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Abstract. The fusion orbit category FCpGq of a discrete group G over a collection C is the
category whose objects are the subgroups H in C, and whose morphisms H Ñ K are given by
the G-maps G{H Ñ G{K modulo the action of the centralizer group CGpHq. We show that
the higher limits over FCpGq can be computed using the hypercohomology spectral sequences
coming from the Dwyer G-spaces for centralizer and normalizer decompositions for G.

If G is the discrete group realizing a saturated fusion system F , then these hypercohomology
spectral sequences give two spectral sequences that converge to the cohomology of the centric
orbit category Oc

pFq. This allows us to apply our results to the sharpness problem for the
subgroup decomposition of a p-local finite group. We prove that the subgroup decomposition
for every p-local finite group is sharp (over F-centric subgroups) if it is sharp for every p-local
finite group with nontrivial center. We also show that for every p-local finite group pS,F ,Lq,
the subgroup decomposition is sharp if and only if the normalizer decomposition is sharp.

1. Introduction

A saturated fusion system F over a finite p-group S is a category whose objects are subgroups
of S and whose morphisms are injective group homomorphisms satisfying certain axioms (see
Definitions 2.1 and 2.2). The main example of a saturated fusion system is the fusion system
of a finite group defined over one of its Sylow p-subgroups whose morphisms are the group
homomorphisms induced by conjugations in G. However, fusion systems that do not come from
finite groups also exist.

A subgroup P ď S is called F-centric if CSpQq ď Q for every subgroup Q isomorphic to P in
F . We denote by Fc the full subcategory of F whose objects are the F-centric subgroups of S.
The orbit category OpFq of a fusion system F is the category whose objects are the subgroups
in S and whose morphisms are given by

MorOpFqpP,Qq :“ InnpQqzMorF pP,Qq.

The orbit category over the collection of F-centric subgroups is denoted by OcpFq and is called
the centric orbit category of F .

A p-local finite group is a triple pS,F ,Lq where S is a finite p-group, F is a saturated fusion
system over S, and L is a centric linking system associated to F . A centric linking system L
associated to a fusion system F is a category whose objects are the F-centric subgroups of S,
and the morphisms are defined such that there is a quotient functor π : L Ñ Fc. As part of
the structure of L, there exist also distinguished monomorphisms δP : P Ñ AutLpP q defined
for every P P Fc satisfying certain properties (see [6, Def 1.7]). In Section 10 we give a more
recent definition of a linking system using the transporter category T Fc

S (see Definition 10.9). It
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has been proved by Chermak [9] that for every saturated fusion system F , there exists a unique
centric linking system L associated to F (see [2, §III.4] for details).

The classifying space of a p-local finite group pS,F ,Lq is defined to be the Bousfield-Kan
p-completion of the geometric realization |L|^p of the category L. There is a subgroup homology
decomposition for a p-local finite group pS,F ,Lq, similar to the subgroup decomposition for
finite groups, introduced by Broto, Levi, and Oliver [6, Prop 2.2]. They showed that for every
p-local finite group pS,F ,Lq, there is a homotopy equivalence

|L| » hocolim
OcpFq

rB (1.1)

where rB : OcpFq Ñ Top is a functor such that rBpP q is homotopy equivalent to the classifying
space BP for every P P Fc. The Bousfield-Kan spectral sequence associated to the above
homology decomposition gives a spectral sequence

Es,t2 “ lim s

OcpFq
Htp´;Fpq ñ Hs`tp|L|;Fpq

where Htp´;Fpq denotes the contravariant functor OcpFq Ñ Fp-Mod that sends an F-centric
subgroup P ď S to its group cohomology HtpP ;Fpq in Fp-coefficients.

Definition 1.1. The subgroup decomposition for pS,F ,Lq is said to be sharp if the associated
Bousfield-Kan spectral sequence collapses at the E2-page to the vertical axis, i.e., if Es,t2 “ 0 for
all s ą 0 and for all t ě 0.

Note that if the subgroup decomposition is sharp, then the edge homomorphism

H˚p|L|;Fpq Ñ E0,˚
2 “ lim

PPOcpFq
H˚pP ;Fpq

is an isomorphism. The limit term on the right-hand side is called the cohomology of the fusion
system F and it is denoted by H˚pF ;Fpq. When this isomorphism holds, we say that the
Cartan-Eilenberg theorem holds for pS,F ,Lq.

Diaz and Park [11, Thm B] proved that the subgroup decomposition is sharp if F is a fusion
system realized by a finite group. Broto, Levi, and Oliver [6, Thm 5.8] proved that the Cartan-
Eilenberg theorem holds for every saturated fusion system. These two results suggest that the
subgroups decomposition is sharp for every saturated fusion system. This is stated as a conjecture
by Diaz and Park [11] and as a question by Ashbacher and Oliver [2, Ques 7.12].

Conjecture 1.2. Let pS,F ,Lq be a p-local finite group. Then for every n ě 0 and every i ě 1,

lim i

OcpFq
Hnp´;Fpq “ 0.

This conjecture is the main motivation for us to study the higher limits over the centric orbit
category OcpFq. To compute the higher limits over OcpFq, we propose to use an ambient discrete
group G that realizes the fusion system F . By theorems of Leary and Stancu [20] and Robinson
[30], for every (saturated) fusion system F , there is a discrete group G (possibly infinite) with
a finite Sylow p-subgroup S such that F – FSpGq. For a discrete group G and a collection C
of subgroups of G (always assumed to be closed under conjugation), the following categories are
defined:

(1) The orbit category OCpGq of G is the category whose objects are subgroups H P C, and
whose morphisms MorOCpGqpH,Kq are given by G-maps G{H Ñ G{K.



HIGHER LIMITS OVER THE FUSION ORBIT CATEGORY 3

(2) The fusion category FCpGq of G is the category whose objects are the subgroups H P C,
and whose morphisms H Ñ K are given by conjugation maps cg : H Ñ K for an element
in g P G.

For every H,K P C, let NGpH,Kq :“ tg P G | gHg´1 ď Ku. The category whose objects are
subgroups H P C and whose morphisms from H to K are given by NGpH,Kq is called the
transporter category of G and is denoted by TCpGq. Both the orbit category and the fusion
category can be viewed as the quotient category of the transporter category (see Section 2.3 for
details).

Definition 1.3. The fusion orbit category FCpGq of a discrete group G over a collection C is
the category whose objects are subgroups H P C, and whose morphisms are given by

MorFCpGq
pH,Kq :“ KzNGpH,Kq{CGpHq

for every H,K P C.

The fusion orbit category FCpGq is a quotient category of both the orbit category OCpGq
and the fusion category FCpGq. If G is a discrete group realizing a saturated fusion system F
and if we take C to be the collection of all p-subgroups in G that are conjugate to a F-centric
subgroup in S, then FCpGq is equivalent to OcpFq as categories (see Lemma 2.5). This allows
us to calculate the higher limits over OcpFq as the higher limits over FCpGq for a discrete group
G realizing F . The idea of using an ambient discrete group for proving theorems for abstract
fusion systems was also used by Libman in [22].

Let G be a discrete group and C be a collection of subgroups of G. To compute the higher limits
of fusion orbit category FCpGq, we consider the hypercohomology spectral sequences coming
from certain G-spaces. Let X be a G-CW-complex and R be a commutative ring with unity.
Associated with X, there is a chain complex of ROCpGq-modules C˚pX?;Rq defined by

H Ñ C˚pX
H ;Rq and pf : G{H Ñ G{Kq Ñ pf˚ : C˚pX

K ;Rq Ñ C˚pX
H ;Rqq

for every H P C. When the collection C is large enough to include all the isotropy subgroups
of X, the complex C˚pX?;Rq is a chain complex of projective ROCpGq-modules. The Bredon
cohomology of the space X is defined using this chain complex.

Definition 1.4. Let OpGq denote the orbit category of G over all subgroups of G, and let M be
an ROpGq-module. The (ordinary) Bredon cohomology of X with coefficients in M is defined by

H˚OpGqpX
?;Mq :“ H˚pHomROpGqpC˚pX

?;Rq,Mqq.

If the isotropy subgroups of X do not lie in C, then it is still possible to define the Bredon
cohomology using hypercohomology. In this case the Bredon cohomology is defined by

H˚OCpGq
pX?;Mq :“ H˚pHomROCpGqpTot‘pP˚,˚q;Mqq

where P˚,˚ is a Cartan-Eilenberg resolution of the complex C˚pX
?;Rq as a chain complex of

ROCpGq-modules. This definition of the Bredon cohomology is due to Symonds [34].
The definitions above can be modified to obtain chain complexes over the fusion orbit category

and to define a fusion orbit category version of the Bredon cohomology. For a G-CW-complex
X, let C˚pCGp?qzX?;Rq denote the chain complex of FCpGq-modules defined by

H Ñ C˚pCGpHqzX
H ;Rq

pf : G{H Ñ G{Kq Ñ pf˚ : C˚pCGpKqzX
K ;Rq Ñ C˚pCGpHqzX

H ;Rqq
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for every H,K P C. These chain complexes are introduced by Lück in [24] and [25] to give a
more efficient way to compute equivariant Chern characters.

As in the orbit category case, if the isotropy subgroups of X lie in C, then C˚pCGp?qzX?;Rq
is a chain complex of projective RFCpGq-modules. When C does not include all the isotropy
subgroups of X, in general the complex C˚pCGp?qzX

?;Rq is not a chain complex of projec-
tive RFCpGq-modules. In this case we define the fusion orbit category version of the Bredon
cohomology using hypercohomology.

Definition 1.5. Let P˚,˚ be a Cartan-Eilenberg resolution of the chain complex C˚pCGp?qzX?;Rq

as a chain complex of RFCpGq-modules. The fusion Bredon cohomology of a G-CW-complex X
is defined by

H˚FCpGq
pX?;Mq :“ H˚pHomRFCpGq

pTot‘pP˚,˚q;Mqq.

When the family C includes all isotropy subgroups of X, for every RFCpGq-module M , there
is an isomorphism

H˚FCpGq
pX?;Mq – H˚OCpGq

pX?; ResprMq

where pr : OCpGq Ñ FCpGq is the projection functor (see Proposition 5.5). However in general
the fusion Bredon cohomology is not isomorphic to the Bredon cohomology (see Example 5.6).

There are two spectral sequences converging to the fusion Bredon cohomology of X coming
from the two different ways of filtering the double complex HomRFCpGq

pP˚,˚,Mq (see Proposition
5.7). One of these spectral sequences can be used to prove that if X is a G-CW-complex such
that for every H P C, the orbit space CGpHqzXH is R-acyclic, then for any RFCpGq-module M ,

H˚FCpGq
pX?;Mq – H˚pFCpGq;Mq.

In this case, the second spectral sequence gives a spectral sequence that converges to the
H˚pFCpGq;Mq (see Theorem 5.8). We apply this spectral sequence to the Dwyer spaces for
the homology decompositions of G (see Section 6 for the definitions of Dwyer spaces). We show
that for the following choices of X and the collection C, the condition on X given in Theorem
5.8 holds (see Propositions 6.7 and 6.12):

(1) X “ Xα
E “ EAE is the Dwyer space for the centralizer decomposition over the collection E

of all nontrivial elementary abelian p-subgroups in G, and C is any collection of nontrivial
p-subgroups in G.

(2) X “ Xδ
C “ |C| is the Dwyer space for the normalizer decomposition over C, and C is any

collection of nontrivial p-subgroups of G closed under taking products (see Definition
6.11).

As a consequence, we obtain two spectral sequences that converge to the cohomology of fusion
orbit category FCpGq (see Propositions 7.7 and 7.11). These spectral sequences can be considered
as the centralizer and normalizer decompositions for the cohomology of fusion orbit category.

If we take G to be a discrete group realizing a saturated fusion system F , then the hyperco-
homology spectral sequences that we constructed give two spectral sequences that converge to
the cohomology of the centric orbit category OcpFq. We now explain these spectral sequences.

Let F be a saturated fusion system over S, and let Fe denote the full subcategory of F whose
objects are the collection of all nontrivial elementary abelian p-subgroups of S which are fully
F-centralized. For every E P Fe, let CF pEq denote the centralizer fusion system over CSpEq as
defined in Definition 8.1.
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Theorem 1.6. Let F be a saturated fusion system over S, R be a commutative ring with unity,
and M be an ROcpFq-module. For every j ě 0, let Hj

M,CF
: Fe Ñ R-Mod denote the functor

defined in Lemma 9.3 such that for every E P Fe,

Hj
M,CF

pEq “ HjpOcpCF pEqq; Res
OcpFq
OcpCF pEqq

Mq.

Then, there is a spectral sequence

Es,t2 “ lim s

Fe
Ht
M,CF ñ Hs`tpOcpFq;Mq.

We call this spectral sequence the centralizer decomposition for the cohomology of the centric
orbit category. We have a similar spectral sequence involving normalizer fusion systems that can
be considered as the normalizer decomposition which we now describe.

Let F be a saturated fusion system over S and let sdpFcq denote the poset category of F-
conjugacy classes of chains σ “ pP0 ă P1 ă ¨ ¨ ¨ ă Pnq of F-centric subgroups Pi of S. For every
fully F-normalized chain σ, let NF pσq denote the normalizer fusion system of σ as defined in
Definition 10.2.

Theorem 1.7. Let F be a saturated fusion system over S, and M be an ZppqOpFq-module. For
every j ě 0, let Hj

M,NF
: sdpFcqop Ñ Zppq-Mod denote the functor defined in Lemma 10.7 such

that for every rσs P sdpFcq,

Hj
M,NF

prσsq “ HjpOcpNF pσqq; Res
OpFq
OcpNF pσqq

Mq.

Then, there is a spectral sequence

Es,t2 “ lim s

sdpFcq
Ht
M,NF ñ Hs`tpOcpFq; Res

OpFq
OcpFqMq.

We apply these spectral sequences to the sharpness problem stated at the beginning. A
subgroup Q ď S is central in F if CF pQq “ F . The product of all central subgroups in F is
called the center of F and denoted by ZpFq. Using the centralizer spectral sequence constructed
in Theorem 1.6, we prove the following:

Theorem 1.8. If the subgroup decomposition is sharp for every p-local finite group pS,F ,Lq
with ZpFq ‰ 1, then it is sharp for every p-local finite group.

This reduces the sharpness problem for p-local finite groups to the ones with nontrivial center.
The main ingredient for the proof of Theorem 1.8 is the sharpness of the centralizer decomposition
for p-local finite groups. The centralizer decomposition for a p-local finite group is introduced
by Broto, Levi, and Oliver in [6, Thm 2.6] and the proof of the sharpness of the centralizer
decomposition can be found in the proof of [6, Thm 5.8].

Next we consider the normalizer decomposition of p-local finite groups introduced by Libman
[21]. Applying the spectral sequence in Theorem 1.7, we show that for every p-local finite group
pS,F ,Lq, there is an isomorphism

lim i

OcpFq
Hnp´;Fpq – lim i

sdpFcq
HnpNF p´q;Fpq

(see Theorem 10.16). The higher limits on the right are isomorphic to the Ei,n2 -term in the
Bousfield-Kan spectral sequence for the normalizer decomposition for pS,F ,Lq. As a consequence
we obtain the following theorem.
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Theorem 1.9. For every p-local finite group pS,F ,Lq, the subgroup decomposition is sharp if
and only if the normalizer decomposition is sharp (over the collection of F-centric subgroups).

In the last section of the paper, we consider the Dwyer space X :“ Xβ
C for the subgroup

decomposition. When G is an infinite group, it is not true in general that for every H P C, the
orbit space CGpHqzXH is R-acyclic (see Example 11.6). However we show that this holds when
G is a finite group, R “ Zppq, and C is a collection of p-subgroups of G closed under taking
p-overgroups (see Proposition 11.2). As a consequence, we obtain the following.

Theorem 1.10. If G is a finite group and C is a collection of p-subgroups of G closed under
taking p-overgroups, then for every ZppqFCpGq-module M ,

H˚pFCpGq;Mq – H˚pOCpGq; ResprMq

where the isomorphism is induced by the projection functor pr : OCpGq Ñ FCpGq.

Using Theorem 1.10, we also prove the following vanishing result.

Theorem 1.11. Let F be a saturated fusion system over S realized by a finite group and C be
a collection of subgroups of S closed under taking p-overgroups. If C includes all F-centric and
F-radical subgroups in S, then for all n ě 0 and i ą 0,

lim i

OpFCq
Hnp´;Fpq “ 0.

This generalizes the vanishing result proved by Diaz and Park in [11, Thm B] for fusion
systems realized by finite groups and for the collection of F-centric subgroups. We end the
paper with an explicit example of an infinite group G where Theorem 1.10 no longer holds for
the collection of all p-subgroups (see Example 11.6). For the infinite group G in this example,
the subgroup decomposition for BG is not sharp, but Conjecture 1.2 still holds for the fusion
system F “ FSpGq.

Notation: Throughout the paper, G is a discrete group and p is a prime number. When there
exists a Sylow p-subgroup of G, it is denoted by S. In homological algebra sections, we work
over an arbitrary commutative ring R with unity. When we say C is a collection of subgroups in
G, we always assume that C is closed under conjugation. The subcategory of the fusion system
F with object set C is denoted by FC . The full subcategory of F generated by the collection of
F-centric subgroups in S is denoted by Fc, and the orbit category of F defined over F-centric
subgroups is denoted by OcpFq.
Acknowledgements: We would like to thank the referee for a careful reading of the paper

and for many corrections and valuable suggestions. In particular current versions of Lemma 4.6
and Lemma 8.13 were suggested by the referee along with many other comments that improved
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2. Fusion systems and the orbit category

In this section we introduce some basic definitions related to fusion systems and orbit cate-
gories. For further details on this material, we refer the reader to [1], [2], and [10].

2.1. Fusion systems.

Definition 2.1. A fusion system F over a finite p-group S is a category whose objects are
subgroups of S and whose set of morphisms MorF pP,Qq between two subgroups P,Q ď S
satisfies the following properties:

(1) HomSpP,Qq Ď MorF pP,Qq Ď injpP,Qq where HomSpP,Qq denotes the set of all conju-
gation maps cs : P Ñ Q induced by an element in S.

(2) If ϕ : P Ñ Q is a morphism in F , then ϕ´1 : ϕP Ñ P is a morphisms in F .

Two subgroups P and Q are F-conjugate if there is an isomorphism ϕ : P Ñ Q in F . In this
case we write P „F Q. A subgroup P ď S is fully F-normalized if |NSpP q| ě |NSpP

1q| for every
P 1 „F P . A subgroup P ď S is fully F-centralized if |CSpP q| ě |CSpP 1q| for every P 1 „F P . We
say P is fully F-automized if AutSpP q is a Sylow p-subgroup of AutF pP q. A subgroup Q ď S is
called F-receptive if every morphism ϕ : P Ñ Q in F extends to a morphism rϕ : Nϕ Ñ S where

Nϕ :“ tx P NSpP q | Dy P NSpϕpP qq such that cx “ ϕ´1 ˝ cy ˝ ϕu.

Definition 2.2. [1, Part I, Prop 2.5] A fusion system F over S is saturated if it satisfies the
following properties:

(1) If P ď S is fully F-normalized, then P is fully F-centralized and fully F-automized.
(2) If P ď S is fully F-centralized, then P is F-receptive.

A subgroup P ď S is called F-centric if CSpQq ď Q for every Q ď S such that Q „F P . We
denote by Fc the full subcategory of F whose object set is the set of F-centric subgroups in S.

Definition 2.3. The orbit category OpFq of the fusion system F is the quotient category of F
whose morphisms are defined by

MorOpFqpP,Qq “ InnpQqzMorF pP,Qq.

One can similarly define the orbit category OpFcq of the subcategory Fc. We define the centric
orbit category OcpFq to be the full subcategory of OpFq generated by F-centric subgroups in S.
Note that OcpFq – OpFcq.
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2.2. Realization of fusion systems. For a discrete group G, a finite p-subgroup S of G is
called a Sylow p-subgroup of G, if for every finite p-subgroup P , there is an element g P G such
that gPg´1 ď S. In general, discrete groups do not have Sylow p-subgroups even when the orders
of finite subgroups are bounded from above. A simple example of such a group is G “ C2 ˚ C2.
If G has a Sylow p-subgroup S, then the fusion system FSpGq is defined to be the category
whose objects are subgroups of S, and whose morphisms P Ñ Q are the group homomorphisms
induced by conjugation by elements of G.

If G is a finite group and S is a Sylow p-subgroup of G, then FSpGq is saturated (see [10, Thm
4.12]). In general this is not true for fusion systems induced by infinite groups. A fusion system
F over S is said to be realized by G, if G has a Sylow p-subgroup isomorphic to S and there is
an isomorphism of categories F – FSpGq. We have the following realization theorem for fusion
systems.

Theorem 2.4 (Leary-Stancu [20], Robinson [30]). Every fusion system F is realized by a (pos-
sibly infinite) discrete group G constructed as the fundamental group of a graph of groups pG, Y q
with finite vertex and edge groups Gv and Ge over a finite graph Y .

The graph Y and the vertex groups Gv are described explicitly in each construction. Leary
and Stancu [20] constructs G as an iterated HNN-extension (with only one vertex) and their
construction works for any fusion system (even if it is not necessarily saturated). Robinson
model [30] is a generalized amalgamation with vertex groups given by a family of finite groups
Gi which generate the fusion system. By this we mean that for each i, there is a monomorphism
ϕi : Si Ñ S from a Sylow p-subgroup Si of Gi to S such that F is generated by the images of
FSipGiq under the map induced by ϕi. By Alperin’s fusion theorem [10, Thm 4.52] and by the
model theorem for constrained fusion systems [5], a collection of finite groups tGiu that generates
F can always be found when F is a saturated fusion system.

2.3. Fusion orbit category. Let G be a discrete group and C be a collection of subgroups of
G. The transporter category TCpGq is the category whose objects are subgroups H P C, and
whose morphisms are given by

MorTCpGqpH,Kq :“ NGpH,Kq “ tg P G | gHg
´1 ď Ku.

The orbit category OCpGq is the category whose objects are subgroups H P C, and whose
morphisms are given by G-maps G{H Ñ G{K. A G-map f : G{H Ñ G{K such that fpHq “
g´1K can be identified with the coset Kg satisfying gHg´1 ď K. This gives an identification of
morphism sets

MorOCpGqpH,Kq “ KzNGpH,Kq

where the K-action of NGpH,Kq is defined by the left multiplication.
The fusion category FCpGq is the category whose objects are the subgroups H P C, and whose

morphisms are given by the group homomorphisms cg : H Ñ K defined by cgphq “ ghg´1 for
some g P G. Each conjugation map cg : H Ñ K can be identified with the coset gCGpHq where
g P NGpH,Kq, hence there is a bijection

MorFCpGqpH,Kq “ NGpH,Kq{CGpHq.

From these identifications, we see that both OCpGq and FCpGq are isomorphic to quotient
categories of the transporter category TCpGq. The fusion orbit category FCpGq is defined in
Definition 1.3 with morphism set

MorFCpGq
pH,Kq “ KzNGpH,Kq{CGpHq.
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Hence there are bijections

MorFCpGq
pH,Kq “ MorOCpGqpH,Kq{CGpHq

MorFCpGq
pH,Kq “ InnpKqzMorFCpGqpH,Kq

where InnpKq denotes the set of conjugations ck : K Ñ K induced by elements k P K. These
bijections show that the fusion orbit category is a quotient category of both the orbit category
and the fusion category. We can summarize these in the following diagram:

TCpGq

zz $$
OCpGq

$$

FCpGq

zz
FCpGq

where each arrow is the projection functor to the corresponding quotient category.
Let F be a fusion system over S, and G be a discrete group with a Sylow p-subgroup S such

that F – FSpGq. If we take C to be the collection of all p-subgroups of G, then the fusion
category FCpGq is equivalent (as a category) to the fusion system F . If C is the collection of all
p-subgroups of G that are conjugate to an F-centric subgroup in S, then FCpGq is equivalent
to Fc as categories. We show in Lemma 8.9 that the collection of all p-subgroups of G that are
conjugate to an F-centric subgroup in S is equal to the collection of all p-centric subgroups in
G.

Lemma 2.5. Let F be a saturated fusion system over S, and G be a discrete group with a Sylow
p-subgroup S realizing F . Let C be the collection of all p-subgroups of G that are conjugate to
an F-centric subgroup in S. Then the orbit category OcpFq is equivalent, as categories, to the
fusion orbit category FCpGq.

Proof. By definition of C, every object in FCpGq is isomorphic to an F-centric subgroup in S.
For F-centric subgroups P,Q ď S,

MorOpFcqpP,Qq “ InnpQqzMorFcpP,Qq “ InnpQqzMorFCpGqpP,Qq “ MorFCpGq
pP,Qq.

Hence these two categories are equivalent. �

By Proposition 3.9, equivalent categories have isomorphic cohomology groups, hence the higher
limits over OcpFq are isomorphic to the higher limits over FCpGq.

3. Modules over the orbit category and induction

In this section, we introduce the preliminaries on modules over small categories and discuss
the restriction and induction functors induced by a functor between two categories. We refer the
reader to [23, Chp 9] and [17] for more details on homological algebra over orbit categories.
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3.1. Cohomology of a small category. Let C be a nonempty small category and R be a
commutative ring with unity. A (right) RC-module M is a contravariant functor M : C Ñ R-
mod, and the RC-module homomorphism ϕ : M1 Ñ M2 is defined as a natural transformation
of functors. The category of RC-modules is an abelian category so the usual notions of kernel,
cokernel, and exact sequence exist and they are defined objectwise. For example, a short exact
sequence of RC-modules M1 Ñ M2 Ñ M3 is exact if for every x P ObpCq the sequence of
R-modules

M1pxq ÑM2pxq ÑM3pxq

is exact. For x P ObpCq, we define the RC-module RMorCp?, xq as the module which takes
y P ObpCq to the free R-module RMorCpy, xq. For any x P C and for any RC-module M , there
is an isomorphism

HomRCpRMorCp?, xq,Mq –Mpxq.

This proves that for every x P ObpCq, the RC-module RMorCp?, xq is projective. Using these
projective modules one can show that for every RC-module M , there is a projective module P
and a surjective RC-module homomorphism P ÑM . Hence there are enough projectives in the
category of RC-modules. There are also enough injectives in this category (see [36, p. 43]).

For RC-modules M and N , we define the n-th ext-group to be

ExtnRCpM,Nq :“ HnpHomRCpP˚, Nqq

where P˚ ÑM is a projective resolution of M as an RC-module. By the balancing theorem for
ext-groups, the ext-group ExtnRCpM,Nq can also be calculated as the n-th cohomology of the
cochain complex HomRCpM, I˚q where I˚ is an injective co-resolution of N as an RC-module
(see [36, Thm 2.7.6]).

Definition 3.1. The constant functor R over the category C is the RC-module that sends every
object x P ObpCq to R and every morphism in C to the identity map idR : R Ñ R. If M is
an RC-module, then for every n ě 0, the n-th cohomology group of C with coefficients in M is
defined to be

HnpC;Mq :“ ExtnRCpR,Mq.

For any RC-module M , the limit of M over C is defined by

lim
xPC

Mpxq :“ tpmxq P
ź

xPC

Mpxq |Mpαqpmyq “ mx for every α P MorCpx, yqu.

The functor M Ñ limxPCM is left exact. The n-th right derived functor of limCp´q is called
the n-th higher limit of M , and it is denoted by limn

CM . Since

HomRCpR;Mq – lim
C
M,

there is an isomorphism
lim n

C
M – HnpC,Mq

of right derived functors for every n ě 0. Throughout the paper we will replace the higher
limits limn

CM of an RC-module M with the cohomology groups HnpC;Mq without further
explanation.

When M : C Ñ R is a covariant functor, then we say M is a left RC-module. For left RC-
modules, we can define projective resolutions and ext-groups in the same way that we defined
them for the right RC-modules. In fact, a left RC-module is a right RCop-module, so all the
definitions above can be repeated easily. The n-th cohomology HnpC;Mq of C with coefficients
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in a left RC-module M is defined to be the ext-group ExtnRCpR,Mq over the category of left
RC-modules.The n-th higher limits is defined in a similar way and we have lim n

C
M – HnpC;Mq.

Remark 3.2. In the literature, the cohomology groups of a category C are sometimes defined
only for a left RC-module and the cohomology groups of C with coefficients in a right RC-
module M are denoted by H˚pCop;Mq. In this paper, most of our cohomology groups are with
coefficients in a right RC-module so it becomes inconvenient for us to use this convention. We
denote both of the cohomology groups of C with coefficients in a left RC-module and a right
RC-module by H˚pC;Mq. Similarly we will always denote the higher limits of both covariant
and contravariant functors M : CÑ R-Mod over C by lim i

C
M .

Remark 3.3. The empty category H is a category with no objects and no morphisms. For
every category C, there is a unique functor F : HÑ C, i.e. the empty category H is the initial
object in the category of small categories. If C is the empty category then the only RC-module
is the zero module which is both injective and projective. Applying the definitions, we see that
if C “ H, then limCM “ 0 and H ipC,Mq “ limi

CM “ 0 for all i.

3.2. Restriction and induction via a functor. Let F : C Ñ D be a functor between two
nonempty small categories. The restriction functor

ResF : RD-ModÑ RC-Mod

is defined by composition with F , i.e., ResFM “M ˝ F . The induction functor

IndF : RC-ModÑ RD-Mod

is defined to be the functor which is left adjoint of the restriction functor. The left adjoint of
the restriction functor exists because the category of R-modules is cocomplete. We explain this
in detail below using Kan extensions.

For an RC-module M , let LKF oppMq denote the left Kan extension of M : Cop Ñ R-Mod
along the functor F op : Cop Ñ Dop. There is a formula for left Kan extensions using colimits
over a comma category. We first recall the definition of a comma category.

Definition 3.4. Let F : CÑ D be a functor and d P ObpDq. The comma category dzF is the
category whose objects are the pairs pc, fq where c P ObpCq and f P MorDpd, F pcqq, and whose
morphisms pc, fq Ñ pc1, f 1q are given by the morphisms ϕ : cÑ c1 in C such that f 1 “ F pϕq ˝ f .

The comma category F {d is defined in a similar way as the category whose objects are the
pairs pc, fq where c P ObpCq and f P MorDpF pcq, dq. Note that F op{d “ pdzF qop, and there is a
functor πd : F op{dÑ Cop defined by pc, fq Ñ c. For every d P ObpDq, we have

LKF oppMqpdq “ colim
F op{d

pM ˝ πdq “ colim
pdzF qop

pM ˝ πdq

(see [29, Thm 6.2.1]). Since the colimits exists in the category of R-modules, the left Kan-
extension exists (see [29, Cor 6.2.6]). When it exists, the Kan extension functor LKF opp´q is left
adjoint to the functor defined by precomposing with F op, i.e., to the restriction functor ResF p´q
(see [29, Prop 6.1.5]). Hence we can take IndF p´q to be the functor LKF opp´q.

In [23, 9.15], the induction functor IndF p´q is defined by using a tensor product with the
RC-RD-bimodule RMorDp??, F p?qq : CˆDop Ñ R-Mod defined by

pc, dq Ñ RMorDpd, F pcqq
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on objects. This gives an explicit formula for IndFM that can be described as follows: for every
x P ObpDq,

pIndFMqpxq “
´

à

yPObpCq

Mpyq bR RMorDpx, F pyqq
¯

{J

where J is the ideal generated by the elements of the form m b f ´m1 b f 1 where m P Mpyq,
f P MorDpx, F pyqq, m1 P Mpy1q, and f 1 P MorDpx

1, F py1qq such that there is a morphism
ϕ P MorCpy, y

1q satisfying

Mpϕqpm1q “ m and f 1 “ F pϕq ˝ f.

Since the tensor product is adjoint to the hom-functor, we have the following:

Lemma 3.5. Let IndF : RC-ModÑ RD-Mod be the functor defined by the formula given above.
Then for every RC-module M and RD-module N , there is a natural isomorphism

HomRCpIndFM,Nq – HomRDpM,ResFNq.

Proof. See [23, 9.22]. �

Note that these two different descriptions of IndFM coincide by the uniqueness of the left
adjoints. We can also see this by proving that the two formulas for pIndFMqpxq given by colimits
and by using the definition of tensor products give isomorphic modules for every x P ObpDq.

Lemma 3.6. The restriction functor ResF p´q preserves exact sequences, hence its left adjoint
the induction functor IndF p´q takes projectives to projectives.

Proof. This is clear from the definition of the restriction functor. The second statement follows
from the adjointness of the restriction and induction functor. �

In general the induction functor IndF p´q is not an exact functor. When IndF p´q is an exact
functor, there is a version of Shapiro’s isomorphism for ext-groups over the corresponding module
categories.

Proposition 3.7. Let F : C Ñ D be a functor such that the associated induction functor
IndF : RC-Mod Ñ RD-Mod is exact. Then for every RC-module M and for every RD-module
N , there is an isomorphism

Ext˚RDpIndFM,Nq – Ext˚RCpM,ResFNq,

called Shapiro’s isomorphism for the functor F : CÑ D.

Proof. Let P˚ Ñ M be a projective resolution of M as an RC-module. Since the induction
functor takes projectives to projectives, the induced module IndFPi is a projective RD-module
for every i. By assumption the induction functor IndF p´q is an exact functor, therefore we can
conclude that IndFP˚ Ñ IndFM is a projective resolution of IndFM as an RD-module. This
gives

Ext˚RDpIndFM,Nq – H˚pHomRDpIndFP˚, Nqq

– H˚pHomRCpP˚,ResFNqq – Ext˚RCpM,ResFNq.

�
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Remark 3.8. If H is the empty category and F : HÑ C is the unique functor between H and
a category C, then ResF : RC-ModÑ RH-Mod is the functor which takes every RC-module to
the zero module. IndF : RH-ModÑ RC-Mod is the functor which sends the zero module to the
zero module. It is easy to see that both Lemma 3.5 and Proposition 3.7 hold for this functor F .

We will use the empty category in the paper when we are discussing the restriction and
induction functors for the (fusion) orbit categories. We also will refer to the following well-
known result for the equivalent categories.

Proposition 3.9. If F : C Ñ D is an equivalence of two small categories, then for every
RD-module M , there is an isomorphism

HnpD;Mq – HnpC; ResFMq

induced by F .

Proof. See [1, Prop 5.6]. �

4. Induction from a subgroup

Let G denote the category with one object whose set of endomorphisms is a group given by
the group G. Then an RG-module is the same as an RG-module. If H ď G is a subgroup of G,
then the inclusion map H Ñ G induces a functor F : HÑ G, and the corresponding induction
functor IndF : RH-Mod Ñ RG-Mod coincides with the usual induction of a module defined by
IndGHM “ M bH RG. Since RG is free as an RH-module, IndGHp´q is an exact functor. The
exactness of the induction gives an isomorphism

Ext˚RGpIndGHN,Mq – Ext˚RHpN,ResGHMq

called Shapiro’s isomorphism for ext-groups. We will show below that Shapiro’s isomorphism
also holds for ext-groups over the (fusion) orbit category.

4.1. Induction for the orbit category. Let C be a collection of subgroups in G, and let H
be a subgroup of G. We will consider the orbit category of H over the collection

C|H :“ tK P C |K ď Hu.

We denote the orbit category OC|H pHq by OCpHq to simplify the notation. Let

iGH : OCpHq Ñ OCpGq

be the functor which takes a subgroup K P C|H to itself in C, and takes an H-map f : H{K Ñ

H{L to the G-map iGHpfq : G{K Ñ G{L defined by iGHpfqpgKq “ gfpKq. We denote the
induction functor associated to iGH by Ind

OCpGq
OCpHq

. If C|H is the empty set, then OCpHq is the
empty category H, and iGH is the unique functor H Ñ OCpGq. In this case the restriction and
induction functors are defined as described in Remarks 3.3 and 3.8.

There is an explicit formula for the induced module Ind
OCpGq
OCpHq

M which is due to Symonds [34,
p. 266] (see also Lemma 3.1 in [17]).

Proposition 4.1 (Symonds [34]). Let M be an ROCpHq-module. Then for every K P C,

pInd
OCpGq
OCpHq

MqpKq –
à

x´1HPpG{HqK

MpxKq.
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Note that the indexing set pG{HqK for the above direct sum can be identified with

MapGpG{K,G{Hq “ MorOpGqpK,Hq

where OpGq denotes the orbit category of G over all subgroups of G. For every G-map f :
G{LÑ G{K, the induced R-module homomorphism

f˚ : pInd
OCpGq
OCpHq

MqpKq Ñ pInd
OCpGq
OCpHq

MqpLq

can be described using the map MorOpGqpK,Hq Ñ MorOpGqpL,Hq induced by f . On the sum-
mands one uses inclusion and conjugation maps between summands (see [34, p. 266] for details).
As a consequence, we conclude the following.

Proposition 4.2 ([34, Lemma 2.9]). The induction functor

Ind
OCpGq
OCpHq

: ROCpHq-ModÑ ROCpGq-Mod

is exact. Hence, for every ROCpHq-module N and ROCpGq-module M , there is an isomorphism

Ext˚ROCpGq
pInd

OCpGq
OCpHq

N,Mq – Ext˚ROCpHq
pN,Res

OCpGq
OCpHq

Mq.

Proof. The first sentence follows from Proposition 4.1. The second part is a consequence of
Proposition 3.7. �

Let RrG{H?s denote the ROCpGq-module defined by K Ñ RrpG{HqKs for every K P C. If
K P C such that pG{HqK “ H, then RrpG{HqKs “ 0. If there is no K P C such that K ď H,
i.e. if C|H is the empty collection, then RrG{H?s “ 0 as an ROCpGq-module. As a consequence
of Proposition 4.1, we obtain the following:

Proposition 4.3. [34, Lemma 2.7] Let R denote the constant functor for OCpHq. Then, there
is an isomorphism of ROCpGq-modules

Ind
OCpGq
OCpHq

R – RrG{H?s.

Proof. By Proposition 4.5, for every K P C, we have

pInd
OCpGq
OCpHq

RqpKq –
à

x´1HPpG{HqK

R – RrpG{HqKs.

For every G-map f : G{LÑ G{K, the induced maps

f˚ : pInd
OCpGq
OCpHq

RqpKq Ñ pInd
OCpGq
OCpHq

RqpLq

and f˚ : RrpG{HqKs Ñ RrpG{HqLs commutes with the isomorphisms given above. �

As a consequence we have the following.

Corollary 4.4. For every ROCpGq-module M , there is an isomorphism

ExtnROCpGq
pRrG{H?s,Mq – HnpOCpHq; Res

OCpGq
OCpHq

Mq.

Proof. This follows from Propositions 4.2 and 4.3, and from the definition of the cohomology of
a category C as the ext-group over RC. �
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4.2. Induction for the fusion orbit category. Let C be a collection of subgroups in G, and
H be a subgroup of G. We denote by FCpHq the fusion orbit category of H over the collection
C|H . Let

jGH : FCpHq Ñ FCpGq

denote the functor which takes a subgroup K P C|H to itself in C, and takes a conjugation map
ch : L Ñ K modulo InnpKq to itself in FCpGq. The induction functor associated to jGH will be

denoted by Ind
FCpGq

FCpHq
. The case where C|H is the empty collection is handled with the empty

category H as in the case of the orbit category.

Proposition 4.5. For every RFCpHq-module M and for every subgroup K P C,

pInd
FCpGq

FCpHq
MqpKq –

à

rf sPMorFpGqpK,Hq

MpfpKqq

where FpGq denotes the fusion orbit category defined on all subgroups of G. In particular, the
induction functor

Ind
FCpGq

FCpHq
: RFCpHq-ModÑ RFCpGq-Mod

is an exact functor.

To prove Proposition 4.5, we first prove some lemmas. If F : C Ñ D is a functor and
d P ObpDq, then the comma category dzF is the category whose objects are the pairs pc, fq where
c P ObpCq and f : d Ñ F pcq is a morphism in D (see Definition 3.4). If C is a subcategory of
D and j : C Ñ D is the inclusion functor, then we can assume that the objects of dzj are the
morphisms f : dÑ c in D instead of the pairs pc, fq. A morphism f1 Ñ f2 in dzj is a morphism
ϕ : c1 Ñ c2 in C such that ϕ ˝ f1 “ f2.

Lemma 4.6. Let C be a subcategory of a small category D and let j : C Ñ D be the inclusion
functor. Assume that

(1) Every morphism dÑ c in D with d P ObpDq and c P ObpCq factors as d –
ÝÑ c1

C
ÝÑ c, an

isomorphism in D followed by a morphism in C.
(2) Given any c, c1, c2 P ObpCq, if c D

ÝÑ c1
C
ÝÑ c2 are morphisms such that C P C, D P D,

and C ˝D is a morphism in C then D P C.

Then for any d P ObpDq, dzj “
š

iPI Ei where I is a set of representatives for the C-isomorphism
classes in the set of all D-isomorphisms dÑ c, Ei is the component of dzj containing i P I and
furthermore i is an initial object in Ei.

Proof. We can write E :“ dzj as a disjoint union
š

αPAEα of its connected components over

some indexing set A. By (1), every morphism f : d Ñ c in D factors as d i
ÝÑ c1

f 1
ÝÑ c where i is

an isomorphism in D and f 1 is a morphism in C. The morphism f 1 defines a morphism i Ñ f
in E, hence i and f lie in the same component of E. This shows that in every component Eα
there is an object i : d Ñ c which is a D-isomorphism. Choose a D-isomorphism iα : d Ñ c in
each component Eα.
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If ϕ : pf1 : dÑ c1q Ñ pf2 : dÑ c2q is a morphism in E, then there is a commuting diagram

d
i1

��

i2

��
c11

ψ //

f 11

��

c12

f 12

��
c1

ϕ // c2

where ψ :“ i2 ˝ i
´1
1 is an isomorphism in D. Since ϕ is in C, the composition ϕ ˝ f 11 is in C. By

condition (2) applied to c11
ψ
ÝÑ c12

f 12
ÝÑ c2, we obtain that ψ is in C. By applying the condition (2)

to c12
ψ´1

ÝÝÑ c11
ψ
ÝÑ c12, we conclude that ψ´1 is also in C, hence ψ is an isomorphism in C.

If there is a zigzag of morphisms between f1 : dÑ c1 and fn : dÑ cn in E, then applying the
argument above to each morphism in the zigzag, we obtain an E-isomorphism between i1 : dÑ c11
and in : d Ñ c1n. Combining this isomorphism with f 1n gives a morphism from i1 to fn in E.
This shows that if f : d Ñ c lies in the component Eα, then there is a morphism ϕ : iα Ñ f in
E. If ϕ1, ϕ2 : iα Ñ f are two such morphisms, then ϕ1 ˝ iα “ f “ ϕ2 ˝ iα gives ϕ1 “ ϕ2. So the
morphism ϕ is unique. This proves that iα is an initial object in Eα.

Two D-isomorphisms i1 : d Ñ c1 and i2 : d Ñ c2 lie in the same component of E if and only
if there is a C-isomorphism ψ : c1 Ñ c2 such that i2 “ ψ ˝ i1. So, the index set A can be taken
as the C-isomorphism classes of D-isomorphisms. �

Using Lemma 4.6, we prove the following.

Lemma 4.7. Let C be a subcategory of a small category D satisfying the conditions in Lemma
4.6. Let

IndD
C : RC-ModÑ RD-Mod

denote the induction functor induced by the inclusion j : CÑ D. Then for every RC-module M
and for every d P ObpDq, we have

pIndD
CMqpdq –

à

pi:dÑciqPI

Mpciq

where I is a set of representatives for the C-isomorphism classes in the set of all D-isomorphisms
dÑ c.

Proof. By the definition of the induction functor via left Kan extensions given in Section 3.2, we
have

pIndD
CMqpdq “ colim

pc,fqPpdzjqop
pM ˝ πdq.

By Lemma 4.6, dzj “
š

iPI Ei where Ei is the component of dzj containing the isomorphism
i : dÑ ci. Since i is an initial object for the Ei, it is a terminal object for Eopi , hence for every
d P ObpDq we have,

pIndD
CMqpdq “

à

iPI

colim
pc,fqPEopi

pM ˝ πd ˝ inciq –
à

iPI

Mpciq

where inci : Ei Ñ dzj is the inclusion map. This completes the proof. �
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Proof of Proposition 4.5. We claim that if we take C “ FCpHq and D “ FCpGq, then the
conditions given in Lemma 4.6 are satisfied.

Let rf s : K Ñ L be a morphism in FCpGq represented by a morphism f : K Ñ L in FCpGq

such that L ď H. Then f factors as K i
ÝÑ fpKq

f 1
ÝÑ L where the first map is an isomorphism in

FCpGq and the second map is the inclusion map f 1 : fpKq ãÑ L which is a morphism in FCpHq.
Then rf s “ rf 1s ˝ ris where ris is an isomorphism in FpGq and rf 1s is in FCpHq. Hence condition
p1q in Lemma 4.6 holds for these categories.

Let U
rϕs
ÝÝÑ U 1

rψs
ÝÝÑ U2 be a sequence of morphisms such that U,U 1, U2 ď H, rϕs P FCpGq, and

rψs P FCpHq. Suppose that ψ ˝ ϕ is in FCpHq. Let g P G and h1, h2 P H are such that ϕ “ cg,
ψ “ ch1 , and ψ ˝ ϕ “ ch2 , then h1g “ h2z for some z P CGpUq. This gives g “ h´1

1 h2z, hence
ϕ “ cg is in FCpHq. We conclude that condition (2) in Lemma 4.6 holds for these categories.

Applying Lemma 4.7 to C and D, we obtain that for every K P C,

pInd
FCpGq

FCpHq
MqpKq –

à

rf sPI

MpfpKqq

where I is a set of representatives for the FCpHq-isomorphism classes in the set of all FCpGq-
isomorphisms rf s : K Ñ fpKq with fpKq ď H. The equivalence relation is given by rf1s „ rf2s

if there is an isomorphism rchs : f1pKq Ñ f2pKq in FCpHq such that rf2s “ rchs ˝ rf1s. This
shows that the index set I can be taken as the set of morphisms MorFpGqpK,Hq which is the
orbit set of MorFpGqpK,Hq under the action of InnpHq. �

The following is an easy consequence of Propositions 3.7 and 4.5. We call this isomorphism
the Shapiro’s isomorphism for the fusion orbit category.

Proposition 4.8. For every RFCpHq-module N and every RFCpGq-module M , there is an
isomorphism

Ext˚
RFCpGq

pInd
FCpGq

FCpHq
N,Mq – Ext˚

RFCpHq
pN,Res

FCpGq

FCpHq
Mq.

As a consequence of Proposition 4.5, we also have the following.

Proposition 4.9. There is an isomorphism of RFCpGq-modules

Ind
FCpGq

FCpHq
R – RrCGp?qzpG{Hq

?s.

Proof. By Proposition 4.5, we have

Ind
FCpGq

FCpHq
R – RrMorFpGqp?, Hqs – RrCGp?qzMorOpGqp?, Hqs – RrCGp?qzpG{Hq

?s

as RFCpGq-modules. The induced maps also coincide because of the description of the isomor-
phism. �

We conclude the following.

Corollary 4.10. For every RFCpGq-module M ,

Ext˚
RFCpGq

pRrCGp?qzpG{Hq
?s,Mq – H˚pFCpHq; Res

FCpGq

FCpHq
Mq.

Proof. This follows from Propositions 4.8 and 4.9. �

We use this isomorphism throughout the paper to replace the ext-groups on the left with the
cohomology of the fusion orbit category FCpHq.
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4.3. Induction via the projection map. Let pr : OCpGq Ñ FCpGq denote the projection
functor that takes every subgroup H P C to itself and takes a morphism f : L Ñ K defined
by fpLq “ g´1K to the morphism KgCGpLq in FCpGq. The restriction functor Respr takes
an RFG-module M to an ROCpGq-module via composition with the functor pr. In particular
pResprMqpKq “ MpKq for every K P C. If M 1 “ ResprM for some RFCpGq-Module M , then
for every K P C, the centralizer CGpKq acts trivially on M 1pKq. Such an ROCpGq-module is
called a conjugation invariant ROCpGq-module in [17], and called a geometric coefficient system
in [34]. For the induction functor we have the following observation.

Lemma 4.11. Let M be an ROCpGq-module. Then for every K P C,
pIndprMqpKq –MpKqCGpKq :“M{xm´ cxm |m PMpKq, x P CGpKqy

as an RNGpKq-module.

Proof. By the formula for the induction functor given in Section 3.2, for every K P C, we have

pIndprMqpKq “ colim
pKzprqop

pM ˝ πKq.

The comma category D :“ Kzpr is the category whose objects are the pairs pL, fq where L P C
and f : K Ñ L is a morphism in FCpGq. Let C be the full subcategory of D with one object
pK, idKq. The automorphisms of pK, idKq in D are given by the morphisms Kx : G{K Ñ G{K
in OCpGq that are sent to the identity map under the projection functor pr. So the automorphism
group of pK, idKq is the group KCGpKq{K “ tKx |x P CGpKqu ď NGpKq{K. We claim that
the inclusion functor j : C Ñ D defines an equivalence of categories. To see this, let us fix a
morphism f̂ : K Ñ L in OCpGq for every f : K Ñ L in FCpGq. For every ϕ : pL1, f1q Ñ pL2, f2q

in D, there is a unique ϕ̂ P AutDpK, idKq such that ϕ ˝ f̂1 “ f̂2 ˝ ϕ̂. Define π : D Ñ C
to be the functor that sends each object pL, fq in D to pK, idKq in C, and each morphism
ϕ : pL1, f1q Ñ pL2, f2q to ϕ̂ in AutDpK, idKq. It is easy to see that π ˝ j “ idC and j ˝ π » idD,
so we can conclude that C and D are equivalent categories. This gives

pIndprMqpKq “ colim
pKzprqop

pM ˝ πdq – colim
Cop

pM ˝ πd ˝ jq –MpKqCGpKq.

This completes the proof. �

By Lemma 4.11, it is easy to see that

IndprRespr “ idFCpGq´mod.

For H ď G, there is a commuting diagram of functors

OCpHq
pr //

iGH
��

FCpHq

jGH
��

OCpGq
pr // FCpGq

where iGH and jGH are the functors defined in the previous section. For every pair of composable
functors F1 : CÑ D and F2 : DÑ E, we have IndF2˝F1 “ IndF2IndF1 . In particular, we have

IndjGH
Indpr “ IndprIndiGH

.

Thus for every RFCpHq-module M ,

IndjGH
M “ IndjGH

IndprResprM “ IndprIndiGH
ResprM.
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This equality can be used to give a second proof of Proposition 4.5 as a consequence of Proposition
4.1. This explains the similarities between the formulas in Propositions 4.1 and 4.5.

We now state a lemma which also appears in [25, §3] (for a covariant version, see [24, §3]).

Lemma 4.12 (Lück [25, §3]). Let pr : OCpGq Ñ FCpGq be the projection functor defined above.
Then, for every subgroup H of G, there is an isomorphism

IndprpRrG{H
?sq – RrCGp?qzpG{Hq

?s

of RFCpGq-modules. In particular, for every G-set X and for every RFG-module N ,

HomRFCpGq
pRrCGp?qzX

?s, Nq – HomROCpGqpRrX
?s,ResprNq.

Proof. For every K P C, we have

IndprpRrG{H
?sqpKq “ RrpG{HqKsCGpKq – RrCGpKqzpG{Hq

Ks.

The second formula follows from the adjointness of induction and restriction functors. �

5. Fusion Bredon cohomology

In [34, p. 281], Symonds defines Bredon cohomology over an arbitrary collection C. The main
aim of this section is to extend Symonds’ definition to chain complexes over the fusion orbit
category. We also show that there is a hypercohomology spectral sequence converging to the
fusion Bredon cohomology of a G-CW-complex.

Throughout, C is an arbitrary collection of subgroups in the group G. For all the statements
that hold for both orbit category OCpGq and the fusion orbit category FCpGq, we use OCpGq to
denote OCpGq or FCpGq. Similarly OpGq is used to denote OpGq or FpGq.

5.1. Yoneda functors. Given a category D and a full subcategory C Ď D, define a functor

Ỹ D
C : Cop ˆDÑ R-Mod, Ỹ D

C pc, dq “ RrMorDpc, dqs.

This gives a functor

Y D
C : DÑ RC-Mod, Y D

C pdq “ RrMorDp´, dqs.

If M is an RC-module, then ExtjRCp´,Mq is a contravariant functor from RC-mod to R-Mod,
so

ExtjRCpY
D
C ,Mq

is an RD-module. Applying this construction to the categories OCpGq Ď OpGq, we obtain that
for every ROCpGq-module M and for all j ě 0,

M̃ j :“ ExtjROCpGq
pY

OpGq
OCpGq

,Mq

is an ROpGq-module. For any collection D, we can regard M̃ j as an RODpGq-module by pre-
composing with the inclusion ODpGq Ď OpGq.

For every H ď G, we have

Y
OpGq
OCpGq

pHq – RrG{H?s and Y
FpGq
FCpGq

pHq – RrCGp?qzpG{Hq
?s.

By Shapiro’s lemma proved in Propositions 4.3 and 4.9, for everyH ď G, we have an isomorphism
of R-modules

M̃ jpHq – HjpOCpHq; Res
OCpGq
OCpHq

Mq. (5.1)

We can use these isomorphisms to define an ROpGq-module as follows:
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Lemma 5.1. For every ROCpGq-module M , and for every integer j ě 0, there is an ROpGq-
module Hj

M such that for every H ď G,

Hj
M pHq “ HjpOCpHq; Res

OCpGq
OCpHq

Mq.

For every f : G{K Ñ G{H, the induced map Hj
M pfq : Hj

M pHq Ñ Hj
M pKq is defined in such a

way that the Shapiro’s isomorphism given in (5.1) induces an isomorphism of ROpGq-modules

Hj
M – M̃ j .

Proof. For each subgroup H ď G, let ϕH : M̃ jpHq
–
ÝÑ HjpOCpHq; Res

OCpGq
OCpHq

Mq denote the
canonical homomorphism that gives the Shapiro’s isomorphism. For every f : G{K Ñ G{H,
let Hj

M pfq : Hj
M pHq Ñ Hj

M pKq denote the unique homomorphism which makes the following
diagram commute

M̃ jpHq
ϕH– //

M̃jpfq
��

Hj
M pHq

Hj
M pfq��

M̃ jpKq
ϕK– // Hj

M pKq.

It is clear from the commutativity of the above diagram that Hj
M p´q defines a functor OpGqop Ñ

R-Mod, and the R-module isomorphisms given in (5.1) define an isomorphism of ROpGq-modules
M̃ j – Hj

M . �

In our applications we use the OpGq-module Hj
M as coefficients for the ordinary Bredon

cohomology of a G-CW-complex. This is done by considering Hj
M as a ROpGq-module via the

restriction functor induced by the projection functor pr : OpGq Ñ OpGq.

Definition 5.2. For every ROCpGq-module M , and for every integer j ě 0, we denote by Hj
M

the ROpGq-module ResprH
j
M . Note that for each H ď G, we have

Hj
M pHq “ HjpOCpHq; Res

OCpGq
OCpHq

Mq.

5.2. Fusion Bredon cohomology. Let X be a G-CW-complex (with a left G-action). For
each subgroup K P C, the fixed point set XK can be identified with the set of G-maps from the
transitive G-set G{K to X. This gives a contravariant functor

OCpGq Ñ CW-complexes

defined by K Ñ XK when OCpGq “ OCpGq and by K Ñ CGpKqzX
K when OCpGq “ FCpGq.

Composing these functors with the functor which takes a CW-complex to its cellular chain
complex with coefficients in R, we obtain a chain complex C˚pX?;Rq of ROCpGq-modules,

For each n ě 0, we have

CnpX
?;Rq –

à

iPIn

RrG{H?
i s –

à

iPIn

RMorOCpGqp?, Hiq

where In is the set of G-orbits of n-dimensional cells in X, and Hi denotes the stabilizer of the
i-th cell in X. Similarly,

CnpCGp?qzX
?;Rq –

à

iPIn

RrCGp?qzpG{Hiq
?s –

à

iPIn

RMorFCpGq
p?, Hiq
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as RFCpGq-modules. Using the Yoneda functors introduced above, we can write this as

CnpX
?;Rq –

à

iPIn

Y
OpGq
OCpGq

pHiq

as an ROCpGq-module.

Definition 5.3. Let X be a CW-complex. The ordinary (fusion) Bredon cohomology of X with
coefficients in an ROpGq-module M is defined by

H˚OpGqpX
?;Mq :“ H˚pHomROpGqpC˚pX

?;Rq;Mq.

For an arbitrary collection C, the (fusion) Bredon cohomology of X with coefficients in an
ROCpGq-module M is defined by

H˚OCpGq
pX?;Mq :“ H˚pHomROCpGqpTot‘pP˚,˚q,Mqq,

where P˚,˚ is a Cartan-Eilenberg resolution of C˚pX?;Rq.

When OpGq “ OpGq, this gives the ordinary Bredon cohomology H˚OpGqpX
?;Mq as defined in

Definition 1.4. When OCpGq “ FCpGq, then H˚OCpGq
pX?;Mq is the fusion Bredon cohomology of

X as defined in Definition 1.5.

Lemma 5.4. If the isotropy subgroups of X lie in the collection C, then C˚pX
?;Rq is a chain

complex of projective ROCpGq-modules. In this case, for every ROCpGq-module M we have

H˚OpGqpX
?;Mq – H˚OCpGq

pX?;Mq.

Proof. The first sentence follows from the descriptions of CnpX?;Rq given above. The second
part follows from the fact that the Cartan-Eilenberg resolution of a chain complex of projective
modules is itself. �

Proposition 5.5. Let X be a G-CW-complex and C be a collection of subgroups of G such that
the isotropy subgroups of X lie in C. Then for every RFCpGq-moduleM , there is an isomorphism

H˚FCpGq
pX?;Mq – H˚OCpGq

pX?; ResprMq.

Proof. In this case C˚pX?;Rq is a chain complex of projective ROCpGq-modules, hence we have

H˚OCpGq
pX?;Mq – H˚pHomROCpGqpC˚pX

?;Rq,Mq.

By Lemma 4.12, for every RFCpGq-module M , there is an isomorphism

HomROCpGqpC˚pX
?;Rq,ResprMq – HomRFCpGq

pC˚pCGp?qzX
?;Rq,Mq.

Hence we have

H˚FCpGq
pX?;Mq – H˚pHomRFCpGq

pC˚pX
?;Rq,Mq

– H˚pHomROCpGqpC˚pX
?;Rq,ResprMq – H˚OCpGq

pX?; ResprMq.

�

In general when C does not include all the isotropy subgroups of X, then the isomorphism in
Proposition 5.5 does not hold.
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Example 5.6. Let G be a discrete group. If C “ t1u, X “ pt, and A is an abelian group with
trivial G-action, then H˚OCpGq

pX;Aq is isomorphic to the group cohomology H˚pG;Aq whereas
H i

FCpGq
pX?;Aq “ 0 for i ě 1 because AutFCpGq

p1q “ 1. So if G and A are taken such that

H ipG,Aq ‰ 0 for i ě 1, then in this case the fusion Bredon cohomology and Bredon cohomology
are not isomorphic.

5.3. Hypercohomology spectral sequence. There are two hypercohomology spectral se-
quences converging to the Bredon cohomology of a G-space introduced by Symonds [34, p.
279]. We show in this section that these spectral sequences exist also for the fusion Bredon coho-
mology. Throughout this section, OCpGq denotes either OCpGq or FCpGq. For a G-CW-complex
X, X? denotes either X? or CGp?qzX? depending on the category OCpGq.

Proposition 5.7. Let X be a G-CW-complex and M be an ROCpGq-module. For every integer
j ě 0, let Hj

M denote the ROpGq-module defined in Definition 5.2. Then there are two spectral
sequences

IEs,t2 – Hs
OpGqpX

?;Ht
M q and IIEs,t2 – ExtsROCpGq

pHtpX
?;Rq,Mq

converging to the (fusion) Bredon cohomology H˚OCpGq
pX?;Mq.

Proof. Let C˚pX?;Rq denote the chain complex of ROCpGq-modules for X, and P˚,˚ denote the
Cartan-Eilenberg projective resolution of C˚pX?;Rq (see [36, Def 5.7.1]). Applying the hom-
functor HomROCp´;Mq to P˚,˚, we obtain a double (cochain) complex where

Cs,t “ HomROCpGqpPs,t,Mq

for every s, t ě 0. The differentials are in two directions

ds,tv : Cs,t Ñ Cs,t`1 and ds,th : Cs,t Ñ Cs`1,t

satisfying dhdv ` dvdh “ 0. The total complex of C˚,˚ is defined by Xn “ TotnpC˚,˚q “
‘s`t“nC

s,t with differential dv ` dh. Note that this is a first quadrant double complex so we
have Tot‘ “ Totπ in this case.

We can filter the total complex X˚ by taking

F spXs`tq “
à

i`j“s`t,
iěs

Ci,j .

So the the layers of the filtration are the columns of C˚,˚. This gives a spectral sequence
tIEs,tr urě0 with

IEs,t2 “ Hs
hpH

t
vpC

˚,˚qq

(see [3, Thm 3.4.2] and [36, Def 5.6.1]). For each s ě 0, let Is denote the set of G-orbits of
s-dimensional cells in X, and let Hi denote the stabilizer of the i-th cell in G. Then

CspX
?;Rq –

à

iPIs

Y
OpGq
OCpGq

pHiq

as an ROCpGq-module. By Lemma 5.1, we obtain

Ht
vpC

s,˚q –
ź

iPIs

ExttROCpGq
pY

OpGq
OCpGq

pHiq,Mq –
ź

iPIs

Ht
M pHiq – HomROpGqpCspX

?;Rq,Ht
M q
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for every s, t ě 0. The horizontal differential dh is induced by the differentials of the chain
complex C˚pX?;Rq. Hence we have

IEs,t2 “ Hs
hpH

t
vpC

˚,˚qq – HspHomROpGqpC˚pX
?;Rq,Ht

M qq – Hs
OpGqpX

?;Ht
M q.

When OpGq “ FpGq, by Proposition 5.5, we have

H˚FpGqpX
?;Ht

M q – H˚OpGqpX
?; ResprH

t
M q “ H˚OpGqpX

?;Ht
M q.

So for both categories OpGq and FpGq, we have
IEs,t2 – Hs

OpGqpX
?;Ht

M q.

The second spectral sequence comes from filtering the total complex X˚ horizontally by taking

F spXs`tq “
à

i`j“s`t,
jěs

Ci,j .

In this case the layers of the filtration are the rows of C˚,˚. We take IIEs,t0 “ Ct,s and obtain a
spectral sequence tIIEs,tr u with

IIEs,t2 “ Hs
vpH

t
hpC

˚,˚qq

(see [36, Def 5.6.2]). By the properties of the Cartan-Eilenberg resolutions, the horizontal coho-
mology group Ht

hpC
˚,sq – HomROCpGqpQs,Mq where Q˚ is a projective resolution of HtpX

?;Rq
(see [36, Def 5.7.1]). Hence

IIEs,t2 – HspHomROCpGqpQ˚,Mqq – ExtsROCpGq
pHtpX

?;Rq,Mq

for all s, t ě 0. �

One special case of the above hypercohomology spectral sequence is the case where C˚pXHq

(resp. C˚pCGpHqzXHq) has a homology of a point for every H P C. In this case we say X is
ROCpGq-acyclic (resp. RFCpGq-acyclic).

Theorem 5.8. Let X be an ROCpGq-acyclic G-CW-complex and M be an ROCpGq-module. For
every integer j ě 0, let Hj

M denote the ROpGq-module defined in Definition 5.2. Then there is
a spectral sequence

Es,t2 – Hs
OpGqpX

?;Ht
M q ñ Hs`tpOCpGq;Mq.

Proof. By Proposition 5.7, there are two spectral sequences which converge to the Bredon coho-
mology H˚OCpGq

pX?;Mq. Since X is ROCpGq-acyclic, we have

HtpX
?;Rq –

#

R if t “ 0

0 if t ‰ 0

as an ROCpGq-module. This gives that the spectral sequence IIE˚,˚2 collapses at the E2-page to
the horizontal line at t “ 0, hence for each n ě 0, there is an isomorphism

Hn
OCpGq

pX?;Mq – HnpOCpGq;Mq.

Now the first spectral sequence IEs,t2 in Proposition 5.7 becomes a spectral sequence that con-
verges to H˚pOCpGq;Mq. �
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6. Dwyer spaces for homology decompositions

The Dwyer spaces Xα
C , X

β
C , X

δ
C for centralizer, subgroup, and normalizer decompositions were

introduced by Dwyer to give a unified treatment for the homology decompositions for classifying
spaces of discrete groups. In this section we give the definitions of Dwyer spaces and show that
the Dwyer spaces for the centralizer and normalizer decompositions satisfy the conditions of
Theorem 5.8. For more details on the homology decompositions of classifying spaces, we refer
the reader to [12, §7], [4, Chp 5], and [13].

6.1. G-Categories. We first recall some definitions on categories with a group action. We follow
the terminology and notation introduced by Grodal in [13] and [14]. Let G be a discrete group. A
G-category is a category C together with a set of functors Fg : CÑ C for all g P G which satisfy
Fg ˝ Fh “ Fgh for all g, h P G, and F1 “ idC. We denote the image of the object x P ObpCq
under Fg by gx. Similarly for a morphism α : x Ñ y, we write Fgpαq “ gα. The nerve N pCq
of a small category C is a simplicial set whose n-simplices are given by a chain of composable
maps x0

α1
ÝÑx1

α2
ÝÑ ¨ ¨ ¨

αn
ÝÑxn. When C is a G-category, the nerve N pCq is a G-simplicial set

where the G-action on the simplices is given by

gpx0
α1
ÝÑx1

α2
ÝÑ ¨ ¨ ¨

αn
ÝÑxnq “ pgx0

gα1
ÝÑ gx1

gα2
ÝÑ ¨ ¨ ¨

gαn
ÝÑ gxnq

for every g P G.
The geometric realization |N pCq| of the simplicial set N pCq is called the geometric realization

of the category C, and it is denoted by |C|. When C is a G-category, then the geometric
realization |C| has a G-CW-complex structure. For every subgroup H ď G, let CH denote the
subcategory of C whose objects and morphisms are the objects and morphisms of C that are
fixed under the H-action. We have

|C|H “ |N pCq|H “ |N pCqH | “ |N pCHq| “ |CH |.

The orbit space |C|{G is homeomorphic to the topological realization of the simplicial set
N pCq{G.

A functor F : C Ñ D between two G-categories is called a G-functor if for every g P G,
piq F pgxq “ gF pxq for every x P ObpCq, and piiq F pgαq “ gF pαq for every morphism α in
C. If F : C Ñ D is a G-functor, then the induced map on the realizations |F | : |C| Ñ |D|
is a G-map. A natural transformation µ : F Ñ F 1 between two G-functors F, F 1 : C Ñ D is
called a natural G-transformation if µgx : F pgxq Ñ F 1pgxq is equal to gµx : gF pxq Ñ gF 1pxq for
every g P G and x P ObpCq. If µ : F Ñ F 1 is a natural G-transformation, then the realizations
|F |, |F 1| : |C| Ñ |D| are G-homotopic. These give the following:

Proposition 6.1 ([12, Prop 5.6]). Let C be a G-category and x0 P ObpCGq. If the identity
functor of C is connected to the constant functor cx0 : C Ñ C by a zigzag of natural G-
transformations, then |C| is G-equivariantly contractible. In particular, the orbit space |C|{G
is contractible.

Our main example of a G-category is a category obtained by applying Grothendieck construc-
tion to a functor F : DÑ G-sets. In this case the Grothendick construction is a category D o F
whose objects are pairs pd, xq where d P ObpDq and x P F pdq. A morphism pd, xq Ñ pd1, x1q is a
pair pα, xq such that α : d Ñ d1 is a morphism in D such that F pαqpxq “ x1. The composition
of morphisms is defined by pα1, x1q ˝ pα, xq “ pα1 ˝ α, xq. The G-action on D o F is given by
gpd, xq “ pd, gxq and gpα, xq “ pα, gxq for every g P G. There is a natural isomorphism of
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simplicial sets
hocolim
dPD

F
–
ÝÑN pD o F q

(see [35, Thm 1.2] and [31, p. 3] for details). It is easy to see that this isomorphism an isomor-
phism ofG-simplicial sets, so the fixed point subspaces and the orbit space ofX “ |hocolimdPD F |
can be computed using the nerve N pD o F q.

Remark 6.2. Throughout the paper whenever it makes sense we will work in the category of
simplicial sets and call a simplicial set a space and a G-simplicial set a G-space. Note that the
geometric realization of a G-space is a G-CW-complex, so we can associate to a G-space X a
chain complex C˚pX?;Rq over (fusion) orbit category using its geometric realization. This allows
us to apply the theorems proved for G-CW-complexes to G-spaces.

In the following subsections, G is a discrete group and C denotes an arbitrary collection of
subgroups in G.

6.2. The Dwyer space for the subgroup decomposition. Let OCpGq denote the orbit cat-
egory of G over the collection C. The collection C can be considered as a poset with the order
relation given by the inclusion of subgroups. There is a G-action on this poset by conjugation.
Let KC denote the order complex of the poset C. The simplices of KC are the chains of subgroups
σ “ pH0 ă H1 ă ¨ ¨ ¨ ă Hnq in C, and an element g P G acts on a chain by the action defined by

gσ “ pgH0g
´1 ă gH1g

´1 ă ¨ ¨ ¨ ă gHng
´1q.

There is a simplicial set associated to the simplicial complex KC . We denote this simplicial set
by NC and its geometric realization by |C|.

Definition 6.3. Consider the Borel construction EGˆG NC :“ pEGˆNCq{G. A collection C
is called p-ample if the map induced by projection to the first coordinate EGˆG NC Ñ BG is
a mod-p homology isomorphism.

The Dwyer space for the subgroup decomposition is defined as follows.

Definition 6.4. Let rβ : OCpGq Ñ G-Sets denote the functor that sends H P C to the transitive
G-set G{H. The G-space

Xβ
C :“ hocolim

OCpGq

rβ

is called the Dwyer space for the subgroup decomposition.

The space Xβ
C is a nerve of a category Xβ

C whose objects are pairs pH, gHq with H P C
and gH P G{H. A morphism pH,xHq Ñ pK, yKq is a G-map f : G{H Ñ G{K such that
fpxHq “ yK. There is a G-map Xβ

C Ñ NC which is a weak equivalence (non-equivariantly).
This gives a homotopy equivalence EG ˆG X

β
C Ñ EG ˆG NC. If β : OCpGq Ñ Spaces is the

functor defined by β “ EGˆG rβ, then there is a natural isomorphism

EGˆG X
β
C – hocolim

OCpGq
β

(see [4, Prop 4.7.6]). Hence if C is a p-ample collection, then the composition

hocolim
OCpGq

β – EGˆG X
β
C Ñ EGˆG NC Ñ BG

is a mod-p homology isomorphism (see [12, Prop 7.14] or [4, Thm 5.5.4] for details). This mod-p
homology isomorphism is called the mod-p subgroup decomposition for BG
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The Dwyer space X “ Xβ
C is also denoted by ECG and called the universal space for the

collection C. For every H P C, the fixed point subspace XH is homotopy equivalent to the
realization of the subposet CěH “ tK P C |K ě Hu of C, hence it is contractible (see [15]).
However, in general the orbit space CGpHqzXH is not Zppq-acyclic (see Example 11.6). So the
Dwyer space X “ Xδ

C does not satisfy the conditions of Theorem 5.8 for the fusion orbit category
FCpGq.

6.3. The Dwyer space for the centralizer decomposition. The C-conjugacy category ACpGq
is the category whose objects are pairs pH, risq where H is a group and ris is a G-conjugacy class
of monomorphisms i : H Ñ G such that ipHq P C. The G-action on a monomorphism i : H Ñ G
is defined by g ¨i :“ cg˝i for g P G where cg : GÑ G is conjugation map xÑ gxg´1. A morphism
pH, risq Ñ pH 1, ri1sq is given by a group homomorphism f : H Ñ H 1 such that ris “ ri1 ˝ f s.

Remark 6.5. The category ACpGq is not small. To take homotopy colimits over ACpGq we
replace it with an equivalent category which is small. For example we can use the subcategory
of ACpGq where the objects are pairs pH, risq where H P C and ris is a conjugacy class of
monomorphisms i : H Ñ G with ipHq P C as above.

Definition 6.6. Let rαC : ACpGq
op Ñ G-Sets denote the functor which takes pH, risq to the

G-conjugacy class ris. The Dwyer space for the centralizer decomposition over the collection C is
the G-space defined by

Xα
C :“ hocolim

ACpGqop
rαC .

The space Xα
C is also denoted by EAC . For every pH, risq in ACpGq, we have

rαCpH, risq – G{CGpipHqq

as G-sets. The Dwyer space Xα
C is isomorphic to the nerve of the category ZαC whose objects are

the pairs pH, iq where H is a group and i : H Ñ G is a monomorphism such that ipHq P C. There
is a unique morphisms from pH 1, i1q to pH, iq if there is a group homomorphisms f : H Ñ H 1

such that i “ i1 ˝ f . As it often done in the literature, we will work with the opposite category
Xα

C :“ pZαC q
op where there is a unique morphisms from pH, iq to pH 1, i1q if there is a group

homomorphisms f : H Ñ H 1 such that i “ i1 ˝ f (see [12, Prop 7.12] and [4, Thm 5.44]). Note
that the realization of the category Xα

C is G-homeomorphic to the realization of the Dwyer space
Xα

C , so it does not affect the proofs to work with either category.
If αC : ACpGq

op Ñ Spaces denote the functor EGˆG rαC , then there is a natural isomorphism

hocolim
ACpGqop

αC – EGˆG X
α
C .

There is also a G-map Xα
C Ñ NC which is a weak equivalence (see proof of [12, Prop 7.12]). If

C is a p-ample collection, then the composition

hocolim
ACpGqop

αC – EGˆG X
α
C Ñ EGˆG NC Ñ BG

is a mod-p homology isomorphism. This isomorphism is called the centralizer decomposition for
G (see [12, Prop 7.12]). For the Dwyer space Xα

C we prove the following:

Proposition 6.7. Let G be a discrete group and E denote the collection of all nontrivial elemen-
tary abelian p-subgroups in G. If X “ Xα

E is the Dwyer space for the centralizer decomposition
for G, then for every nontrivial finite p-subgroup P ď G, the fixed point subspace XP and the
orbit space CGpP qzXP are contractible.
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Proof. A proof for the contractibility of XP can be found in [12, §13.3]. The argument given
there for the contractibility of XP does not give a CGpP q-equivariant contraction. We modify
Dwyer’s argument to obtain a CGpP q-equivariant contraction.

Let X “ Xα
E and P be a fixed nontrivial finite p-subgroup of G. The fixed point subspace

|X|P “ |XP | is G-homeomorphic to the realization of the category C :“ pXα
E q
P whose objects

are the pairs pE, iq that satisfy ipEq ď CGpP q. Let Z be a central subgroup of order p in P .
Then Z is a subgroup of CGpP q, and furthermore it is a central subgroup of CGpP q because
Z ď P . Let j : Z Ñ G denote the inclusion map and let cpZ,jq : C Ñ C denote the constant
functor that takes every object pE, iq in C to pZ, jq. We will show that there is a zigzag of
natural CGpP q-transformations between idC and the constant functor cpZ,jq. By Proposition 6.1,
this will imply that CGpP qzXP is contractible.

For every pE, iq P C, the elementary abelian p-subgroups ipEq and Z commute with each
other. In particular the product ipEq ¨ Z is an elementary abelian p-subgroup of CGpP q. Let
pE1, i1q be the pair such that

E1 :“

#

E if Z ď ipEq

E ˆ Z if Z ę ipEq
i1 :“

#

i if E1 “ E,

pe, zq Ñ ipeqz if E1 ‰ E.

Let F : C Ñ C be the functor that sends the pair pE, iq to pE1, i1q, and sends a morphism
f : pE1, i1q Ñ pE2, i2q to the morphism f 1 : pE11, i

1
1q Ñ pE12, i

1
2q where

(1) f 1 “ f if E11 “ E1 and E12 “ E2,
(2) f 1 : E1 ˆ Z Ñ E2 is defined by pe, zq Ñ fpeqi´1

2 pzq if E11 ‰ E1 and E12 “ E2,
(3) f 1 “ f ˆ idZ if E11 ‰ E1 and E12 ‰ E2.

Note that the case E11 “ E1 and E12 ‰ E2 can not happen because the morphism f : pE1, i1q
f
ÝÑ

pE2, i2q is a group homomorphism f : E1 Ñ E2 such that i2 ˝f “ i1, hence i1pE1q “ i2pfpE1qq ď

i2pE2q, so Z ď i1pE1q implies Z ď i2pE2q.
There is a zigzag of natural transformations

idC
µ
ÝÑF

η
ÐÝ cpZ,jq

between the identity functor and the constant functor with value pZ, jq. The morphism µpE,iq :

pE, iq Ñ pE1, i1q is defined by the group homomorphism

pµpE,iq : E Ñ E1q “

#

idE : E Ñ E if E1 “ E,

E Ñ E ˆ Z defined by eÑ pe, 1q if E1 ‰ E.

It is easy to check that µ is a natural transformation. The only nontrivial case to check is when
E11 ‰ E1 and E12 “ E2. In this case, for every morphism f : pE1, i1q Ñ pE2, i2q, and for every
e P E1, we have

f 1pµpE1,i1qpeqq “ f 1pe, 1q “ fpeqi´1
2 p1q “ fpeq “ µpE2,i2qpfpeqq.

Hence, the equality f 1 ˝ µpE1,i1q “ µpE2,i2q ˝ f holds in this case.
For each pair pE, iq, the morphism ηpE,iq is defined by the group homomorphism

pηpE,iq : Z Ñ E1q “

#

i´1|Z if E1 “ E,

Z Ñ E ˆ Z defined by z Ñ p1, zq if E1 ‰ E.

In the case E11 “ E1 and E12 “ E2, for each morphism f : pE1, i1q Ñ pE2, i2q, and for each z P Z,
we have fpi´1

1 pzqq “ i´1
2 pzq, hence f 1 ˝ ηpE1,i1q “ ηpE2,i2q ˝ idpZ,jq holds. It is easy to check that
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this equality holds in the remaining cases and conclude that η is a natural transformation. Hence
XP is contractible.

It remains to show that F is a CGpP q-functor, and µ and η are CGpP q-equivariant transfor-
mations. Since Z is central in CGpP q, for every g P CGpP q, we have Z ď ipEq if and only if
Z ď pcg ˝ iqpEq. So E1 for pE, iq and E1 for pE, cg ˝ iq are equal. We also have pcg ˝ iq1 “ cg ˝ i

1.
This gives

F pg ¨ pE, iqq “ F pE, cg ˝ iq “ pE
1, pcg ˝ iq

1q “ pE1, cg ˝ i
1q “ g ¨ F pE, iq

for every g P CGpP q. This shows that the functor F is CGpP q-invariant on the objects. If
the morphism f : pE1, i1q Ñ pE2, i2q is defined by the group homomorphism f : E1 Ñ E2,
then g ¨ f : pE1, cg ˝ i1q Ñ pE2, cg ˝ i2q is also defined by f : E1 Ñ E2. Then the morphism
pg ¨ fq1 : pE11, cg ˝ i

1q Ñ pE12, cg ˝ f
1
2q is given by f 1. This gives that pg ¨ fq1 “ g ¨ f 1 for every

g P CGpP q. Hence F is a CGpP q-functor.
For every g P CGpP q, the morphism

µg¨pE,iq “ µpE,cg˝iq : pE, cg ˝ iq Ñ pE1, pcg ˝ iq
1q “ pE1, cg ˝ i

1q

is equal to the morphism
g ¨ µpE,iq : g ¨ pE, iq Ñ g ¨ pE1, i1q.

Hence µ is a CGpP q-transformation. For the transformation η, note that for every g P CGpP q,
the morphism

ηg¨pE,iq “ ηpE,cg˝iq : pZ, jq Ñ pE1, pcg ˝ iq
1q “ pE1, cg ˝ i

1q

is defined by the group homomorphism pcg ˝ iq
´1|Z : Z Ñ E1 if E1 “ E. Since Z is central in

CGpP q, we have
pcg ˝ iq

´1|Z “ i´1 ˝ cg´1 |Z “ i´1|Z ,

hence ηg¨pE,iq is equal to

g ¨ ηpE,iq : pZ, jq Ñ g ¨ pE1, i1q “ pE1, cg ˝ i
1q.

In the case E1 ‰ E, both ηg¨pE,iq and g ¨ηpE,iq are given by the group homomorphism Z Ñ EˆZ
defined by z Ñ p1, zq. Hence η is CGpP q-equivariant.

By Proposition 6.1, we conclude that the orbit space CGpP qzXP is contractible. �

6.4. Dwyer space for the normalizer decomposition. Let KC denote the order complex of
the poset C. There is a G-action on the poset C by conjugation, which makes KC a G-simplicial
complex. The simplices of KC forms a poset with order relation given by τ ď σ if τ is a face
of σ. We denote this poset by sdpKCq, and its opposite poset by SdCpGq. There is a G-action
on SdCpGq, and the stabilizer of the simplex σ :“ pH0 ă H1 ă ¨ ¨ ¨ ă Hnq is the subgroup
NGpσq “

Şn
i“0NGpHiq.

Definition 6.8. The category of orbit simplices, denoted by SdCpGq{G, is the category whose
objects are the G-orbits rσs of the simplices of KC . Between two objects there is a unique
morphism rσs Ñ rτ s if there is an element g P G such that τ is a face of gσ.

Note that SdCpGq{G is a poset category. There is a functor rδC : SdCpGq{G Ñ G-Sets which
takes a G-orbit rσs to itself as a G-set. We can describe the effect of rδC on morphisms as
follows: Choose a representative in each G-orbit of simplices and write rσs for the G-orbit whose
representative is σ. The stabilizer of σ “ pH0 ă H1 ă ¨ ¨ ¨ ă Hnq under the G-action is
NGpσq “

Şn
i“0NGpHiq. Given a morphism rσs Ñ rτ s, let g P G be such that τ is a face of gσ.

This gives that gNGpσqg
´1 “ NGpgσq ď NGpτq. Hence there is a G-map f : rσs Ñ rτ s defined
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by fpg1σq “ g1g´1τ for all g1 P G. Note that the G-map f does not depend on the group element
g P G. If g1, g2 P G are such that τ is a face of g1σ and g2σ, then we must have g´1

1 τ “ g´1
2 τ

since they are both subchains of σ with subgroups in both chains having the same order. Hence
the G-map f : rσs Ñ rτ s is well-defined. It is clear that rδC : SdCpGq{G Ñ G-Sets with these
assignments defines a functor.

Definition 6.9. The Dwyer space for the normalizer decomposition is the G-space

Xδ
C :“ hocolim

SdCpGq{G

rδ.

The space Xδ
C is isomorphic to the nerve of the poset category Xδ

C whose objects are simplices
of KC , and there is one morphism σ Ñ τ if τ is a subchain of σ. The category Xδ

C is the opposite
category of the simplex category of KC . This gives that |Xδ

C | is G-homeomorphic to |sdpKCq|.
By a standard result on barycentric subdivisions, |KC | is G-homeomorphic to |sdpKCq| (see [33,
Lemma 1.6.4]). Hence |Xδ

C | is G-homeomorphic to |KC |.

Lemma 6.10. Let |C| denote the realization of the simplicial set NC of the poset C. Then |Xδ
C |

is G-homeomorphic to |C|.

Proof. NC is the simplicial set for the simplicial complex KC , so we have a G-homeomorphism
|C| – |KC |. Hence by the remarks above |Xδ

C | and |C| are G-homeomorphic. �

If δC : SdCpGq{GÑ Spaces denote the functor EGˆG rδC , then there is a natural isomorphism

hocolim
SdCpGq{G

δC – EGˆG X
δ
C .

If C is a p-ample collection, then the composition

| hocolim
SdCpGq{G

δC | – EGˆG |X
δ
C | Ñ EGˆG |C| Ñ BG

is a mod-p homology isomorphism (see [12, Prop 7.17]). This mod-p homology isomorphism is
called the normalizer decomposition for G.

We are now going to prove an important property of the Dwyer space Xδ
C . We first give a

definition.

Definition 6.11. We say a collection C of subgroups in G is closed under taking products if it
satisfies the following condition: if P,Q P C such that PQ is a subgroup in G, then PQ P C.

We prove the following:

Proposition 6.12. Let C be a collection of subgroups of G closed under taking products, and let
X “ Xδ

C be the Dwyer space for the normalizer decomposition for G. Then for every P P C, the
fixed point set XP and the orbit space CGpP qzXP are contractible.

Proof. By Lemma 6.10, the realization |X| is G-homeomorphic to |C|, and hence it is enough to
prove the statements for the G-space |C|. For each P P C, we have |C|P “ |CP |, so we need to
show that CP is a contractible poset. If Q P CP , then P ď NGpQq, hence PQ is a subgroup in G.
Since C is closed under taking products, PQ P C. Since P normalizes Q, it normalizes PQ. Hence
PQ P CP . There is a zigzag of poset contractions P ď PQ ě Q in CP , hence the poset CP is
canonically contractible. The poset maps in the above contractions are CGpP q-equivariant maps,
hence |C|P is CGpP q-equivariantly contractible. We conclude that the orbit space CGpP qzXP is
contractible. �
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7. Hypercohomology spectral sequences for Dwyer spaces

As an immediate consequence of Theorem 5.8 and Propositions 6.7 and 6.12, we obtain spectral
sequences which converge to the cohomology of the orbit category and the fusion orbit category.
We can state this conclusion as a corollary as follows:

Corollary 7.1. Let OCpGq “ OCpGq or FCpGq, and let M be an ROCpGq-module.
(1) Let X “ Xα

E be the Dwyer space for the centralizer decomposition over the collection
E of nontrivial elementary abelian p-subgroups, and C be any collection of nontrivial p-
subgroups of G, or

(2) let C be a collection of p-subgroups of G that is closed under taking products, and X “ Xδ
C

be the Dwyer space for normalizer decomposition over C.
For j ě 0, let Hj

M denote the ROpGq-module defined in Definition 5.2. Then there is a spectral
sequence

Es,t2 “ Hs
OpGqpX

?;Ht
M q ñ Hs`tpOCpGq;Mq.

Our aim in this section is to show that the Bredon cohomology groups appearing in the E2-
term of the above spectral sequences can be expressed as higher limits over the fusion category
FEpGq in the first case, and over the category of orbit simplices SdCpGq{G in the second case.
To show these we need to introduce more definitions on equivariant local coefficient systems. We
follow the terminology introduced by Grodal in [13] and [14, §2.4].

7.1. Local coefficient systems. Given a simplicial set X, let ∆X denote the simplex category
whose objects are simplices of X and morphisms are compositions of face maps di : Xn Ñ Xn´1

and degeneracy maps si : Xn Ñ Xn`1. If X is a G-simplicial set, the simplex category ∆X
is a G-category. Let p∆XqG denote the transporter category of the G-category ∆X. This is
the category whose objects are simplices of X and morphisms from σ to τ are given by pairs
pg, ϕ : gσ Ñ τq where g P G and ϕ is a morphism in ∆X. For a commutative ring R, a general
(contravariant) G-local coefficient system on X is a functor M : pp∆XqGq

op Ñ R-mod. The
cochain complex pC˚pX,Mq, δq is defined by

CnpX;Mq “
ź

σPXn

Mpσq and pδnfqpσq “
ÿ

i

p´1qiMp1, diqpfpdiσqq

for every f P CnpX;Mq, where di denotes the i-th face map di : Xn Ñ Xn´1 and p1, diq
denotes the morphism p1, di : σ Ñ diσq in p∆XqG. Note that in the above formula, elements of
CnpX;Mq are considered as a function f : Xn Ñ

ś

σPXn
Mpσq such that fpσq P Mpσq. The

(right) G-action on f P CnpX;Mq is defined by

pfgqpσq “Mpg, idgσqpfpgσqq

for every g P G, where Mpg, idgσq : Mpgσq Ñ Mpσq is the R-module homomorphism induced
by the morphism pg, idgσq : σ Ñ gσ in p∆XqG. We can convert this action to a left action by
taking gf “ fg´1. With this definition of G-action, the chain complex C˚pX;Mq becomes a
chain complex of left RG-modules. The G-equivariant cohomology H˚GpX;Mq of a G-space X
with coefficients in M is defined to be the cohomology of the cochain complex pC˚pX;MqG, δ˚q.

Given an ROpGq-module M , we can define a coefficient system M : pp∆XqGq
op Ñ R-Mod

associated to M as follows: Let F : p∆XqG Ñ OpGq be the functor that sends the simplex σ to
its stabilizer Gσ, and sends a morphism pg, ϕ : gσ Ñ τq : σ Ñ τ to the G-map

G{Gσ
g´1

ÝÑG{Ggσ
ϕ
ÝÑG{Gτ
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(see [14, §2.4]). We define M to be the composition pp∆XqGqop
F op
ÝÑOpGqop M

ÝÑR-Mod. The
coefficient system obtained this way is called the G-isotropy coefficient system associated to M .
The following is proved by Bredon [8, §I.9].

Lemma 7.2. Let M be an ROpGq-module and M be the coefficient system associated to M .
Then for every G-simplicial set X, the G-equivariant cohomology H˚GpX;Mq is isomorphic to
the Bredon cohomology H˚OpGqpX

?;Mq defined in Definition 1.4.

Let C be a G-category. The transporter category of C is a category CG whose objects are
the same as the objects of C are morphisms from x Ñ y are given by pairs pg, ϕ : gx Ñ yq
where g P G, and ϕ is a morphism in C. If X “ N pCq is the nerve of the G-category C,
and M : pCGq

op Ñ R-mod is a functor, then there is a G-local coefficient system M on X
defined via the functor p∆XqG Ñ CG which takes x0 Ñ ¨ ¨ ¨ Ñ xn to x0. Similarly for a functor
M : CG Ñ R-mod, we can define a coefficient system via the functor pp∆XqGqop Ñ CG which
takes x0 Ñ ¨ ¨ ¨ Ñ xn to xn.

7.2. Spectral sequence for the centralizer decomposition. Let ACpGq denote the conju-
gacy category of G over the collection C as defined in Section 6.3. Recall that the fusion category
FCpGq of G over C is the category whose objects are subgroups H P C where morphisms H Ñ K
in FCpGq are given by conjugation maps cg : H Ñ K defined by cgphq “ ghg´1 for all h P H.
The following is well-known.

Lemma 7.3. The conjugacy category ACpGq is equivalent to FCpGq as categories.

Proof. For each G-conjugacy class ris with ipHq P C, choose a representative monomorphism
i : H Ñ G. Let T : ACpGq Ñ FCpGq be the functor defined by pH, risq Ñ ipHq on objects.
For every morphism f : pH1, ri1sq Ñ pH2, ri2sq, we define T pfq : i1pH1q Ñ i2pH2q to be the
composition

i1pH1q
cg
ÝÑ i2pfpH1qq Ñ i2pH2q

where the first conjugation map cg exists because ri2 ˝ f s “ ri1s, and the second map is the
inclusion map. There is a functor S : FCpGq Ñ ACpGq in the other direction defined by SpHq “
pH, rincHsq for every H P C. It is clear that T ˝ S “ idFCpGq. There is a natural transformation
η : idACpGq Ñ S ˝ T such that the morphism

ηpH,risq : pH, risq Ñ pipHq, rincHsq

is given by the group homomorphism i : H Ñ ipHq. It is straightforward to check that η is a
natural isomorphism. Hence these two categories are equivalent. �

The Dwyer space Xα
C is the realization of the G-category Xα

C whose objects are the pairs
pH, iq where i is a monomorphism i : H Ñ G with ipHq P C. Let X denote the nerve of
the category Xα

C . The simplex category ∆X of X is the category whose objects are chains of
morphisms pH0, i0q

α1
ÝÑpH1, i1q Ñ ¨ ¨ ¨

αn
ÝÑpHn, inq in Xα

C and whose morphisms are given by face
and degeneracy maps of the nerve construction. There is a functor F : pp∆XqGq

op Ñ FCpGq
defined by the composition of functors

pp∆XqGq
op Ñ pp∆NCqGqop Ñ CG “ TCpGq Ñ FCpGq

where the first functor takes a simplex pH0, i0q
α1
ÝÑpH1, i1q Ñ ¨ ¨ ¨

αn
ÝÑpHn, inq inX to the simplex

i0pH0q ď ¨ ¨ ¨ ď inpHnq in NC, and the second functor takes this chain of subgroups to inpHnq

in C (see [13, p. 416] for more details). The equality CG “ TCpGq follows from definitions, and
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the last functor TCpGq Ñ FCpGq is the quotient functor defined in Section 2.3. The following is
proved by Grodal in [13].

Proposition 7.4 ([13, Prop 2.10]). Let N : FCpGq Ñ R-Mod be a (covariant) functor, and let
M denote the local coefficient system defined on X by the composition

pp∆XqGq
op F
ÝÑFCpGq

N
ÝÑR-Mod.

Then there is an isomorphism
H˚GpX

α
C ;Mq – lim ˚

FCpGq
N.

There is a functor ξC : FCpGq Ñ OpGqop which sends H P C to its centralizer CGpHq ď G.
Given an ROpGq-moduleM , precomposingM with ξC gives a functorM ˝ξC : FCpGq Ñ R-Mod.
Combining Proposition 7.4 with our earlier observations, we obtain the following:

Proposition 7.5. Let M be an ROpGq-module and let X “ Xα
C . Then there is an isomorphism

H˚OpGqpX
?;Mq – lim ˚

FCpGq
pM ˝ ξCq.

Proof. Let M be the coefficient system on X by defined by the composition

M ˝ ξC ˝ F : pp∆XqGq
op Ñ pp∆NCqGqop Ñ CG Ñ FCpGq

ξC
ÝÑOpGqop M

ÝÑR-Mod.

By Proposition 7.4, there is an isomorphism

H˚GpX;Mq – lim ˚

FCpGq
pM ˝ ξCq. (7.1)

The composition ξC ˝ F takes the simplex

σ :“ pH0, i0q
α1
ÝÑpH1, i1q Ñ ¨ ¨ ¨

αn
ÝÑpHn, inq

in X to the subgroup CGpinpHnqq in OpGq, which is the stabilizer of σ under the G-action on σ.
This implies that M “ M ˝ ξC ˝ F is the G-isotropy coefficient system for X associated to M .
Hence by Lemma 7.2, there is an isomorphism

H˚OpGqpX
?;Mq – H˚GpX;Mq.

Combining this isomorphism with the isomorphism in p7.1q gives the desired isomorphism. �

Let C andD be two arbitrary collections inG. LetOCpGq denote eitherOCpGq or FCpGq andM
denote an ROCpGq-module. For every integer j ě 0, let Hj

M denote the ROpGq-module defined
in Definition 5.2. Let ξD : FDpGq Ñ OpGqop be the functor defined above which sends D P D to
the centralizer CGpDq ď G. Precomposing Hj

M with ξD gives a functor FDpGq Ñ R-Mod.

Definition 7.6. For an ROCpGq-module M and for j ě 0, the functor

Hj
M,CG

: FDpGq Ñ R-Mod

is defined to be the composition Hj
M ˝ ξD. Note that for every D P D,

Hj
M,CG

pDq “ H˚pOCpCGpDqq; Res
OCpGq
OCpCGpDqq

Mq.

We have the following result.
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Proposition 7.7. Let C be any collection of all nontrivial p-subgroups in G, and E be the col-
lection of all nontrivial elementary abelian p-subgroups in G. Let OCpGq “ OCpGq or FCpGq,
and M be an ROCpGq-module. For each integer j ě 0, let Hj

M,CG
denote the functor defined in

Definition 7.6. Then, there is a spectral sequence

Es,t2 “ lim s

FEpGq
Ht
M,CG

ñ Hs`tpOCpGq;Mq.

Proof. Since Ht
M,CG

“ Ht
M ˝ ξE , this follows from Corollary 7.1 and Proposition 7.5. �

7.3. Spectral sequence for the normalizer decomposition. Let G be a discrete group and
C be a collection of subgroups in G such that C is closed taking products. Let OCpGq “ OCpGq
or FCpGq, and X :“ Xδ

C denote the Dwyer space for the normalizer decomposition over C. By
Corollary 7.1 there is a spectral sequence

Es,t2 “ Hs
OpGqpX

?;Ht
M q ñ Hs`tpOCpGq;Mq

whereHt
M is theROpGq-module defined in Definition 5.2. By Lemma 6.10,X isG-homeomorphic

to the geometric realization |C| of C, hence we can replace X? with |C|? in the above spectral
sequence. Note that |C| is the realization of the simplicial set NC and there is a functor

ηC : p∆NCqG Ñ SdCpGq{G

which takes each simplex σ in NC to its G-orbit rσs, and each morphism

pg, ϕ : gσ Ñ τq : σ Ñ τ

in p∆NCqG to the unique morphism rσs Ñ rτ s in SdCpGq{G. For higher limits over the subdivi-
sion category we have the following result which is attributed to Slomińska [32] by Grodal (see
[13, Prop 7.1] for a proof).

Proposition 7.8. Let N : pSdCpGq{Gq
op Ñ R-Mod be an arbitrary functor. Then

lim ˚

SdCpGq{G
N – H˚Gp|C|;Mq

where M is the G-local coefficient system given via ηopC : pp∆NCqGqop Ñ pSdCpGq{Gq
op.

The definition of the functor rδC : SdCpGq{GÑ G-Sets can be adjusted to define a functor

ζC : SdCpGq{GÑ OpGq

which takes a G-orbit rσs to the normalizer NGpσq. Given a morphism rσs Ñ rτ s, there is a
g P G be such that τ is a face of gσ. This gives that gNGpσqg

´1 “ NGpgσq ď NGpτq. Hence
there is a G-map f : G{NGpσq Ñ G{NGpτq defined by fpg1NGpσqq “ g1g´1NGpτq for all g1 P G.
The G-map f : rσs Ñ rτ s does not depend on the group element g P G, hence ζC with these
assignments defines a functor.

Proposition 7.9. Let M be an ROpGq-module. Then there is an isomorphism

H˚OpGqp|C|
?;Mq – lim ˚

SdCpGq{G
pM ˝ ζopC q.

Proof. By Proposition 7.8, we have

lim ˚

SdCpGq{G
pM ˝ ζopC q – H˚Gp|C|;Mq,
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where the coefficient system M on |C| is defined by the composition

pp∆NCqGqop
ηopC
ÝÝÑ pSdCpGq{Gq

op ζopC
ÝÝÑ OpGqop M

ÝÑ R-Mod.

Note that ζC ˝ ηC sends a simplex σ to NGpσq and a morphism pg, ϕ : gσ Ñ τq : σ Ñ τ in
pp∆NCqGqop to the G-map

G{NGpσq
g´1

ÝÑG{NGpgσq
ϕ
ÝÑG{NGpτq.

Hence M defines the G-isotropy coefficient system for |C|. Applying Lemma 7.2, we obtain the
desired isomorphism. �

Let M be an ROCpGq-module M . For every integer j ě 0, let Hj
M : OpGqop Ñ R-Mod denote

the functor defined in Definition 5.2.

Definition 7.10. Precomposing Hj
M with the functor ζopC : pSdCpGq{Gq

op Ñ OpGqop, we obtain
a functor

Hj
M,NG

: pSdCpGq{Gq
op Ñ R-Mod

such that for every rσs P SdCpGq{G, we have

Hj
M,NG

prσsq “ H˚pOCpNGpσqq; Res
OCpGq
OCpNGpσqq

Mq.

As a consequence of the results above, we obtain the following spectral sequence.

Proposition 7.11. Let G be a discrete group and C be a collection subgroups of G closed under
taking products. Let OCpGq “ OCpGq or FCpGq, and M be an ROCpGq-module. For each integer
j ě 0, let Hj

M,NG
denote the functor defined in Definition 7.10. Then there is a spectral sequence

Es,t2 “ lim s

SdCpGq{G
Ht
M,NG

ñ Hs`tpOCpGq;Mq.

Proof. This follows from Corollary 7.1 and Proposition 7.9. �

In the next section we consider centralizer and normalizer fusion systems. The results we
prove will allow us to express the spectral sequences we obtained in Propositions 7.7 and 7.11
in terms of the cohomology of the centric orbit category of the centralizer and normalizer fusion
systems.

8. The centralizer and normalizer fusion systems

If G is an infinite group with a Sylow p-subgroup S, the subgroups of G may not have Sylow
p-subgroups. This makes it difficult to work with centralizers and normalizers of p-subgroups of
G when G is an infinite group. We overcome this difficulty by using a result due to Libman [22,
Prop 3.8] (see also Parker [27, Lemma 2.14]) which states that if G is a discrete group with a
Sylow p-subgroup S such that FSpGq is a saturated fusion system then the normalizer NGpP q
of a p-subgroup P always has a Sylow p-subgroup. In this section we prove a generalization of
Libman’s theorem to K-normalizer subgroups so that we can also apply it to centralizer fusion
systems and to the normalizers of chains of subgroups in S.

Let G be a discrete group and S be a Sylow p-subgroup of G. For every subgroup Q ď S and
every subgroup K ď AutpQq, the K-normalizer of Q in G is the subgroup

NK
G pQq :“ tg P NGpQq | pcgq|Q P Ku.
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Let NK
S pQq :“ S X NK

G pQq. If K “ AutpQq, then NK
G pQq “ NGpQq and if K “ 1, then

NK
G pQq “ CGpQq. Another interesting case is where K is the subgroup of automorphisms of Q

which stabilizes a chain σ :“ pQ0 ă Q1 ă ¨ ¨ ¨ ă Qnq of subgroups of Q such that Qn “ Q. In
this case we write NGpσq for NK

G pQq.
Let F be a saturated fusion system over S, and let K ď AutpQq. We say Q is fully K-

normalized if for any morphism ϕ : QÑ S in F ,

|NK
S pQq| ě |N

ϕK
S pϕQq|

where ϕK :“ tϕkϕ´1| k P Ku ď AutpϕQq.

Definition 8.1. The K-normalizer fusion system NK
F pQq is the fusion system over NK

S pQq
whose morphisms P Ñ P 1 are the morphisms ϕ P MorF pP, P

1q which extend to a morphism
rϕ : QP Ñ QP 1 in F in such a way that rϕ|Q P K.

If K “ AutpQq, then NK
F pQq is denoted by NF pQq and called the normalizer fusion system.

If K “ 1, then NK
F pQq is denoted by CF pQq and called the centralizer fusion system.

Theorem 8.2 (Puig [28]). Let F be a saturated fusion system over a finite p-group S, and let
Q ď S and K ď AutpQq. If Q is fully K-normalized then NK

F pQq is a saturated fusion system.

As special cases of Puig’s theorem, we obtain that for every fully F-normalized subgroup
Q ď S, the normalizer fusion system NF pQq is saturated, and for every fully F-centralized
subgroup Q, the centralizer fusion system CF pQq is saturated. We will need the following lemma
in our proofs below.

Lemma 8.3 ([10, Lemma 4.36]). Let F be a saturated fusion system over S. Let Q ď S and
K ď AutpQq. If φ : QÑ S is a morphism in F such that φQ is fully φK-normalized, then there
is a morphism ψ : QNK

S pQq Ñ S in F and α P K such that ψ|Q “ φ ˝ α, and β P φK such that
β ˝ ψ|Q “ φ.

The following proposition is a generalization of Libman’s result [22, Prop 3.8] (see also [27,
Lemma 2.14]).

Proposition 8.4. Let G be a discrete group and S be a Sylow p-subgroup of G. Suppose that
F “ FSpGq is a saturated fusion system. Let Q ď S and K ď AutpQq. Then, Q is fully
K-normalized if and only if NK

S pQq is a Sylow p-subgroup of NK
G pQq.

Proof. Assume that Q is fully K-normalized. We will show that for every finite p-subgroup P of
NK
G pQq, there is an x P N

K
G pQq such that xP ď NK

S pQq. Let P be a finite p-subgroup of NK
G pQq,

and let R “ QP . Since P ď NK
G pQq ď NGpQq, we have R ď NGpQq. Let g P G such that

gR ď S. Then we have gQ ď gR ď S. Let φ : gQ Ñ S be the conjugation map cg´1 : gQ Ñ S

defined by cg´1pxq “ g´1xg. Note that φ is a morphism in F . Let L ď AutpgQq be the subgroup
defined by L :“ φ´1

K. Since φpgQq “ Q, φL “ K, and Q is fully K-normalized, by Lemma 8.3,
there is a morphism

ψ : gQNL
S p

gQq Ñ S

in F and an automorphism β P K such that β ˝ ψ|gQ “ φ.
Since gP ď gR ď S and gP ď g

pNK
G pQqq “ NL

Gp
gQq, we have gP ď NL

S p
gQq. This gives that

gR “ gQgP ď gQNL
S p

gQq, hence ψ is defined on gR. Let u P G be such that ψ “ cu. Let x “ ug.
Then

xR “ u
pgRq “ ψpgRq ď S.
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We also have
cx|Q “ cu ˝ cg|Q “ ψ ˝ φ´1|Q “ ψ ˝ pβ ˝ ψ|gQq

´1 “ β´1 P K.

This gives that x P NK
G pQq. Hence

xP ď NK
G pQq. Since

xP ď xR ď S, we have
xP ď S XNK

G pQq “ NK
S pQq.

This completes the proof that NK
S pQq is a Sylow p-subgroup of NK

G pQq.
For the converse, suppose that NK

S pQq is a Sylow p-subgroup of NK
G pQq. Let ϕ : QÑ S be a

morphism in F . Let g P G such that ϕ “ cg. Then we have

N
ϕK
S pϕQq “ N

cgK
S pgQq “ g

pNK
SgpQqq.

Note that NK
SgpQq is a p-subgroup of NK

G pQq. Since N
K
S pGq is a Sylow p-subgroup of NK

G pQq, we
have |NK

S pQq| ě |N
K
SgpQq|. This gives |NK

S pQq| ě |N
ϕK
S pϕQq|, hence Q is fully K-normalized.

�

The next proposition easily follows from Proposition 8.4.

Proposition 8.5. Let G be a discrete group and S be a Sylow p-subgroup of G. Let Q ď S
and K ď AutpQq. If F “ FSpGq is a saturated fusion system, then the K-normalizer subgroup
NK
G pQq has a Sylow p-subgroup.

Proof. Assume that F is saturated. Let φ : Q Ñ S be a morphism in F such that N
φK
S pφQq

has the maximum order among all such normalizers. Let L “ φK and R “ φQ. Then for every
morphism ϕ : RÑ S in F , we have

|NL
S pRq| “ |N

φK
S pφQq| ě |N

ϕφK
S pϕφQq| “ |N

ϕL
S pϕLq|,

hence R is fully L-normalized. By Proposition 8.4, we conclude thatNL
S pRq is a Sylow p-subgroup

of NL
GpRq. If g P G such that φ “ cg, then

NL
GpRq “ N

cgK
G pgQq “ gpNK

G pQqq.

Since NL
GpRq has a Sylow p-subgroup, its conjugate NK

G pQq also has a Sylow p-subgroup. �

Another consequence of Proposition 8.4 is the following proposition which is a generalization
of [22, Prop 3.8].

Proposition 8.6. Let G be a discrete group with a Sylow p-subgroup S such that F “ FSpGq
is a saturated fusion system. Let Q ď S and K ď AutpQq. If Q is fully K-normalized, then
NK

F pQq “ FNK
S pQq

pNK
G pQqq.

Proof. The argument given in [10, Thm 4.27] for finite groups also holds here. By Proposition
8.4, NK

S pQq is a Sylow p-subgroup of NK
G pQq. Let ϕ : P Ñ P 1 be a morphism in NK

F pQq. Then it
extends to rϕ : QP Ñ QP 1 in F such that rϕ|Q P K. Let x P G such that rϕ “ cx. Since rϕ|Q P K,
we have x P NK

G pQq. This implies that ϕ “ cx|Q is a morphism in FNK
S pQq

pNK
G pQqq. Conversely, if

cx : P Ñ P 1 is a morphism in FNK
S pQq

pNK
G pQqq, then cx extends to a homomorphism QP Ñ QP 1

defined also by conjugation with x, hence cx lies in NK
F pQq. �

A subgroup P of S is called F-centric if CSpP 1q ď P 1 for every P 1 „F P . Note that if P is
F-centric, then CSpP 1q “ ZpP 1q has the same order for every P 1 „F P . Thus if P is an F-centric
subgroup then P and all its F-conjugates are fully F-centralized.
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Lemma 8.7. Let G be a discrete group with a Sylow p-subgroup S such that F “ FSpGq is
a saturated fusion system. Let P ď S. Then P is F-centric if and only if ZpP q is a Sylow
p-subgroup of CGpP q.

Proof. If P is F-centric, then by the argument above, P is fully F-centralized. Then by Proposi-
tion 8.4, CSpP q is a Sylow p-subgroup of CGpP q. Since P is F-centric, we have CSpP q “ ZpP q.
Hence ZpP q is a Sylow p-subgroup of CGpP q. For the converse, assume that ZpP q is a Sylow
p-subgroup of CGpP q. For every g P G, we have CGpgP q “ gCGpP q and ZpgP q “ gZpP q, hence
ZpgP q is a Sylow p-subgroup of CGpgP q. If g P G such that gP ď S, we have ZpgP q ď CSp

gP q ď
CGp

gP q. Since ZpgP q is a Sylow p-subgroup of CGpgP q, we obtain that CSpgP q “ ZpgP q. This
implies that P is F-centric. �

Note that the argument above also proves that if P is an F-centric subgroup, then for every
g P G, the center ZpgP q is a Sylow p-subgroup of CGpgP q. This suggests that we extend the
definition of p-centric subgroups for discrete groups in the following way.

Definition 8.8. Let G be a discrete group with a Sylow p-subgroup G. A p-subgroup in G is
called p-centric if ZpP q is a Sylow p-subgroup of CGpP q.

We have the following observation.

Lemma 8.9. Let F be a saturated fusion system over S, and G be a discrete group with a Sylow
p-subgroup S such that F – FSpGq. A p-subgroup P ď G is conjugate to an F-centric subgroup
in S if and only if it is a p-centric subgroup of G. Hence the collection of all p-subgroups of G
conjugate to an F-centric subgroup in S is equal to the collection of p-centric subgroups in G.

Proof. This follows from Lemma 8.7 and from the fact that for every g P G, a subgroup P ď G
is p-centric if and only if gP is p-centric. �

In Sections 9 and 10, we consider F-centric subgroups in centralizer and normalizer subgroups.
In our proofs we will need following lemma.

Lemma 8.10. Let F be a saturated fusion system over a finite p-group S. Let Q ď S and
K ď AutpQq. Assume that Q is a fully K-normalized subgroup of S. Then for every P ď NK

S pQq,
the following hold:
(i) If P is F-centric, then P is NK

F pQq-centric.
(ii) If P is NK

F pQq-centric, then QP is F-centric.

Proof. Assume that P is F-centric. Let P 1 ď NK
S pQq be such that P 1 is isomorphic to P in

NK
F pQq. Then P

1 „F P , hence CSpP 1q ď P 1 since P is F-centric. From this we obtain that

CNK
S pQq

pP 1q ď CSpP
1q ď P 1,

hence P is NK
F pQq-centric. This proves (i).

To prove (ii), we use an argument similar to the argument given in the proof of [6, Lemma
6.2]. Assume that P ď NK

S pQq is N
K
F pQq-centric. Let ϕ : QP Ñ S be a morphism in F . We

need to show that CSpϕpQP qq ď ϕpQP q. Since Q is fully K-normalized, we can apply Lemma
8.3 to ϕ´1 : ϕQÑ Q to obtain that there is a morphism

ψ : ϕQ ¨N
ϕK
S pϕQq Ñ S

in F and an automorphism β P K such that β ˝ pψ|ϕQq “ ϕ´1. We have

ϕpQP q “ ϕQ ¨ ϕP ď ϕQ ¨N
ϕK
S pϕQq
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hence the composition ψ ˝ ϕ : QP Ñ S is defined. Moreover pψ ˝ ϕq|Q “ β´1 P K.
We claim that pψ˝ϕq|P : P Ñ S is a morphism in NK

F pQq. We will first show that pψ˝ϕqpP q ď
NK
S pQq. We write ψϕ for ψ ˝ ϕ to simplify the notation. Let x P P and y “ ψϕpxq. For every

q P Q, we have

cypqq “ yqy´1 “ ψϕpxq ¨ q ¨ ψϕpx´1q “ ψϕpx ¨ βpqq ¨ x´1q “ β´1pcxpβpqqqq “ pβ
´1cxβqpqq.

Hence cy “ β´1cxβ. Since x P P ď NK
S pQq, we have cx P K, hence cy P K. Note that

y “ ψϕpxq P S, hence we can conclude that y P NK
S pQq. This gives ψϕpP q ď NK

S pQq. Since
ψϕ|Q : QÑ Q is equal to β´1 P K, we conclude that ψϕ|P : P Ñ S is a morphism in NK

F pQq.
Note that we have

CSpϕpQP qq ď CSpϕQq ď N
ϕK
S pϕQq,

so we can apply ψ to obtain ψpCSpϕpQP qq ď NK
S pQq. We also have

ψpCSpϕpQP qqq ď CSpψϕpQP qq “ CSpQ ¨ ψϕpP qq ď CSpψϕpP qq.

These two inclusions give

ψpCSpϕpQP qqq ď CSpψϕpP qq XN
K
S pQq “ CNK

S pQq
pψϕpP qq ď ψϕpP q

where the last inclusion follows from the fact that P is NK
F pQq-centric and ψϕ|P is a morphism

in NK
F pQq. We conclude that

CSpϕpQP qq ď ϕpP q ď ϕpQP q,

hence QP is F-centric. �

As an easy corollary of Lemma 8.10, we obtain the following.

Lemma 8.11 ([6, Prop 2.4]). Let F be a saturated fusion system over S, and Q be a fully
F-centralized subgroup of S. Suppose that Q is abelian. Then a subgroup P ď CSpQq is CF pQq-
centric if and only if it is F-centric. If one of these equivalent conditions hold, then Q ď P .

Proof. Take K “ 1 in Lemma 8.10. Then NK
S pQq “ CSpQq and NK

F pQq “ CF pQq. Let P ď

CSpQq. By Lemma 8.10, if P is F-centric then it is CF pQq-centric. For the converse, assume
that P is CF pQq-centric. Then by Lemma 8.10, QP is F-centric. Since Q is abelian, we have
Q ď CSpQq. We also have Q ď CSpP q, hence Q ď CSpP q X CSpQq “ CCSpQqpP q. Since P is
CF pQq-centric, we have CCSpQqpP q ď P , hence Q ď P . Thus P “ PQ is F-centric.

If one of these equivalent conditions holds, then P is F-centric. Since P ď CSpQq, we obtain
Q ď CSpP q ď P . �

A subgroup Q ď S is called normal in F if NF pQq “ F . In this case we write Q C F . We
say Q ď S is central in F if CF pQq “ F . If a subgroup Q is central in F , then it is also normal
in F . The product of all central subgroups in F is called the center of F and denoted by ZpFq.
The product of all normal subgroups of F is denoted by OppFq.

A subgroup P ď S is F-radical if OutF pP q :“ AutF pP q{InnpP q has no normal p-subgroups. A
subgroup P ď S is F-centric-radical if it is both F-radical and F-centric. The full subcategories
of F generated by subgroups which are F-centric, F-radical, and F-centric-radical are denoted
by Fc, Fr, and Fcr, respectively. We recall the following well-known fact on normal subgroups
of a fusion system.

Proposition 8.12. Let F be a saturated fusion system over S, and let Q be a subgroup of S. If
Q is normal in F , then it is included in every F-centric-radical subgroup of S.
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Proof. See Proposition 4.46 in [10]. �

As a consequence we obtain the following.

Lemma 8.13. Let F be a saturated fusion system over S. Let Q ď S and K ď AutpQq. Suppose
that Q is fully K-normalized, and assume that NK

S pQq contains some Q0 such that Q0 is normal
in NK

F pQq and Q0 P Fc. Then, if P ď NK
S pQq is an NK

F pQq-centric-radical subgroup, then P is
F-centric.

Proof. Suppose that P ď NK
S pQq is N

K
F pQq-centric-radical. Since Q0 is normal in NK

F pQq, by
Proposition 8.12 applied to the fusion system NK

F pQq, we obtain Q0 ď P . Since Q0 is F-centric,
P is F-centric. �

9. The centralizer decomposition for OcpFq

Let F be a saturated fusion system over S, and let Fe denote the full subcategory of F whose
objects are the nontrivial elementary abelian p-subgroups of S which are fully F-centralized.
By Theorem 2.4, there is a discrete group G with a Sylow subgroup isomorphic to S such that
FSpGq – F . By Lemmas 2.5 and 8.9, if we take C to be the collection of all p-centric subgroups
in G, then there is an equivalence of categories FCpGq » OcpFq. Let E denote the collection of
all finite nontrivial elementary abelian p-subgroups of G.

Lemma 9.1. Let G be a discrete group that realizes the fusion system F , and C be the collection
of p-centric subgroups in G. For every E P Fe, the fusion orbit category FCpCGpEqq over the
collection C|CGpEq is equivalent the centric orbit category OcpCF pEqq.

Proof. By Proposition 8.6, we have FCSpEqpCGpEqq “ CF pEq. This gives that FCpCGpEqq is
equivalent to the full subcategory of the fusion system CF pEq whose objects are subgroups of
CSpEq which are F-centric. By Lemma 8.11, a subgroup P ď CSpEq is F-centric if and only if
it is CF pEq-centric. Hence FCpCGpEqq is equivalent to the fusion system CF pEq

c as categories.
We conclude that FCpCGpEqq is equivalent to the centric orbit category OcpCF pEqq. �

We introduce the following notation.

Definition 9.2. Let θ : FCpGq Ñ OcpFq denote the functor that gives the equivalence of
categories proved in Lemma 2.5. For every ROcpFq-module M , we denote the RFCpGq-module
M ˝ θ by M .

We have the following.

Lemma 9.3. Let M be an ROcpFq-module. For every integer j ě 0, there is a functor

Hj
M,CF

: Fe Ñ R-Mod

such that for every E P Fe,

Hj
M,CF

pEq “ HjpOcpCF pEqq; Res
OcpFq
OcpCF pEqq

Mq.

Proof. Let G be a discrete group with Sylow p-subgroup S such that F – FSpGq, and let C be the
collection of all p-centric subgroups in G. Consider the functorHj

M,CG
: FDpGq Ñ R-Mod defined

in Definition 7.6 for an arbitrary collection D. Take D “ E and OCpCGpEqq “ FCpCGpEqq. Then
for every j ě 0, we obtain a functor

Hj
M,CG

: FEpGq Ñ R-Mod
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such that for every E P E ,

Hj
M,CG

pEq “ H˚pFCpCGpEqq; Res
FCpGq

FCpCGpEqq
Mq

where M is the RFCpGq-module associated to M as defined in Definition 9.2. By Lemma 9.1,
for every E P Fe, the fusion orbit category FCpCGpEqq over the collection C|CGpEq is equivalent
the centric orbit category OcpCF pEqq. Hence by Proposition 3.9, there is an isomorphism

H˚pFCpCGpEqq; Res
FCpGq

FCpCGpEqq
Mq – H˚pOcpCF pEqq; Res

OcpFq
OcpCF pEqq

Mq

induced by the equivalence of categories. Using these isomorphisms, as it is done in the proof of
Lemma 5.1, we obtain a functor Hj

M,CF
: Fe Ñ R-Mod such that

Hj
M,CF

pEq “ H˚pOcpCF pEqq; Res
OcpFq
OcpCF pEqq

Mq.

�

The following is stated as Theorem 1.6 in the introduction.

Theorem 9.4. Let R be a commutative ring with unity, M be an ROcpFq-module, and Hj
M,CF

denote the functor defined in Lemma 9.3. Then there is a spectral sequence

Es,t2 “ lim s

Fe
Ht
M,CF ñ H˚pOcpFq;Mq.

Proof. Let G be a discrete group that realizes F , and C be the collection of all p-centric subgroups
in G. Let M denote the FCpGq-module that corresponds to M as defined in Definition 9.2. By
Proposition 7.7, there is a spectral sequence

Es,t2 “ lim s

FEpGq
Ht
M,CG

ñ Hs`tpFCpGq;Mq.

By Lemmas 2.5 and 9.1, we have the equivalence of categories FCpGq – OcpFq and FCpCGpEqq –
OcpCF pEqq for every E P Fe. Since every elementary abelian p-subgroup in E is G-conjugate to
a subgroup E P Fe, we also have FEpGq – Fe. Hence by Proposition 3.9, we can replace FEpGq
with Fe and Ht

M,CG
with Ht

M,CF
. �

In [6], Broto, Levi, and Oliver introduced the centralizer decomposition for p-local finite groups.
Let pS,F ,Lq be a p-local finite group. This means that F is a saturated fusion system over S,
and L is a centric linking system associated to F (see Definition 10.9).

Definition 9.5 ([6, Def 2.4]). For each E P Fe, the centralizer linking system CLpEq is the
category whose objects are the CF pEq-centric subgroups P ď CSpEq, and whose morphisms
MorCLpEqpP, P

1q are the set of morphisms ϕ P MorLpPE,P
1Eq whose underlying homomorphisms

are the identity on E and send P into P 1.

By [6, Prop 2.5], the category CLpEq is the centric linking system associated to CF pEq. For
every E P Fe, let rCLpEq denote the category whose objects are the pairs pP, αq with P P Fc and
α P MorF pE,ZpP qq. The morphisms in rCLpEq are defined by

Mor
rCLpEq

ppP, αq, pQ, βqq :“ tϕ P MorLpP,Qq | πpϕq ˝ α “ βu

where π : LÑ Fc denotes the canonical projection functor. There is a natural map

f : hocolim
EPpFeqop

| rCLpEq| ÝÑ |L|
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induced by the forgetful functors pP, αq Ñ P . It is proved by Broto, Levi, and Oliver [6, Thm 2.6]
that f is a homotopy equivalence, and that there is a homotopy equivalence |CLpEq| Ñ | rCLpEq|
induced by the functor P Ñ pP, inclq. This homotopy equivalence given by f is called the
centralizer decomposition for pS,F ,Lq over the collection of all nontrivial elementary abelian
p-subgroups of S.

Associated to the centralizer decomposition, there is a Bousfield-Kan spectral sequence

Es,t2 “ lim s

Fe
Htp|CLp´q|;Fpq ñ Hs`tp|L|;Fpq.

We say the centralizer decomposition is sharp if Es,t2 “ 0 for s ě 1. When the centralizer
decomposition is sharp, then there is an isomorphism

H˚p|L|;Fpq – lim
EPFe

H˚p|CLpEq|;Fpq.

Broto, Levi, and Oliver [6] proved that the centralizer decomposition for every p-local finite
group is sharp. We can also state their result in terms of the cohomology of the centralizer
fusion systems.

Theorem 9.6 (Broto-Levi-Oliver [6], p. 821). Let F be a saturated fusion system over S. Then,
for every n ě 0, and every i ě 1,

lim i

Fe
HnpCF p´q;Fpq “ 0.

Remark 9.7. In the above theorem HnpCF p´q;Fpq denotes the functor which sends E P Fe to

HnpCF pEq;Fpq :“ lim
PPOcpCF pEqq

HnpP ;Fpq.

Note that HnpCF pEq;Fpq is the subring of CF pEq-stable elements in HnpCSpEq;Fpq.

We now recall the definition of the sharpness of the subgroup decomposition. For every p-local
finite group pS,F ,Lq, there is a homotopy equivalence

|L| » hocolim
OcpFq

rB

where rB : OcpFq Ñ Top is a functor such that rBpP q is homotopy equivalent to the classifying
space BP for every P P Fc (see [6, Prop 2.2]). This homotopy equivalence is called the subgroup
decomposition for the p-local finite group pS,F ,Lq over F-centric subgroups. The subgroup
decomposition for pS,F ,Lq is sharp if for every n ě 0 and every i ě 1,

lim i

OcpFq
Hnp´;Fpq “ 0.

Now we are ready to prove the main theorem of this section (stated as Theorem 1.8 in the
introduction). Recall that a subgroup Q ď S is central in F if CF pQq “ F . The product of all
central subgroups in F is called the center of F and denoted by ZpFq.

Theorem 9.8. If the subgroup decomposition is sharp for every p-local finite group pS,F ,Lq
with ZpFq ‰ 1, then it is sharp for every p-local finite group.

Proof. Let n ě 0 be a fixed integer, and let M :“ Hnp´;Fpq denote the group cohomology
functor considered as a module over OcpFq. By Theorem 9.4, there is a spectral sequence

Es,t2 “ lim s

Fe
Ht
M,CF ñ Hs`tpOcpFq;Mq
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where for each E P Fe, we have

Ht
M,CF pEq “ HtpOcpCF pEqq; Res

OcpFq
OcpCF pEqq

Mq.

For every E P Fe, the centralizer fusion system CF pEq has a nontrivial center, hence by assump-
tion, the subgroup decomposition for pCSpEq, CF pEq, CLpEqq is sharp. This gives that for every
E P Fe,

Ht
M,CF pEq “ HtpOcpCF pEqq; Res

OcpFq
OcpCF pEqq

Mq “ HtpOcpCF pEqq;H
np´;Fpqq “ 0

for t ě 1. Therefore Es,t2 “ 0 for all t ě 1. By Remark 9.7, we have

H0
M,CF pEq “ H0pOcpCF pEq; Res

OcpFq
OcpCF pEqq

Mq – lim
OcpCF pEqq

Hnp´;Fpq “ HnpCF pEq;Fpq.

Hence we have
Es,02 “ lim s

Fe
H0
M,CF – lim s

Fe
HnpCF p´q;Fpq.

By Theorem 9.6, these higher limits vanish for s ě 1, hence H ipOcpFq;Mq “ 0 for all i ě 1. �

Another consequence of the spectral sequence argument given above is the following: Given a
p-local group pS,F ,Lq, if we know that

(1) the subgroup decomposition for pS,F ,Lq is sharp, and
(2) for every E P Fe, the subgroup decomposition for pCSpEq, CF pEq, CLpLqq is sharp,

then we can conclude that the centralizer decomposition for pS,F ,Lq over the nontrivial elemen-
tary abelian p-subgroups is sharp. We can consider this as a propagation result between two
different types of homology decompositions in the sense given by Grodal and Smith in [15].

10. The normalizer decomposition for OcpFq

Let F be a saturated fusion system over S, and let sdpFcq denote the poset category of all
chains σ “ pP0 ă P1 ă ¨ ¨ ¨ ă Pnq with Pi P Fc where there is a unique morphism σ Ñ τ in sdpFcq

if τ is a subchain of σ. Two chains σ “ pP0 ă P1 ă ¨ ¨ ¨ ă Pnq and τ “ pQ0 ă Q1 ă ¨ ¨ ¨ ă Qnq
are F-conjugate if there is an isomorphism ϕ : Pn Ñ Qn in F such that ϕpPiq “ Qi for all i. In
this case we write σ „F τ . The F-conjugacy class of a chain σ in sdpFcq is denoted by rσs.

Definition 10.1. The category of F-conjugacy classes of chains in Fc, denoted by sdpFcq, is
the poset category whose objects are F-conjugacy classes rσs of chains of subgroups in Fc where
there is a unique morphism rσs Ñ rτ s in sdpFcq if τ is F-conjugate to a subchain of σ.

Let G be a discrete group with a Sylow p-subgroup S such that F – FSpGq. If C is the
collection of all p-centric subgroups in G, then by Lemma 8.9 we have Fc – FCpGq. We defined
the category SdCpGq{G to be the category whose objects are the G-orbits rσs of the chains of
subgroups in C and such that there is a unique morphism rσs Ñ rτ s in SdCpGq{G if there is
an element g P G such that τ is a face of gσ (see Definition 6.8). It is easy to see that since
Fc – FCpGq, the poset categories SdCpGq{G and sdpFcq are isomorphic.

If σ “ pP0 ă ¨ ¨ ¨ ă Pnq is a chain of subgroups of a discrete group G, then the stabilizer of
σ under the G-action defined by conjugation is the subgroup NGpσq “

Ş

iNGpPiq. Note that
CGpPnq ď NGpσq is a normal subgroup and the quotient group NGpσq{CGpPnq is a subgroup of
NGpPnq{CGpPnq “ AutGpPnq ď AutpPnq. We define the G-automorphism group of σ to be the
subgroup

AutGpσq :“ NGpσq{CGpPnq ď AutpPnq.
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For a chain of p-groups σ “ pP0 ă ¨ ¨ ¨ ă Pnq in S, the automorphism group of σ is defined by

Autpσq :“ tα P AutpPnq |αpPiq “ Pi for all iu ď AutpPnq.

In Section 8, for every subgroup K ď AutpQq, we defined the K-normalizer group NK
G pQq

and the K-normalizer fusion system NK
F pQq (see Definition 8.1). It is easy to see that if we take

K “ Autpσq ď AutpPnq, then NK
G pPnq “ NGpσq. For the K-normalizer fusion system NK

F pPnq,
we have the following alternative description.

Definition 10.2. Let F be a saturated fusion system over S, and let σ “ pP0 ă ¨ ¨ ¨ ă Pnq
be a chain of subgroups in S. The normalizer fusion system NF pσq is the fusion system over
NSpσq whose morphisms MorNF pσqpP,Rq are all the morphisms ϕ P MorF pP,Rq which extend
to a morphism rϕ : PnP Ñ PnR in F in such a way that rϕpPiq “ Pi for all i P t1, ¨ ¨ ¨ , nu.

We say a chain σ “ pP0 ă ¨ ¨ ¨ ă Pnq in S is fully F-normalized if |NSpσq| ě |NSpτq|
for every τ „F σ. Note that this is equivalent to saying that Pn is fully K-normalized with
K “ Autpσq ď AutpPnq. Using the results of Section 8 we conclude the following proposition
which was also proved in [22, Prop 3.9] using a different approach.

Proposition 10.3. Let F be a saturated fusion system over S, and let σ “ pP0 ă ¨ ¨ ¨ ă Pnq be
a chain of subgroups in S which is fully F-normalized. Then

(1) the normalizer fusion system NF pσq is saturated, and
(2) if F “ FSpGq for a discrete group G with a Sylow p-subgroup S, then NSpσq is a Sylow

p-subgroup of NGpσq and FNSpσqpNGpσqq “ NF pσq.

Proof. The first statement follows from Theorem 8.2 and the second part follows from Proposi-
tions 8.4 and 8.6. �

Let σ be a chain of subgroups in Fc which is fully F-normalized. Let N :“ NF pσq, and let
N c denote the full subcategory of N generated by N -centric subgroups in NSpσq. We denote by
N cn the full subcategory of N generated by subgroups of NSpσq which are F-centric. Let N cr

denote the full subcategory of N generated by N -centric-radical subgroups of NSpσq.

Lemma 10.4. Let σ “ pP0 ă ¨ ¨ ¨ ă Pnq be a chain of subgroups in Fc. Suppose that σ is fully
F-normalized. Let N :“ NF pσq, and N cr, N cn, N c be the subcategories defined above. Then

N cr Ď N cn Ď N c.

Proof. Note that NSpσq contains P0 P Fc as a subgroup and P0 is normal in NF pσq. Applying
Lemma 8.13, we obtain that if P ď NSpσq is an N -centric-radical subgroup, then P is F-centric.
Hence N cr Ď N cn. For the second inequality, note that by Lemma 8.10(i), if P ď NSpσq is
F-centric then it is N -centric, hence N cn is a full subcategory of N c. �

For higher limits over different collections of subgroups, we will now prove a proposition.
Although it is not stated in the following way, we think this statement is essentially what was
proved in [6, Cor 3.6].

Proposition 10.5. Let F be a saturated fusion system over S, and C be the collection of sub-
groups of S closed under taking overgroups. Assume that ObpFcrq Ď C Ď ObpFcq, and let
ν : OpFCq Ñ OcpFq denote the inclusion functor for the corresponding orbit categories. Then
for every ZppqOcpFq-module M , there is an isomorphism

lim ˚

OpFCq
pM ˝ νq – lim ˚

OcpFq
M.
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Proof. We can filter the moduleM with atomic functors, i.e. with functors that vanish except on
a single F-conjugacy class, and prove the result by induction using long exact sequences. Hence
it is enough to prove the above isomorphism when M is an atomic functor.

Let Q P Fc be such that M vanishes on subgroups outside of the F-conjugacy class of Q. If
Q P C, then by [26, Lemma 1.5(a)], the isomorphism in the proposition holds. So assume that
Q R C. In this case the restriction of M to the subcategory OpFCq is zero. Therefore in this case
we need to show that lim ˚

OcpFq
M “ 0.

Let Γ be a finite group and N be a ZppqG-module. Let FN denote the OppΓq-module such
that FN p1q “ N and F pP q “ 0 for all p-subgroups 1 ‰ P ď Γ. We define

Λ˚pΓ;Nq :“ lim ˚

OppΓq
FN .

By [6, Prop 3.2], there is an isomorphism

lim ˚

OcpFq
M – Λ˚pOutF pQq;MpQqq.

Since Q is not F-radical, the group OutF pQq has a normal p-subgroup. Then by [19, Prop 6.1(ii)]
we have Λ˚pOutF pQq;MpQqq “ 0. Hence the proof is complete. �

Now, we are ready to prove the following.

Proposition 10.6. Let F be a saturated fusion system over S, G be a discrete group realizing F ,
and C be the collection of all p-centric subgroups in G. Let M denote an ZppqOpFq-module and
M denote the corresponding ZppqFpGq-module. For every fully F-normalized chain of subgroups
σ “ pP0 ă ¨ ¨ ¨ ă Pnq with Pi P Fc, there is an isomorphism

H˚pFCpNGpσqq; Res
FpGq
FCpNGpσqq

Mq – H˚pOcpNF pσqq; Res
OpFq
OcpNF pσqq

Mq.

Proof. Let N “ NF pσq. By Proposition 10.3, FNSpσqpNGpσqq “ N , hence the fusion orbit
category FCpNGpσqq is equivalent to the orbit category OcnpN q. This gives an isomorphism

H˚pFCpNGpσqq; Res
FpGq
FCpNGpσqq

Mq – H˚pOpN cnq; Res
OpFq
OpN cnq

Mq.

By Lemma 10.4, we have N cr Ď N cn Ď N c. Applying Proposition 10.5 to the fusion system N ,
we obtain the desired isomorphism. �

Using the isomorphism in Proposition 10.6, we define the following functor.

Lemma 10.7. Let M be an ZppqOpFq-module. For every integer j ě 0, there is a functor

Hj
M,NF

: sdpFcq Ñ Zppq-Mod

such that for every rσs P sdpFcq,

Hj
M,NF

prσsq “ HjpOcpNF pσqq; Res
OpFq
OcpNF pσqq

Mq

where σ is a representative for rσs such that σ is a fully F-normalized chain of subgroups of S.

Proof. The proof follows from the same argument given in the proof of Lemma 9.3. In this case
we use the isomorphisms proved in Proposition 10.6. �

The following is stated as Theorem 1.7 in the introduction.
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Theorem 10.8. LetM be an ZppqOpFq-module, and Hj
M,NF

denote the functor defined in Lemma
10.7. Then there is a spectral sequence

Es,t2 “ lim s

sdpFcq
Ht
M,NF ñ H˚pOcpFq; Res

OpFq
OcpFqMq.

Proof. Let G be a discrete group with a Sylow p-subgroup S such that F – FSpGq. Let C be
the collection of all p-centric subgroups in G. The collection C is closed under taking overgroups,
hence it is closed under taking products. Let M denote the FpGq-module corresponding to M .
By Proposition 7.11, there is a spectral sequence

Es,t2 “ lim s

SdCpGq{G
Ht
M,NG

ñ Hs`tpFCpGq; Res
FpGq
FCpGq

Mq

where Hj

M,NG
is the functor defined in Definition 7.10. Since Fc – FCpGq, the poset categories

SdCpGq{G and sdpFcq are isomorphic. In each F-conjugacy class rσs P sdpFcq, we choose the
chain σ which is fully F-normalized. By Proposition 10.6, there is an isomorphism of functors

Ht
M,NG

– Ht
M,NF

once we identify SdCpGq{G with sdpFq. We also have FCpGq – OcpFq. Hence applying Propo-
sition 3.9, we obtain the desired spectral sequence. �

In the rest of the section we consider the normalizer decomposition for p-local finite groups
introduced by Libman [21]. A p-local finite group pS,F ,Lq is a triple where S is a finite p-group,
F is a saturated fusion system over S, and L is a centric linking system associated to F . We
recall the definition of a centric linking system.

Definition 10.9 ([2, Def 3.2]). Let F be a fusion system over the p-group S. A centric linking
system associated to F is the category L whose objects are the F-centric subgroups of S, together
with a pair of functors

T Fc
S pSq

ε
ÝÑ L π

ÝÑ Fc

satisfying the following conditions:

(1) The functor ε is the identity on objects and injective on morphisms, while π is the
inclusion on objects and is surjective on each morphism set.

(2) For each P,Q P ObpLq, εP pP q ď AutLpP q acts freely on the set MorLpP,Qq by precom-
position and πP,Q induces a bijection from MorLpP,Qq{εP pZpP qq onto MorF pP,Qq.

(3) For each P,Q P ObpLq and g P TSpP,Qq, the composite functor π˝ε sends g P MorT pP,Qq
to cg P MorF pP,Qq.

(4) For P,Q P ObpLq, ψ P MorLpP,Qq, and g P P , the following square commutes in L.

P
ψ //

εP pgq

��

Q

εQpπpψqpgqq

��
P

ψ // Q

For every P,Q P Fc such that P ď Q, let iQP : P Ñ Q in L denote the image of the inclusion
map P Ñ Q under εP . For each chain σ “ pP0 ă ¨ ¨ ¨ ă Pnq of F-centric subgroups in S, let
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AutLpσq denote the subgroup of
śn
i“1 AutLpPiq formed by tuples pα0, . . . , αnq of automorphisms

αi P AutLpPiq such that the following diagram commutes

P0

i
P1
P0 //

α0

��

P1

i
P2
P1 //

α1

��

¨ ¨ ¨ // Pn´1

αn´1

��

iPnPn´1 // Pn

αn
��

P0
i
P1
P0

// P1
i
P2
P1

// ¨ ¨ ¨ // Pn´1
iPnPn´1

// Pn

(see [21, Def 1.4] for details).
In L, every morphism is a monomorphism and an epimorphism in the categorical sense (see

[21, Remark 2.10 and Prop 2.11]). As a consequence, for each j “ 0, . . . , n, the map

πj : AutLpσq Ñ AutLpPjq

defined by pα0, . . . , αnq Ñ αj is a monomorphism, so the automorphism group AutLpσq can
be considered as a subgroup of AutLpPjq via the projection map πj . This allows us to iden-
tify BpAutLpσqq with a subcategory of L. Note that if τ is a face of σ, then there is group
homomorphism AutLpσq Ñ AutLpτq defined by restriction.
Theorem 10.10 ([21, Thm A], [1, Thm 5.36]). Let pS,F ,Lq be a p-local finite group. Then
there is a functor δ : sdpFcq Ñ Top such that the following hold:

(1) There is a homotopy equivalence

hocolim
rσsPsdpFcq

δprσsq
»
ÝÑ|L|.

(2) For each σ P sdpFcq, there is a natural homotopy equivalence

BAutLpσq
»
ÝÑ δprσsq.

(3) For each σ P sdpFcq, the map from BAutLpσq to |L| induced by the equivalences in (1)
and (2) is equal to the map induced by the inclusion of BpAutLpσqq into L.

Associated to the normalizer decomposition, there is a Bousfield-Kan spectral sequence

Es,t2 “ lim s

sdpFcq
HtpAutLp´q;Fpq ñ Hs`tp|L|;Fpq.

Definition 10.11. We say the normalizer decomposition for pS,F ,Lq is sharp if Es,t2 “ 0 for all
s ą 0 and t ě 0.

We prove below (Theorem 10.16) that the sharpness of the normalizer decomposition is equiv-
alent to the sharpness of the subgroup decomposition. For this, we need to introduce more
definitions and prove some lemmas.

Let pS,F ,Lq be a p-local finite group and σ “ pP0 ă ¨ ¨ ¨ ă Pnq be a fully F-normalized chain
of F-centric subgroups in S. The normalizer fusion system NF pσq is defined in Definition 10.2 as
the K-normalizer fusion system NK

F pPnq where K “ Autpσq ď AutpPnq. By Proposition 10.3,
NF pσq is saturated. By Lemma 8.10, for every NF pσq-centric subgroup P , the subgroup PnP is
F-centric.
Definition 10.12. Let σ be a fully F-normalized chain of subgroups in Fc and N “ NF pσq.
The normalizer linking system NLpσq is the category whose objects are the N -centric subgroups
in NSpσq, and whose morphisms for P, P 1 P N c are defined by

MorNLpσqpP, P
1q “ tϕ P MorLpPnP, PnP

1q | πpϕqpP q ď P 1, πpϕqpPiq ď Pi for all iu.
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We have the following lemma.

Lemma 10.13. Let pS,F ,Lq be a p-local finite group and σ be a fully F-normalized chain of
subgroups in Fc. Then the normalizer linking system NLpσq is the linking system associated to
the normalizer fusion system NF pσq.

Proof. When σ “ pP0q is a chain with one subgroup this statement is proved in [6, Lemma 6.2].
We modify the argument given there to a chain of subgroups. Let N :“ NF pσq and N c denote
the full subcategory of N -centric subgroups of NSpσq. The projection functor πσ : NLpσq Ñ N
is defined to be the inclusion map on objects and it sends a morphism ϕ P MorNLpσqpP, P

1q to
πpϕq|P . Let

εσ : T N c

NSpσq
Ñ NLpσq

be the functor which is the identity map on objects and such that for P, P 1 P N c, the map
εσP,P 1 : NNSpσqpP, P

1q Ñ MorNLpδqpP, P
1q is defined by restricting εPPn,P 1Pn : NSpPPn, P

1Pnq Ñ

AutLpPPn, P
1Pnq to the subset NNSpσqpP, P

1q. It is clear that with these definitions the condition
(1) of Definition 10.9 holds.

The subgroup PPn acts freely on MorLpPPn, P
1Pnq via εPPn . Hence ZpP q acts freely on

MorNLpσqpP, P
1q. If ϕ1, ϕ2 are two morphisms in MorNLpσqpP, P

1q such that πσpϕ1q “ πσpϕ2q,
then πpϕ1q|P “ πpϕ2q|P . Since P is N -centric, by [6, Prop A.8] applied to the fusion system N ,
there is some g P ZpP q such that πpϕ2q “ πpϕq ˝ cg. By condition p2q, there is an h P ZpPPnq ď
ZpP q such that

ϕ2 “ ϕ1 ˝ εPPnpgq ˝ εPPnphq “ ϕ1 ˝ ε
σ
P pghq

holds in MorLpPPn, P
1Pnq. Hence the condition (2) holds for the category NLpσq. Conditions

(3) and (4) hold for NLpσq since they hold for L. We conclude that NLpσq is the linking system
associated to the normalizer fusion system NF pσq. �

Recall that the cohomology of the normalizer fusion system N “ NF pσq is defined by

HnpN ;Fpq :“ lim
PPOcpN q

HnpP ;Fpq

which is equal to the subring of N -stable elements in HnpNSpσq;Fpq.

Lemma 10.14. Let pS,F ,Lq be a p-local finite group and let σ be a chain of F-centric subgroups
in S which is fully F-normalized. Let N :“ NF pσq denote the normalizer fusion system of σ.
Then for every n ě 0, we have

HtpOcpN q;Hnp´;Fpqq “ 0

for t ą 0, and for t “ 0, we have

H0pOcpN q;Hnp´;Fpqq “ HnpN ;Fpq – HnpAutLpσq;Fpq.

Proof. Let σ “ pP0 ă ¨ ¨ ¨ ă Pnq. The subgroup P0 is F-centric and normal inN “ NF pσq. Hence
by [5, Prop 4.3], there is a finite group H with a Sylow p-subgroup T such that N – FT pHq. By
Theorem [11, Thm B], the subgroup decomposition for a p-local finite group pS,F ,Lq is sharp if
the fusion system F is realized by a finite group. Hence we have

HtpOcpN q;Hnp´;Fpqq “ 0

for every t ą 0, and for t “ 0, we have

H0pOcpN q;Hnp´;Fpqq – lim
OcpN q

Hnp´;Fpq “ HnpN ;Fpq.
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For the last isomorphism in the statement of the lemma, we claim that N – FNSpσqpAutLpσqq.
By Lemma 10.13, NLpσq is the linking system associated to N “ NF pσq. Then by [5, Prop 4.3
(a), (b)], H – AutNLpσqpP0q and NLpσq – LcT pHq. This gives

H – AutNLpσqpP0q “ tϕ P AutLpPnq |πpϕqpPiq ď Pi for all iu – AutLpσq.

Hence N – FNSpσqpAutLpσqq. This gives

HnpN ;Fpq – H˚pAutLpσq;Fpq

by the Cartan-Eilenberg theorem for finite groups. Hence the proof is complete. �

Now we prove our main theorem in this section.

Theorem 10.15. Let F be a saturated fusion system over S. For every n ě 0, and for every
i ě 0, there is an isomorphism

lim i

OcpFq
Hnp´;Fpq – lim i

sdpFcq
HnpAutLp´q;Fpq.

Proof. By Theorem 10.8, for every ZppqOpFq-module M , there is a spectral sequence

Es,t2 “ lim s

sdpFcq
Ht
M,NF ñ H˚pOcpFq; Res

OpFq
OcpFqMq

where Hj
M,NF

denotes the functor defined in Lemma 10.7. Fix n ě 0 and take M “ Hnp´;Fpq.
By Lemma 10.14, for every rσs P sdpFcq we have

Ht
M,NF prσsq “ HtpOcpNF pσqq;H

np´;Fpqq “ 0

for every t ą 0, and for t “ 0, we have

H0
M,NF prσsq “ H0pOcpNF pσqq;H

np´;Fpqq – HnpAutLpσq;Fpq.

This gives Es,t2 “ 0 for t ą 0, and for t “ 0 we obtain

Es,02 – lim s

sdpFcq
HnpAutLp´q;Fpq.

Hence we conclude that

lim i

OcpFq
Hnp´;Fpq – Ei,02 – lim i

sdpFcq
HnpAutLp´q;Fpq

for every i ě 0. �

As an immediate corollary of Theorem 10.15, we obtain the following theorem which was
stated as Theorem 1.9 in the introduction.

Theorem 10.16. For every p-local finite group pS,F ,Lq, the subgroup decomposition is sharp if
and only if the normalizer decomposition is sharp.

Proof. This follows from Theorem 10.15 and Definitions 1.1 and 10.11. �

This reduces the problem of showing the sharpness of subgroup decomposition to a problem of
showing the sharpness of the normalizer decomposition. Of course this could be an equivalently
difficult problem to solve.
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11. Fusion systems realized by finite groups

Let G be a discrete group and C be a collection of subgroups of G. Let Xβ
C “ ECG denote

the Dwyer space for the subgroup decomposition as defined in Section 6.2. For every H P C,
the fixed point subspace pECGq

H is homotopy equivalent to the realization of the subposet CěH
hence it is contractible (see [15]). We show below that if G is a finite group and C is a collection
of p-subgroups in G closed under taking p-overgroups, then for every P P C, the orbit space
CGpP qzpECGq

P is Zppq-acyclic. We start with a lemma.

Lemma 11.1. Let G be a finite group and X be a G-CW-complex such that for every p-subgroup
P ď G, the fixed point subspace XP is contractible. Then the orbit space X{G is Zppq-acyclic.

Proof. Let S ď G be a Sylow p-subgroup of G. By a transfer argument it is enough to show that
X{S is Zppq-acyclic (see [7, §III.2]). Consider the fixed point map f : X Ñ pt. Since for every
P ď S, the map XP Ñ pt is a homotopy equivalence, we can conclude that f is an S-homotopy
equivalence (see [4, Prop 2.5.8]). This gives that the orbit space X{S is contractible, hence it is
Zppq-acyclic. �

As a consequence of the above lemma we obtain the following:

Proposition 11.2. Let G be a finite group and C be a collection of p-subgroups in G closed under
taking p-overgroups. Then for every P P C, the orbit space CGpP qzpECGq

P is Zppq-acyclic.

Proof. Let X “ ECG and P P C. The fixed point set XP has a natural NGpP q-action on it,
hence it has an action of CGpP q via restriction. For every p-subgroup Q ď CGpP q, we have
pXP qQ “ XPQ. Since C is closed under taking p-overgroups, we have PQ P C, hence XPQ

is contractible. This allows us to apply Lemma 11.1 and conclude that CGpP qzXP is Zppq-
acyclic. �

An interesting consequence of this proposition is the following:

Theorem 11.3. Let G be a finite group and C be a collection of p-subgroups of G closed under
taking p-overgroups. Then for every ZppqFCpGq-module M , there is an isomorphism

H˚pFCpGq;Mq – H˚pOCpGq; ResprMq

induced by the projection functor pr : OCpGq Ñ FCpGq.

Proof. Let X “ ECG and R “ Zppq. The isotropy subgroups of X are in C and for every P P C,
the fixed point set XP is contractible. This implies that the chain complex C˚pX

?;Rq is a
projective resolution of the constant functor R as an ROCpGq-module. By Proposition 11.2, the
chain complex of RFCpGq-modules C˚pCGp?qzX?;Rq is also R-acyclic, hence it gives a projective
resolution of R as an RFCpGq-module. Combining these we obtain

H˚pFCpGq;Mq – H˚pHomRFCpGq
pC˚pCGp?qzX

?;Rq,Mqq

– H˚pHomROCpGqpC˚pX
?;Rq,ResprMqq

– H˚pOCpGq; ResprMq.

The isomorphism in the middle follows from Lemma 4.12. �



50 ERGÜN YALÇIN

For a finite group G, let OppGq denote the (unique) maximal normal subgroup in G. A p-
subgroup P ď G is called a principal p-radical subgroup if it is p-centric and OppNGpP q{PCGpP qq
is trivial. The collection of principal p-radical subgroups is denoted by DppGq. Now as a corollary
of Theorem 11.3, a theorem of Grodal [13, Thm 1.2] gives the following.

Corollary 11.4. Let G be a finite group, and C and C1 be two collections of p-subgroups of G
closed under taking p-overgroups satisfying C1 X DppGq Ď C Ď C1. Then for any ZppqFC1pGq-
module M , there is an isomorphism

H˚pFC1pGq;Mq – H˚pFCpGq; ResCMq.

Proof. By Theorem 11.3, it is enough to prove that

H˚pOC1pGq; ResprMq – H˚pOCpGq; ResprResCMq.

Since CGpP q acts trivially on pResprMqpP q for every P P C, the result follows from [13, Thm
1.2]. �

As a consequence we obtain a generalization of the vanishing result due to Diaz and Park [11].

Theorem 11.5. Let F “ FSpGq for a finite group G with a Sylow p-subgroup S. Let C be a
collection of subgroups of S closed under taking p-overgroups such that C includes all F-centric-
radical subgroups in S. Then for every n ě 0 and for every i ě 1,

lim i

OpFCq
Hnp´;Fpq “ 0.

Proof. By Lemma 8.9, a subgroup P ď S is F-centric if and only if it is p-centric in G. For
P ď S, we have

OutF pP q :“ AutF pP q{InnpP q – NGpP q{PCGpP q.

This means P ď S is F-radical if and only if OppNGpP q{PCGpP qq “ 1. Hence P ď S is
F-centric-radical if and only if P is a principal p-radical subgroup.

Let C1 denote the collection of all p-subgroups in G. We denote the orbit category over the
collection C1 by OppGq. By the assumption on C we have

C1 XDppGq “ DppGq Ď C Ď C1.
Applying Theorem 11.3 and Corollary 11.4 to these collections, we obtain

lim i

OpFCq
Hnp´;Fpq – lim i

OpFC1 q
Hnp´;Fpq – lim i

OppGq
Hnp´;Fpq.

Since Hnp´;Fpq is a cohomological Mackey functor, by [18, Prop 5.14],

lim i

OppGq
Hnp´;Fpq “ 0.

Hence the proof is complete. �

It is interesting to ask whether Proposition 11.2 and Theorem 11.3 still hold when G is an
infinite group. The following example illustrates that these results do not hold for infinite groups
in general.

Example 11.6. Let F be the fusion system of the symmetric group S3 at prime 3. If we apply
the Leary-Stancu construction to F , we find the infinite group

G “ xb, a | b3 “ 1, aba´1 “ b2y – C3 ¸ Z
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realizing F (see [16, Ex 4.3]). The subgroup xa2y – Z is central in G and G{xa2y is isomorphic
to the symmetric group S3. Hence we have an extension of groups 1 Ñ ZÑ GÑ S3 Ñ 1 whose
extension class in F3-coefficients is zero. This gives that for every n ě 0,

HnpG;F3q – HnpS3;F3q ‘H
n´1pS3;F3q.

Note that
H˚pS3;F3q – H˚pC3;F3q

C2 – pΛpyq b F3rxsq
C2

where |y| “ 1, |x| “ 2, and C2 acts on x and y via xÑ ´x and y Ñ ´y. Hence H ipS3;F3q – F3

for i “ 0, 3 mod 4, and zero otherwise. We have

H˚pF ;F3q “ lim
PPOpFq

H˚pP ;F3q – H˚pS3;F3q ‰ H˚pG;F3q,

since Hn´1pS3;F3q ‰ 0 for n “ 0, 1 mod 4. Hence this is an example of the situation where
the cohomology of the infinite group G realizing the fusion system F is not isomorphic to the
cohomology of F (see [16]).

Let C be the collection of all finite 3-subgroups in G. We can take X “ ECG to be the real line
with G-action via the homomorphism GÑ Z. For any commutative ring R, the chain complex
C˚pX

?;Rq gives a sequence

0 Ñ RrG{C?
3s

1´a
ÝÑRrG{C?

3s Ñ RÑ 0

which is a projective resolution of R as an ROCpGq-module. For every ROCpGq-module M , the
higher limits lim˚

OCpGq
M are the cohomology modules of the cochain complex

0 ÑMpC3q
1´a
ÝÑMpC3q Ñ 0.

Hence lim0
OCpGq

M – kerp1´ aq and lim1
OCpGq

M – cokerp1´ aq. If we take M “ Hnp´;Fpq with
n “ 0, 3 mod 4, then the action of the element a P G on M is trivial, hence we have

lim i

OCpGq
Hnp´;Fpq – F3 ‰ 0

for i “ 0, 1 and n “ 0, 3 mod 4.
The orbit space CGpC3qzX

C3 – ZzR – S1 is not Zp3q-acyclic. This shows that Proposition
11.2 does not hold for this group. If we take the orbit spaces of CGpP q-actions on XP for all
P P C, then we obtain a chain complex

0 Ñ H1p?q Ñ RMorFCpGqp?, C3q Ñ RMorFCpGqp?, C3q Ñ RÑ 0

of RFCpGq-modules. Note that H1pP q – R for P “ 1 and P “ C3, and the restriction map
H1pC3q Ñ H1p1q is given by multiplication by 2. Thus if we take R “ Zp3q, then H1p?q – R, and
we can splice the sequences to get a projective resolution for R as an RFCpGq-module. Using
this projective resolution, we obtain that for every Zp3qFCpGq-module M ,

lim i

FCpGq
M – H ipC2;MpC3qq “ 0

for every i ě 1. In particular,
lim i

FCpGq
Hnp´;F3q “ 0

for all i ě 1. Hence Conjecture 1.2 holds for the fusion system F “ FC3pS3q.
To summarize, for the infinite group G “ C3¸Z realizing the fusion system F “ FC3pS3q, we

conclude that
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(1) the statements of Proposition 11.2 and Theorem 11.3 do not hold for G when we take C
as the collection of all 3-subgroups in G,

(2) the mod-3 subgroup decomposition for BG over the collection of all finite 3-subgroups is
not sharp for G, and

(3) Conjecture 1.2 holds for the fusion system F .
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