functor C
(see [3, Theorem 12.8.7] or [4, Proposition 3.7]). The biset functor Cb plays an interesting
role in understanding the Dade group of a p-group (see [4, Theorem 1.2]). We now quote
the following result for finite nilpotent groups.
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Theorem 4.8 (Theorem 5.4 on page 211 of [5]). Let G be a finite nilpotent group, and
let RR (G) denote the real representation ring of G. Then, the image of
Dim : RR (G) → C(G)
is equal to the group of Borel-Smith functions Cb (G).
If F is a saturated fusion system on a p-group S, then we can define Borel-Smith
functions for F as super class functions that are both F-stable and satisfy the BorelSmith conditions. Note that the group of Borel-Smith functions for F is equal to the
group
Cb (F) := {f ∈ Cb (S) | resϕ f = resP f for all P ≤ S and ϕ ∈ F(P, S)}.
From this we obtain the following surjectivity result.
Proposition 4.9. Let F be a saturated fusion system on a p-group S. Then the dimension
function in Z(p) -coefficients
Dim : RR (F)(p) → Cb (F)(p)
is surjective.
Proof. This follows from Proposition 2.6 since Dim : RR (P ) → Cb (P ) is surjective for all
P ≤ S by Theorem 4.8.

In general the dimension homomorphism Dim : RR (F) → Cb (F) for fusion systems is
not surjective.
Example 4.10. Let G = Z/p o (Z/p)× denote the semidirect product where the unit
group (Z/p)× acts on Z/p by multiplication. Let F denote the fusion system on S = Z/p
induced by G. All F-stable real representations of S are linear combinations of the trivial
representation 1 and the augmentation representation IS . This implies that all super class
functions in the image of Dim must satisfy f (1)−f (S) ≡ 0 (mod p−1). But Cb (F) = Cb (S)
is formed by super class functions which satisfy f (1) − f (S) ≡ 0 (mod 2). Hence the
homomorphism Dim is not surjective.
5. Bauer’s surjectivity theorem
To obtain a surjectivity theorem for dimension homomorphism in integer coefficients
we need to add new conditions to the Borel-Smith conditions. S. Bauer [2, Theorem 1.3]
proved that under an additional condition there is a surjectivity result similar to Theorem
4.8 for the dimension functions defined on prime power subgroups of any finite group.
Bauer considers the following situation:
Let G be a finite group and let P denote the family of all subgroups of G with prime
power order. Let DP (G) denote the group of functions f : P → Z, constant on conjugacy
classes, which satisfy the Borel-Smith conditions (i)-(iii) on Sylow subgroups and also
satisfy the following additional condition:
(iv) Let p and q be prime numbers, and let L C H C M ≤ NG (L) be subgroups of
G such that H/L ∼
= Z/p and H a p-group. Then f (L) ≡ f (H) (mod q r−l ) if
M/H ∼
= Z/q r acts on H/L with kernel of prime power order q l .
The Borel-Smith conditions (i)-(iii) together with this last condition (iv) are all satisfied
by the dimension function of an equivariant Z/|G|-homology sphere (see [2, Proposition
1.2]). Note that a topological space X is called a Z/|G|-homology sphere if its homology
in Z/|G|-coefficients is isomorphic to the homology of a sphere with the same coefficients.
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Note that if X is an equivariant Z/|G|-homology sphere, then for every p-subgroup H of G,
the fixed point set X H is a Z/p-homology sphere of dimension n(H). The function n : P →
Z is constant on G-conjugacy classes of subgroups in P, and we define the dimension
function of X to be the function DimP X : P → Z defined by (DimP X)(H) = n(H) + 1
for all H ∈ P.
For a real representation V of G, let DimP V : P → Z denote the function defined
by (DimP V )(H) = dimR V H on subgroups H ∈ P. Note that DimP V is equal to the
dimension function of the unit sphere X = S(V ). Since X = S(V ) is a finite G-CWcomplex that is a homology sphere, the function satisfies all the conditions (i)-(iv) by
[2, Proposition 1.2]. Hence we have DimP V ∈ DP (G). Bauer proves that the image of
DimP is exactly equal to DP (G).
Theorem 5.1 (Bauer [2, Theorem 1.3]). Let G be a finite group, and let DimP be the
dimension homomorphism defined above. Then DimP : RR (G) → DP (G) is surjective.
Remark 5.2. Note that Bauer’s theorem gives an answer for Question 1.1 for virtual
representations. To see this, let S be a Sylow p-subgroup of a finite group G. Given a
Borel-Smith function f ∈ Cb (S) which respects fusion in G, then we can define a function
f 0 ∈ DP (G) by taking f 0 (Q) = f (1) for every subgroup of order q m with q 6= p. For
p-subgroups P ≤ G, we take f 0 (P ) = f (P g ) where P g is a conjugate of P which lies in S.
If f satisfies the additional condition (iv) for subgroups of S, then by Theorem 5.1 there
is a virtual representation V of G such that DimP V = f 0 . The restriction of V to S gives
the desired real S-representation which respects fusion in G.
To obtain a similar theorem for fusion systems, we need to introduce a version of Bauer’s
Artin condition for Borel-Smith functions of fusion systems.
Definition 5.3. Let F be a fusion system on a p-group S. We say a Borel-Smith function
f ∈ Cb (S) satisfies Bauer’s Artin relation if it satisfies the following condition:
(∗∗) Let L C H ≤ S with H/L ∼
= Z/p, and let ϕ ∈ AutF (H) be an automorphism of
H with ϕ(L) = L and such that the induced automorphism of H/L has order m.
Then f (L) ≡ f (H) (mod m).
The group of Borel-Smith functions for F which satisfy this extra condition is denoted by
Cba (F). In the proof of Theorem 5.5 we only ever use Condition (∗∗) when H is cyclic, so
we could require (∗∗) only for cyclic subgroups and still get the same collection Cba (F).
We first observe that F-stable representations satisfy this additional condition.
Lemma 5.4. Let V be an F-stable real S-representation. Then the dimension function
DimV satisfies Bauer’s Artin condition (∗∗) given in Definition 5.3.
Proof. Let V be an F-stable real S-representation and let L C H ≤ S and ϕ ∈ AutF (H)
be as in (∗∗). If f = DimV , then f (L) − f (H) = hresSH V, IH/L i where IH/L = R[H/L] −
R[H/H] is the augmentation module of the quotient group H/L, considered as an Hmodule via quotient map H → H/L. Here the inner product is the inner product of
the complexifications of the given real representations. Since H/L ∼
= Z/p, there is a onedimensional character χ : H → C× with kernel L such that
X
IH/L =
χi
i∈(Z/p)×
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where χi (h) = χ(h)i = χ(hi ) for all h ∈ H. Hence we can write
X
f (L) − f (H) =
hresSH V, χi i.
i∈(Z/p)×

Since V is F-stable, we have ϕ∗ resSH V = resSH V which gives that
hresSH V, χi i = hresSH V, (ϕ−1 )∗ χi i
for every i ∈ (Z/p)× . Let J ≤ (Z/p)× denote the cyclic subgroup of order m generated
by the image of ϕ in (Z/p)× = Aut(Z/p). For every j ∈ J and i ∈ (Z/p)× , we have
hresSH V, χi i = hresSH V, χij i, hence f (L) − f (H) is divisible by m.

The main theorem of this section is the following result:
Theorem 5.5. Let F be a saturated fusion system on a p-group S. Then
Dim : RR (F) → Cba (F)
is surjective.
Proof. We will follow Bauer’s argument given in the proof of [2, Theorem 1.3]. First note
that a Borel-Smith function is uniquely determined by its values on cyclic subgroups of
S. This is because if P has a normal subgroup N ≤ G such that P/N is isomorphic to
Z/p × Z/p, then by condition (ii) of the Borel-Smith conditions, the value of a BorelSmith function f at P is determined by its values on proper subgroups Q < P . When
P is a noncyclic subgroup, the existence of a normal subgroup N ≤ P such that P/N is
isomorphic to Z/p × Z/p follows from the Burnside basis theorem, [18, Theorem 1.16].
Let f ∈ Cba (F). We will show that there is a virtual representation x ∈ RR (F) such
that Dim(x)(H) = f (H) for all cyclic subgroups H ≤ S. In this case we say f is realized
over the family Hcyc of all cyclic subgroups in S.
Note that f is realizable at the trivial subgroup 1 ≤ S since we can take f (1) many
copies of the trivial representation, and then it will realize f at 1. Suppose that f is
realized over some nonempty family H of cyclic subgroups of S. When we say a family
of subgroups, we always mean that H is closed under conjugation and taking subgroups:
if K ∈ H and L is conjugate to a subgroup of K, then L ∈ H. Let H0 be an adjacent
family of H, a family obtained from H by adding the conjugacy class of a cyclic subgroup
H ≤ S. We will show that f is realizable also over H0 . By induction this will give us the
realizability of f over all cyclic subgroups.
Since f is realizable over H, there is an element x ∈ RR (F) such that Dim(x)(J) = f (J)
for every J ∈ H. By replacing f with f − Dim(x), we assume that f (J) = 0 for every
J ∈ H. To prove that f is realizable over the larger family H0 , we will show that for
every prime q, there is an integer nq coprime to q such that nq f is realizable over H0 by
some virtual representation xq ∈ RR (F). This will be enough by the following argument:
If q1 , . . . , qt are prime divisors of np , then np , nq1 , . . . , nqt have no common divisors, so
we can find integers m0 , . . . , mt such that m0 np + m1 nq1 + · · · + mt nqt = 1. Using these
integers, we obtain that x = m0 xp + m1 xq1 + · · · + mt xqt realizes f over the family H0 .
If q = p, then by Proposition 4.9, there is an integer np , coprime to p, such that np f is
realized by an element in xp ∈ RR (F). So, assume now that q is a fixed prime such that
q 6= p. By [13, Theorem 1], there is a finite group Γ such that S ≤ Γ and the fusion system
FS (Γ) induced by conjugations in Γ, is equal to the fusion system F. In particular, for
every p-group P ≤ S, we have NΓ (P )/CΓ (P ) ∼
= AutF (P ).
Let H be a cyclic subgroup in H0 \H, and let L ≤ H be the maximal proper subgroup
of H. To show that there is an integer nq such that nq f is realizable over H0 , we can use
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the construction of a virtual representation xq given in [2], specifically the second case
in Bauer’s proof of Theorem 1.3 that constructs the representation Vq , which we denote
xq instead. Note that for this construction to work, we need to show Bauer’s condition
that f (H) ≡ 0 (mod q r−l ) if there is a H C K ≤ Γ such that K/H ∼
= Z/q r is acting on
H/L ∼
= Z/p with kernel of order q l . Suppose we have such a subgroup K. Then K/H
induces a cyclic subgroup of Aut(H/L) ∼
= Aut(Z/p) of size q r−l , and we can choose an
element k ∈ K that induces an automorphism of H/L of order q r−l . We have F = FS (Γ),
so conjugation by k ∈ K gives an automorphism ck ∈ AutF (H) such that ck induces an
automorphism of H/L of order q r−l . By Condition (∗∗) in Definition 5.3, we then have
f (H) ≡ 0 (mod q r−l ) as wanted. Hence we can apply Bauer’s contruction of xq for primes
q 6= p. This completes the proof.

Remark 5.6. Note that in the above proof we could not apply Bauer’s theorem directly
to the group Γ that realizes the fusion system on S. This is because Γ often has a Sylow
p-subgroup much bigger than S and it is not clear if a given Borel-Smith function defined
on S can be extended to a Borel-Smith function defined on the Sylow p-subgroup of Γ.
Example 5.7. Let F = FS (G) with G = A4 and S = C2 × C2 , then the group Γ
constructed in [13] is isomorphic to the semidirect product (S × S × S) o Σ3 . The Sylow
2-subgroup of Γ is the group T = (S × S × S) o C2 and S is imbedded into T by the
map s → (s, ϕ(s), ϕ2 (s)) where ϕ : S → S is the automorphism of S induced by G/S ∼
= C3
acting on S. Note that if we extend a Borel-Smith function f defined in Cb (S) to a function
defined on subgroups of T by taking f (H) = 0 for all H which is not subconjugate to
S, then such a super class function would not be a Borel-Smith function in general (for
example, when f (S) 6= 0).
6. Realizing monotone Borel-Smith functions
Let F be a saturated fusion system on a p-group S. A class function f ∈ C(F) is said
to be monotone if for every K ≤ H ≤ S, we have f (K) ≥ f (H) ≥ 0. The main purpose
of this section is to prove the following theorem.
Theorem 6.1. For every monotone Borel-Smith function f ∈ Cb (F), there exists an
integer N ≥ 1 and an F-stable rational S-representation V such that DimV = N f .
For a p-group S, it is known that every monotone Borel-Smith function f ∈ Cb (S) is
realizable as the dimension function of a real S-representation. This is proved by DotzelHamrick in [6] (see also [5, Theorem 5.13]). Hence Theorem 6.1 holds for a trivial fusion
system without multiplying with a positive integer.
Question 6.2. Is every a monotone function f ∈ Cba (F) realizable as the dimension
function of an F-stable real S-representation?
We leave this as an open problem. Note that we know from Theorem 5.5 that f can
be realized by a virtual real representation, and Theorem 6.1 says that a multiple N f is
realized by an actual representation. We have so far found that Question 6.2 has positive
answer for all saturated fusion systems on Cp (p prime) and D8 , and for the fusion system
induced by P GL3 (F3 ) on SD16 .
Note also that Bauer’s theorem (Theorem 5.1) for general finite groups cannot be refined
to realize a monotone function by an actual representation, as shown by the following
example.
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Example 6.3. Let G = S3 be the symmetric group on 3 elements. In this case P is
the set of subgroups {1, C3 , C21 , C22 , C23 } where C3 is the subgroup generated by (123) and
C2i is the subgroup generated by the transposition fixing i. Consider the class function
f : P → Z with values f (1) = f (C2i ) = 2, f (C3 ) = 0 for all i. The function f satisfies
all the Borel-Smith conditions and Bauer’s Artin condition (iv), hence f ∈ DP (G). By
Bauer’s theorem f is realizable by a virtual representation. In fact, it is realized by the
virtual representation 1G − σ + χ where 1G is the 1-dimensional trivial representation, σ
is the 1-dimensional sign representation with kernel C3 , and χ is the unique 2-dimensional
irreducible representation. The function f is a monotone function, but there is no actual
real G-representation V such that DimV = f . This can be easily seen by calculating
dimension functions of these irreducible real representations. In fact, for any N ≥ 1, the
function N f is not realizable by an actual real G-representation. On the other hand, it is
easy to see that the restrictions of f to Sylow p-subgroups of G for p = 2, 3 give monotone
functions in Cba (F) and these functions are realized by F-stable real representations. So
the function f does not give a counterexample to Question 6.2.
To prove Theorem 6.1, we use the theorem by Dotzel-Hamrick [6] and some additional
properties of rational representations. One of the key observations for rational representations that we use is the following.
Lemma 6.4. Let G be a finite group and V and W be two rational representations of
G. Then V ∼
= W if and only if for every cyclic subgroup C ≤ G, the equality dim V C =
C
dim W holds.
Proof. See Corollary on page 104 in [17].



This implies, in particular, that the dimension function Dim : RQ (S) → Cb (S) is injective. Another important theorem on rational representations is the the Ritter-Segal
theorem. We state here a version by Bouc (see [3, Section 9.2]). Note that if G/N is a
quotient group of G, then a G/N -representation V can be considered a G-representation
via the quotient map G → G/N . In this case this G-representation is called the inflation
of V and it is denoted by inf G
G/N V .
Theorem 6.5 (Ritter-Segal). Let S be a finite p-group. If V is a non-trivial simple QSmodule, then there exist subgroups Q ≤ P of S, with |P : Q| = p, such that
V ∼
= indSP inf PP/Q IP/Q
where IP/Q is the augmentation ideal of the group algebra Q[P/Q].
For any field K, there is a linearization map LinK : A(G) → RK (G) from the Burnside
ring A(G) to the representation ring of KG-modules, which is defined as the homomorphism that takes a G-set X to the permutation KG-module KX. It follows from the
Ritter-Segal theorem that the linearization map
LinQ : A(S) → RQ (S)
is surjective when S is a p-group. Note this is not true in general for finite groups (see [1]).
For fusion systems we have p-local versions of these theorems.
Proposition 6.6. Let F be a fusion system on a p-group S. Then the dimension homomorphism Dim : RQ (F)(p) → Cb (F)(p) is injective, and the linearization map LinQ : A(F)(p) →
RQ (F)(p) is surjective.
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Proof. This follows from Proposition 2.6 once we apply it to the injectivity and surjectivity
results for p-groups stated above.

Now we are ready to prove Theorem 6.1.
Proof of Theorem 6.1. Let f ∈ Cb (F) be a monotone Borel-Smith function. By DotzelHamrick theorem, there is a real S-representation V such that DimV = f . Let χ denote
the character for V and L = Q(χ) denote the field of character values of χ. The transfer
X
σ
tr(χ) =
χ
σ∈Gal(L/Q)

gives a rational valued character. Hence there is an integer m such that m tr(χ) is the
character of a rational S-representation W . Note that DimW = N f in Cb (F), where
N = m deg(L : Q). Let ϕ : Q → S be a morphism in F. Note that since f is F-stable, we
have
Dim resϕ W = N resϕ f = N resQ f = Dim resQ W.
The dimension function Dim is injective for rational representations by Lemma 6.4, we
obtain that resϕ W = resQ W for every morphism ϕ : Q → S. Therefore W is an F-stable
rational representation. This completes the proof.

Remark 6.7. In Theorem 6.1, the integer N ≥ 1 can be chosen independent from f . Note
in the proof that the number m only depends on S (by Fact 3.7), and L is contained in
the extension L0 of Q by roots of unity for the maximal element order in S, so if we take
N = m deg(L0 : Q), the conclusion of the theorem will hold for every f ∈ Cb (F) using this
particular N .
Note also that Theorem 6.1 will still hold if f is an F-stable super class function which
satisfies only the condition (ii) of the Borel-Smith conditions since the other conditions
will be automatically satisfied by a multiple of f . This formulation is more useful for the
applications for constructing group actions.
7. Applications to constructions of group actions
In this section we discuss some applications of Theorem 6.1 to some problems related
to finite group actions on homotopy spheres.
If a finite group G acts freely on a sphere S n , for some n ≥ 1, then by P.A. Smith theory
G can not include Z/p × Z/p as a subgroup for any prime p. The p-rank rkp (G) of a finite
group G is defined to be the largest integer s such that (Z/p)s ≤ G. The rank of G, denoted
by rk(G), is the maximum of the p-ranks rkp (G) over all primes p dividing the order of G.
It is known, by a theorem of Swan [19], that a finite group G acts freely and cellularly on a
finite CW-complex X homotopy equivalent to a sphere if and only if rk(G) ≤ 1. Recently
Ian Hambleton and the second author were able to prove a similar theorem for rank two
finite group actions on finite complexes homotopy equivalent to spheres (see [11, Theorem
A]).
For rank two groups the classification involves the group Qd(p) which is defined as the
semidirect product
Qd(p) = (Z/p × Z/p) o SL2 (p)
with the obvious action of SL2 (p) on Z/p × Z/p. We say Qd(p) is p0 -involved in G if there
exists a subgroup K ≤ G, of order prime to p, such that NG (K)/K contains a subgroup
isomorphic to Qd(p). A finite group G is Qd(p)-free if it does not p0 -involve Qd(p) for any
odd prime p.
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Theorem 7.1 (Hambleton-Yalçın). Let G be a finite group of rank two. If G admits a
finite G-CW-complex X ' S n with rank one isotropy then G is Qd(p)-free. Conversely,
if G is Qd(p)-free, then there exists a finite G-CW-complex X ' S n with rank one prime
power isotropy.
The proof of Theorem 7.1 uses a more technical gluing theorem (see Theorem 7.3 below).
In this theorem the input is a collection of G-invariant family of Sylow representations.
Let G be a finite group. For every prime p dividing the order of G, let Gp be a fixed Sylow
p-subgroup of G. A G-invariant family of representations is defined as follows.
Definition 7.2. Let {Vp } be a family of (complex) representations defined on Sylow psubgroups Gp , over all primes p. We say the family {Vp } is G-invariant if
(i) Vp respects fusion in G, i.e., the character χp of Vp satisfies χp (gxg −1 ) = χp (x)
whenever gxg −1 ∈ Gp for some g ∈ G and x ∈ Gp ; and
(ii) for all p, dim Vp is equal to a fixed positive integer n.
Note that if {Vp } is a G-invariant family of representations of G, then for each p, the
representation Vp is an F-stable representation for the fusion system F = FGp (G) induced
by G. The theorem [11, Theorem B] which allows us to glue such a family together is the
following.
Theorem 7.3 (Hambleton-Yalçın). Let G be a finite group. Suppose that {Vp : Gp →
U (n)} is a G-invariant family of Sylow representations. Then there exists a positive integer
k ≥ 1 and a finite G-CW-complex X ' S 2kn−1 with prime power isotropy, such that the
⊕k
Gp -CW-complex resG
Gp X is p-locally Gp -equivalent to S(Vp ), for every prime p | |G|,
The exact definition of p-local Gp -equivalence can be found in [11, Definition 3.6]. It
⊕k
says in particular that as Gp -spaces, the fixed point subspaces of resG
Gp X and S(Vp ) have
isomorphic p-local homology. From this we can conclude that for every p-subgroup H ≤ G,
˙ H −1.
the fixed point set X H has mod-p homology of a sphere S n(H) , where n(H) = 2k dimV
p
Theorem 7.1 is proved by combining Theorem 7.3 with a theorem of Jackson [12, Theorem 47] which states that if G is a rank two finite group which is Qd(p)-free, then it has
a G-invariant family of Sylow representations {Vp } such that for every elementary abelian
p-subgroup E with rkE = 2, we have VpE = 0.
The last condition is necessary to obtain an action on X with the property that all
isotropy subgroups are rank one subgroups. Note that all isotropy subgroups having rank
≤ 1 is equivalent to saying that X E = ∅ for every elementary abelian p-subgroups E ≤ G
with rkE = 2. We can rephrase this condition in terms of the dimension function of a
homotopy G-sphere, which we describe now. Let G be finite group and P denote the
collection of all subgroups of prime power order in G.
Definition 7.4. Let X be a finite (or finite dimensional) G-CW-complex such that X is
homotopy equivalent to a sphere. By Smith theory, for each p-group H ≤ G, the fixed
point subspace X H has mod-p homology of a sphere S n(H) . We define DimP X : P → Z
as the super class function with values (DimP X)(H) = n(H) + 1 for every p-subgroup
H ≤ G, over all primes dividing the order of G.
Using the results of this paper we can now prove the following theorem.
Theorem 7.5. Let G be a finite group, and let f : P → Z be a monotone Borel-Smith
function. Then there is an integer N ≥ 1 and a finite G-CW-complex X ' S n , with prime
power isotropy, such that DimP X = N f .
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Proof. For each prime p dividing the order of G, let Fp = FGp (G) denote the fusion system
induced by G on the fixed Sylow p-subgroup Gp . By Theorem 6.1 there is an integer Np
and an Fp -stable rational Gp -representation Vp such that DimVp = Np f . Taking N 0 as the
least common multiple of Np ’s, over all primes dividing the order of G, we see that N 0 f is
realized by a G-invariant family of Sylow representations {Wp } where Wp is equal to the
complexification of (N 0 /Np )-copies of Vp . By Theorem 7.3, there is an integer k ≥ 1 and
a finite G-CW-complex X, with prime power isotropy, such that DimP X = 2kN 0 f . This
completes the proof.

Example 7.6. While the monotone Borel-Smith function f for Σ3 in Example 6.3 has no
multiple that is realized by a real Σ3 -representation, Theorem 7.5 states that a multiple
of f is still realized by a homotopy Σ3 -sphere – just not coming from a representation.
Theorem 7.5 reduces the question of finding actions on homotopy spheres with restrictions on the rank of isotropy subgroups, to finding Borel-Smith functions that satisfy
certain conditions. For example, using this theorem one can prove Theorem 7.1 directly
now by showing that for every rank two finite group G that is Qd(p)-free, there is a monotone Borel-Smith function f : P → Z such that f (H) = 0 for every H ≤ G with rkH = 2.
Showing the existence of such a Borel-Smith function still involves quite a bit group theory, and the proof we could find runs through a lot of the same subcases as Jackson in
[12, Theorem 47], but with Borel-Smith functions instead of characters.
Theorem 7.5 is also related to a question of Grodal and Smith on algebraic models for
homotopy G-spheres. In [9, after Thm 2], it was asked if a given Borel-Smith function,
defined on p-subgroups of a finite group G, can be realized as the dimension function
of an algebraic homotopy G-sphere. We describe the necessary terminology to state this
problem.
Let G be a finite group and Hp denote the family of all p-subgroups in G. The orbit category ΓG := Orp (G) is defined to be the category with objects P ∈ Hp , whose morphisms
HomΓG (P, Q) are given by G-maps G/P → G/Q. For a commutative ring R, we define an
RΓG -module as a contravariant functor M from ΓG to the category of R-modules.
A chain complex C∗ of RΓG -modules is called perfect if it is finite dimensional with Ci
a finitely generated projective RΓG -module for each i. A chain complex of RΓG -modules
is said to be an R-homology n-sphere if for each H ∈ Hp , the complex C∗ (H) is an Rhomology sphere of dimension n(H). The dimension function of an R-homology n-sphere
C∗ over RΓG is defined as a function DimC∗ : Hp → Z such that (DimC∗ )(H) = n(H) + 1
for all H ∈ Hp .
It was mentioned in [9], and shown in [10] that if C∗ is a perfect complex which is
an Fp -homology n-sphere, then the dimension function DimC∗ satisfies the Borel-Smith
conditions (see [10, Theorem C]). Grodal and Smith [9, after Thm 2] suggests that the
converse also holds.
Question 7.7 (Grodal-Smith). Let G be a finite group, and let f be a monotone BorelSmith function defined on p-subgroups of G. Is there then a perfect Fp ΓG -complex C∗ which
is an Fp -homology n-sphere with dimension function DimC∗ = f ?
The motivation of Grodal-Smith for studying Fp -homology n-spheres is that they are
good algebraic models for Fp -complete homotopy G-spheres. The main claim of [9] is
that there is a one-to-one correspondence between Fp -complete homotopy G-spheres and
Fp -homology spheres, with obvious low dimensional restrictions, and that Fp -homology
spheres are determined by their dimension functions with an additional orientation [9,
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Thms 2 and 3]. Based on [9] Question 7.7 will then play a big part of determining all
possible Fp -complete G-spheres.
We now show that Theorem 7.5 can be used to give a partial answer to this question.
Given a G-CW-complex X, associated to it there is chain complex of RΓG -modules C∗
defined by taking C∗ (H) = C∗ (X H ; R) for every H ∈ Hp with associated induced maps.
If R = Fp and if X has only prime power isotropy then this chain complex is a chain
complex of projective RΓG -modules. This follows from the fact that for a q-subgroup Q,
with q 6= p, the permutation group Fp [G/Q] is a projective Fp G-module. In addition if
X is a finite complex, then C∗ is a perfect Fp ΓG -complex. So we can use Theorem 7.5 to
prove the following.
Theorem 7.8. Let G be a finite group, and f be a Borel-Smith function defined on psubgroups of G. Then there exists an integer N ≥ 1 and a perfect Fp ΓG -complex C∗ which
is an Fp -homology n-sphere with dimension function DimC∗ = N f .
Proof. Let f 0 be a Borel-Smith function defined on subgroups of G with prime power order
such that f 0 (H) = f (H) for every p-subgroup H ≤ G. Such a function can be found by
taking f 0 (K) = f (1) for all q-subgroups K with q 6= p. Then by Theorem 7.5, there is an
N ≥ 1 such that N f is realizable as the dimension function of a finite G-CW-complex
X ' S n , with prime power isotropy. The chain complex C∗ = C∗ (X (−) ; R) is a perfect
Fp ΓG -complex which is an R-homology n-sphere and we have DimC∗ = N f .
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