A THEOREM OF JON F. CARLSON ON FILTRATIONS OF MODULES

FATMA ALTUNBULAK ¥ AND ERGUN YALCIN *

ABSTRACT. We give an alternative proof to a theorem of Jon F. Carlson [5] which states
that if G is a finite group and k is a field of characteristic p, then any kG-module is a direct
summand of a module which has a filtration whose sections are induced from elementary
abelian p-subgroups of G. We also prove two new theorems which are closely related to
Carlson’s theorem.

1. INTRODUCTION

Let G be a finite group and let & be a field of characteristic p > 0. Let H be a collection of
subgroups of G. We say that a kG-module M is filtered by modules induced from H if there
is a filtration

O=MyCM C---C M, 1 CM,=M
such that for each i = 1,2,...,n, there is a subgroup H; € H and a kH;-module W; such
that M;/M;—1 = W; Tgi . We consider the following theorem of Jon F. Carlson.

Theorem 1.1 (Carlson [5]). Any kG-module M is a direct summand of a module that is
filtered by modules induced from elementary abelian p-subgroups.

This theorem provides another way to see the role of elementary abelian p-groups in mod-
ular representation theory, and has many applications, including the Chouinard’s theorem
for finitely generated modules (see Theorem 8.2.12 in [7]). Carlson proves Theorem 1.1 by
first reducing it to p-groups and then by showing that it follows from the following statement
by induction.

Theorem 1.2 (Carlson [5]). Suppose that G is a p-group which is not elementary abelian.
Then there is a sequence Hy, . .., H, of mazimal subgroups of G such that k®Q'~"(k)® (proj)
has a filtration

0=LyCLi C- CL,=ka Q" "(k) @ (proj)
where Li/Li_y = Q7 (k) 19 fori=1,...,n.

The maximal subgroups Hi,..., H, in the above theorem are not necessarily distinct.
In fact, for p > 2 we take n = 2k and Ho; = Ho; 1 for all ¢ = 1,...,k. Carlson proves the
existence of such a filtration using Serre’s theorem on vanishing products in group cohomology
(see Theorem 3.1 for the statement of Serre’s theorem) and a hypercohomology calculation
with coefficients in a chain complex obtained from Serre’s theorem. Theorem 1.2 plays an
important role in [6] where the authors use this filtration to find an upper bound for the
dimensions of critical endo-trivial modules.
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In this paper we give an alternative proof to Theorem 1.2 using L¢;-modules. The L-
modules are defined as follows: Associated to a cohomology class ¢ € H"(G, k), there is a
module L. defined as the kernel of the representing homomorphism g: : Q"(k) — k. Modules
of this form are called L;-modules. They are commonly used to relate cohomology theory
with modular representation theory; for example, they appear in many results about varieties
of modules (see [1], [2], [3], [7], [8])-

In our proof for Theorem 1.2, we still use Serre’s theorem, but we avoid the hypercoho-
mology calculation. Given (i,...,¢, € HY(G,F,) satisfying the conclusion of Serre’s theo-
rem, i.e., B(C1)--- () = 0 where 3 is the Bockstein map, we observe that Lg¢)...3(¢,) =
Q(k) ® 9" (k) has a filtration whose sections are isomorphic to Heller shifts of Lg,)’s. This
is an easy consequence of a known exact sequence for the L; when ( is a product of two
cohomology classes (see Proposition 2.3). Next, we show that for every ¢ € H'(G,F,) with
kernel H < G, there is a 2-step filtration for Lg¢) @ (proj) such that the sections are induced
from H (see Proposition 2.4 and 2.5). In fact, for p = 2, the argument is much simpler since,
in this case, Serre’s theorem is true without Bocksteins, and we have Ly = k Tg for every
¢ € H(G,Fy) with kernel H. We present our alternative proof in Section 3.

In the rest of the paper, we prove two theorems which are variations of Carlson’s theorems.
The first one is a generalization of Proposition 2.4 and 2.5, and it is strong enough to imply
Theorem 1.2 when it is applied to a suitable extension.

Theorem 1.3. Let ¢ be the cohomology class in H" (G, k) which is represented by the exten-
ston
EFE:0—-k—>M, 14— -— My—k—0.
Then, L¢ @ (proj) has a filtration
0=LoC Ly C---C Ly= L¢® (proj)
with Li/Li_1 = Q"N (M;_1) fori=1,... n.

Here the notation (proj) means that the statement is true after adding a suitable projective
summand. We will be using this notation throughout the paper.
In section 5, we introduce the varieties of modules, and prove

Theorem 1.4. Let H be a collection of subgroups of G. Then, for a finitely generated kG-
module M, the following are equivalent:

(i) Va(M) = Upep resi (Vi (M 15))).

(ii) There ezists a finitely generated kG-module V' such that M &V is filtered by modules
induced from H.

We conclude the paper with the following application:

Corollary 1.5. Let G be an elementary abelian 2-group. If ( € H"(G, k) is represented by
the extension

E:0—-k—-M, 11— - —My—k—0
where M;’s are direct sums of modules induced from proper subgroups, then ( is a non-zero
scalar multiple of a product of one dimensional classes in H'(G,Fs). In particular, E is
equivalent to an extension coming from a topological group action on a sphere.

There is a similar result for p > 2 under stronger conditions. This result is also proved in
Section 5.

Throughout this paper, G always denotes a finite group, k is a field of characteristic p > 0.
We assume that all kG-modules are finitely generated, and all tensor products are over k
unless otherwise is stated clearly.
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2. PRELIMINARIES

Given a kG-module M, the Heller shift of M is defined as the kernel of the surjection
P(M) — M where P(M) denotes the projective cover of M. We denote the Heller shift of
M by Q(M). The n-th Heller shift of M is defined inductively by Q*(M) = Q(Q"~1(M)) for
positive n. Similarly, the negative shift is defined inductively by Q~"(M) = Q~1(Q" (M)
where minus one Heller shift Q~*(M) of a kG-module M is defined as the cokernel of the
injection M — I(M), where I(M) is the injective hull of M. Uniqueness of projective cover
and injective hull gives the uniqueness of the modules Q" (M) up to isomorphism. The details
about Heller shifts can be found in many books on modular representation theory. We will
use the standard properties of Heller shifts without listing them here. We refer the reader to
Proposition 4.4 of [4] for a complete list of these properties.

Given a projective resolution

P I p O p O p 2 Sk
of k as a kG-module, we say that it is minimal if Py is the projective cover of k, P; is the
projective cover of ker ¢, and P, is the projective cover of ker 0,_1 for n > 2. So, by the
above description of Heller shifts, we have Q(k) = ker ¢, and Q" (k) = ker 9,,—1 for all n > 2.
Note that the cohomology group H™(G, k) is the n-th cohomology of the cochain complex
Homgg(Ps, k). Let f € Homypg (P, k) be a cocycle representing ¢ € H"(G, k), then the
cocycle condition gives that f restricted to the image of 0,41 is zero. Thus f gives a map
¢ : Q"(k) — k called the representing homomorphism for ¢ € H"(G, k). Two homomorphisms
é and é " represent the same cohomology class if they differ by a homomorphism which factors
through a projective module. The only homomorphism Q"(k) — k that factors through a
projective module is the zero homomorphism, so the representing homomorphism is unique
(see page 140 in [1] or page 16-17 of [4] for details). The Ls-modules are defined as follows:

Definition 2.1. Let ¢ be a cohomology class in H™(G, k)—{0} for n. > 1 and let ¢ : Q" (k) — k
be the homomorphism representing (. We define L as the kernel of the homomorphism (.
When ¢ =0, we set Le = Q(k) @ Q"(k).

Since the representing homomorphism é is uniquely defined, L is well defined up to iso-
morphism. As a consequence of the definition we have the following diagram:

0 —— Q"(k) —— P,-1 —— P, . k 0
| I | [
0 —— k — Pnfl/LC —_— Pn,Q k 0

In particular, we have
Lemma 2.2. For every ( € H"(G, k) — {0}, there is an exact sequence
0—k— QL)@ (proj) — Q"1 (k) — 0
with an extension class corresponding to ¢ under the isomorphisms
H™(G, k) = Extio(Q" (k) k).

When L¢ # 0, the above sequence is exact without a (proj) summand.
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Proof. The above diagram gives the short exact sequence
0—k— Py1/Le — Q"1 (k) — 0.

which gives the desired sequence after applying the isomorphism P,,_1/L¢ & Q™Y (L)@ (proj).

When L¢ # 0, the module P, is the injective hull of L¢, hence P,_1/L¢ = Q_l(Lg). So,
when ( is not a periodicity generator (for example when G is not a periodic group), then the
above sequence is exact without a (proj) summand in the middle. O

In our alternative proof for Theorem 1.2, the main ingredient is the following exact se-
quence:

Proposition 2.3. If (; € H"(G,k) and (; € H*(G, k), then there is an exact sequence
0— Q" (L) = L¢ycy, ® (proj) — Le, — 0.
Proof. See Lemma 5.9.3 on page 191 of [2]. O
For the rest of the section, we assume G is a (finite) p-group. Recall that
HY(G,F,) = Hom(G,Z/p).

Given a one dimensional class ( € H(G,F,), the kernel of the corresponding homomorphism
is usually referred as the kernel of (.

Lemma 2.4. Let G be a 2-group, and ¢ be a cohomology class in H'(G,Fs) considered as a
class in HY(G, k). Then Lc = Q(k) 1% where H is the kernel of .

Proof. We have the following commutative diagram

! !

0 —— Qk) — F k 0
3 | |
0 —— k —— Ry/L¢ k 0.

from which we obtain that the extension class of the sequence 0 — k — Py/L¢ — k — 0
corresponds to ¢ under the isomorphism H'(G,k) = Ext},(k, k). There is an extension of
the form

0—-k—k T,C_",—> k—0

with extension class equal to (. From the equivalence of the exact sequences we get k Tg
Py/L¢ =2 Q7Y (L¢) & (proj). Taking the first Heller shift of this isomorphism, we obtain L¢
Q(k 1%). Note that for p-groups, Q(k 1) = Q(k) 1%. We conclude that L = Q(k) 15 .

TR IR

In the case where p is an odd prime we have a similar result.

Lemma 2.5. Let G be a finite p-group, and let 3(() be the Bockstein of a one dimensional
class ¢ € H'(G,F,). Consider 3(C) as a class in H*(G,k). Then, Lge) @ (proj) has a
filtration 0 = My C My C My = Lg) © (proj) with the property Ma/My = Q(k) Tg and
M = Q?(k) T% where H is the kernel of .
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Proof. By Proposition 5.7.6 in [7], there is an extension of the form
0—=k—k1G5—k1%—k—0

with extension class equal to 3(¢). Thus, we have a diagram

0 — 2k) — P —— B k 0
o e
00— k — k1§ — k1§ k 0

where the left most homomorphism is the representing homomorphism for 3(¢).
Thus, we have the diagram

ker f] = ker fo

! !

0 k Pl/Lﬂ(C) — PO k 0
| [ o]
0 k k16 —— k19 k 0

where ker fo = Q(k %) @ (proj). The first vertical short exact sequence in the above diagram
gives us the sequence

0= Q(k 15) & (proj) — 0 (L) @ (proj) — k 15— 0.
If we tensor this exact sequence with Q(k) over k, we get
0 — Q*(k 157) & (proj) — L) © (proj) — Ok 157) & (proj) — 0.

Note that we can cancel projective modules at both ends of the sequence since projective
kG-modules are also injective. Thus, we get an exact sequence

0 — Q*(k 1) — Lg) ® (proj) — Q(k 15) — 0
which gives the desired filtration. 0

Throughout the paper, we will come across the situations, where we will need to cancel
projective modules from both ends of exact sequences as we did in the above proof. More
generally, we will need to cancel projective modules from sections of filtrations of modules.
We quote the following lemma from [7]. The proof easily follows from the fact that projective
kG-modules are injective.

Lemma 2.6. Suppose that M is a kG-module which has a filtration
0=MyCM; C--CMy=M

with M;/M;—1 = X; @ P; for some projective modules P;. Then, M = M' & P for some
projective module P such that M’ has a filtration

0=MyCM C---CM, =M
with M!/M]_| = X; foralli=1,...,n.
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3. THE ALTERNATIVE PROOF

The aim of this section is to give a proof for Theorem 1.2 using L¢-modules. First, we
recall Serre’s theorem on vanishing products in group cohomology.

Theorem 3.1 (Serre [9]). Suppose that G is a p-group which is not elementary abelian. Then
there is a sequence (1,...,(p € Hl(G,Fp) of nonzero elements such that

Gl (=0 if p=2,
B(€1)B(¢2) -+ B(Cn) =0 if p>2.

Now, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. First lets assume p = 2. Let (1,...,(, be classes in H!(G,Fs) satis-
fying the conclusion of Serre’s theorem. Then, we have

Leyoc, = Q(k) & Q" (k).
By Proposition 2.3, for each i = 1,...,n — 1, there is an exact sequence of the form

where Py, ..., P,_1 are projective modules. By adding projective summands to the last two
terms of the exact sequences above, we find exact sequences of the form

0 — Q" 7(L¢,) = Leggy ® Qi — Liyyy ® Qi1 — 0
fori=1,...,n— 1 where
Qi = ®;Z Pi.
Using these exact sequences, we obtain a filtration for
L, ® Q1= Q) @ Q" (k) @ Q
as follows: Let M, = L¢,..c, ® Q1 and M; = Q”_l(LCI). Then, M, /My = L¢,...c, ® Qo.
Choose M, such that My/M; = Q" 2(L¢,). Then the exact sequence
0— Q" 2(L¢,) = Lyt ® Q2 — Leyc, ® Q3 — 0

gives that M, /M = L¢,...c, ® @3 which will be the middle term of the next exact sequence.
Continuing this way we obtain a filtration

0=MyC M C---C M, =Q(k)dQ"(k) D Q1

with My, /M; = L¢, ¢, ® Qip1 and M;/M;—1 = Q"Y(L¢,) for i = 1,...,n. Tensoring
the entire filtration by Q~"(k), and cancelling the projective summands from sections as in
Lemma 2.6, we obtain a filtration

0=LoC---CL,=2""(k)®kD (proj)
with L;/L;—1 = Q7 %(L,). Note that by Proposition 2.4, we have L¢, = Q!(k ng) Thus,
LifLioy = Q7 (Q(k 15,)) = Q17 (k 15,) = Q17 (k) 1,

where the last isomorphism is true because G is a p-group. So, the proof for p = 2 is complete.
Now, assume p > 2. As above, we can obtain a filtration

0=MyC M C---CM,=Q(k)®Q*"(k)® (proj)
such that M;/M;_1 = Q*""2(Lg,)) for i = 1,...,n. By Proposition 2.5, Lg,) & (proj)

has a filtration with sections isomorphic to Q%(k) 1% and Q!(k) 1%. After adding projective
modules to each M;, we can assume M;/M;_1 has a filtration with sections isomorphic to
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Q2n=2142(k) 16 and Q2241 (k) 19, Foreachi = 1,...,n, let N; be the kG-module satisfying
M;_ 1 € N; C M; with Ni/Mi—l = Q2n72i+2(l{7) ng and ]\42/]\[Z = QZn*erl(k) ng By taking
Lo; = M; and Lg; 1 = Nj, tensoring everything with Q~2"(k), and cancelling the projective
summands on the sections, we obtain a filtration

0=1LoC - C Ly = k®Q"2"(k) @ (proj)

where
Lj/Lj—y = Q77 (k) 1%,
when j = 2¢ or j = 2i — 1. This completes the proof. O

Now, we explain briefly how Theorem 1.1 follows from Theorem 1.2. The details of this
argument can be found on page 166 of [7]. First note that it is enough to prove Theorem
1.1 for M = k. The general case follows by tensoring everything with M. Also note that
if P is a Sylow p-subgroup of G, then k is a summand of k TIG;:. So, it is enough to prove
Theorem 1.1 for p-groups. To see this, suppose that there is a kP-module V such that KV
has a filtration whose sections are induced from elementary abelian p-subgroups. Inducing
the entire filtration to G, we get a filtration for & Tg eV Tg, and hence conclude that k
is a direct summand of a finitely generated module which has a filtration with the desired
properties.

When G is a p-group, and M is the trivial module k£, Theorem 1.1 follows from Theorem
1.2 by an induction. Note that by Theorem 1.2, there is a filtration

0=LyCLi C- CL,2kaQ (k)& (proj)

where L;/L; 1 = Q' (k) Tgi fori =1,...,n. If any of the subgroups H; is not an elementary

abelian p-group, then we can apply Theorem 1.2 to H; and refine the above sequence further

until we reach the stage that all the subgroups involved are elementary abelian p-subgroups.
We note that the following version of Theorem 1.1 is also true.

Theorem 3.2 (Carlson [5]). There exists a finitely generated kG-module V' such that k &V
has a filtration

0=LoCL1C--CLy=koV

where for every i = 1,...,n, the sections L;/L;_1 are isomorphic to Q" (k) Tgi for some
integer n; and some mazximal elementary abelian p-subgroup E; of G.

We will use this version later in Section 5.

4. A FILTRATION THEOREM FOR L -MODULES

The main purpose of this section is to prove Theorem 1.3 stated in the introduction. We
also prove an important corollary which will be useful later in Section 5.

Definition 4.1. Let E be an n-fold extension of kG-modules with extension class « in
Ext}o(A, B). Suppose that E : 0 — Q™ ""1(B) - M — A — 0 is an extension whose class is
associated to a under the isomorphism

Extjiq(A, B) 2 Exti(4,Q7"7(B)).

Then, we say E is a contraction of E.
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Lemma 4.2. Let E be an n-fold extension of kG-modules
EFE:-0-B—-M, 1 —>M, 9—-—My—A—0
and let
E:0-Q "B -M—-A-0
be a contraction of E. Then, M @ (proj) has a filtration
0=LyC L1 C---CL,=M® (proj)
with Li/Li_1 = Q4 (M;_1) fori=1,...,n.

Proof. Consider the following commutative diagram

0 B M, —_— n_2 — M, 3 —— ...
| | |
0 B I(M,—,) —— K, _o — M, 3 — ...
| |
QY M, 1) =—— QY (M,_1)

where K,_o is the push out and I(M,_1) is the injective hull of M, _;. From the second
horizontal exact sequence, we obtain an extension

E':OHQ_I(B)EB(proj)H n—o—My,_3— -+ —My—A—0
whose extension class corresponds to a under the isomorphism
Bxtig ! (4,07(B)) = Ext}o(4, B).

Let
E:0—-Q " (B -M—-A-0
be a contraction of E. Note that F is also a contraction of E’. So, by induction, M & (proj)
has a filtration
0=LoyC L1 C---C Ly 1 =M (proj)
with L;/L;_1 = Q' (M;_q) fori=1,...,n—2and L, 1/L, 2 = Q* "(K,_2).

To finish the proof, we need to refine the above filtration at the L,_1/L,_2 section. For
this, consider the exact sequence 0 — M, o — K, o — Q_l(Mn,l) — 0. After tensor-
ing this exact sequence with Q?~"(k), and cancelling projective summands from both ends
of the sequence, we get a filtration for Q>~"(K, ) @ (proj) with sections isomorphic to
O2~"(M,_») and Q'~"(M,,_1). By adding projective summands to L,, if necessary, we can
assume L,_1/L,_2 also have a similar filtration. So, there exists a kG-module I:n_l such
that

0=LoCLiC - CLy2C Ly CLy1=M (proj)

is a filtration having the desired properties. O
Now, we are ready to prove Theorem 1.3.

Proof of Theorem 1.5. Let ¢ be the cohomology class in H™(G, k) which is represented by
the extension

E:0—-k—->M, 1 —> M, o—---— My—k—0.
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Tensoring the exact sequence in Lemma 2.2 with Q'~"(k), and cancelling the projective
summands from both ends, we obtain a short exact sequence
E:0— Q7" (k) — QL) @ (proj) — k — 0

with extension class corresponding to { under the isomorphism

Ext}(k, k) = Extio(k, Q' 7"(k)).
So, E is a contraction of E. Applying Lemma 4.2, we obtain a filtration

0=ToCTh C---CT,, =Q "(L¢) ® (proj)

with T;/T;—1 = Q'7%(M;_1) for i = 1,...,n. Tensoring the entire system with Q"(k), and
eliminating the projective summands if necessary, gives the desired filtration. O

Note that Theorem 1.2 follows from Theorem 1.3 as a corollary. To see this, first observe
that for a p-group which is not elementary abelian, there is a sequence of maximal subgroups
H,y,...,H, and an exact sequence

E:0—-k—Cyp1—-—>C,—>Cy—k—0

such that Co;_o = Co;_1 = k Tfli for : = 1,...,n and the class of F in Ext%’&(k,k) is zero.
This is just a consequence of Serre’s theorem (see Corollary 3.4 in Carlson [5]). We now apply
Theorem 1.3 to this sequence and conclude Theorem 1.2.

In the rest of the section, we study some consequences of Theorem 1.3. We first intro-
duce some more terminology: Given a kG-module M, let Jg(M) denote the kernel of the
homomorphism

M ®y, — : Extjq(k, k) — Extjq (M, M)
defined by tensoring an extension with M (over k). Note that Jg (M) can also be considered as
the annihilating ideal of Ext}, (M, M) as a Ext}(k, k)-module. We now recall the following
well known theorem.

Theorem 4.3. Let ( € H"(G, k) and let M be a kG-module. Then, ( € Jg(M) if and only
if
Le@ M =Q"(M) & QM) & (proj).

Proof. See Proposition 9.7.5 in [7]. O
Combining this theorem with Theorem 1.3, we obtain

Corollary 4.4. Let M be a finitely generated kG-module such that Jo(M) includes a product
of Bocksteins of one dimensional classes. Then, for each integer s, there exists a finitely
generated kG-module V' such that Q*(M) &V has a filtration
0=LoCLiC---CL,=0(M)apV

where for every i = 1,...,m, we have L;/L; 1 = QT (M lgl) ng for some mazximal
subgroup H; of G.
Proof. Suppose that ¢ = S(u1) - - B(un) € Jg(M) where u;’s are one dimensional classes in
HY(G, [F,). Note that ¢ is represented by an extension which is the Yoneda splice of extensions
of the form

0-k—k1G—k1G—k—0
where H; is the kernel of u;. So, by Theorem 1.3, there is a filtration for L @ (proyj)

0=LyC Ly C---C Ly, = L¢ ® (proyj)
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where the jth section L;/L;j_1 is isomorphic to Q177 (k) T% when j = 2i or j = 2i — 1.
Tensoring L;’s with M, we obtain a filtration

0=(Lo@M)C (L1 ®@M)C---C(Lapy @ M) = (Lc ® M) ® (proj)
such that
(Lj ® M)/(Lj—1 @ M) = ("7 (k) 1F,) ® M = Q"F'9(M |§) 15, ®(proj)

where j = 2i or j = 2i — 1. By Theorem 4.3, we have L @ M = Q"(M) @ Q(M) & (proj).
So, tensoring the entire system with Q*"(k), and eliminating the projective summands, we
obtain the desired filtration. O

Note that the filtration length m in Corollary 4.4 depends on the number of one dimensional
classes whose product of Bocksteins is in Jg(M). This suggests the following definition:

Definition 4.5. The cohomology length of a kG-module M, denoted by chlg(M), is defined
as the smallest positive integer n such that there exist non-zero elements wuy, uo,...,u, €
H'(G,F,) such that

ugug - Uy € Jo(M) if p=2,
B(u1)B(ug) - - Bluy) € Jo(M) if p> 2.
If no such integer exists, then we set chlg(M) = cc.

It is easy to see that if chlg(M) = n, then there is a filtration as in Corollary 4.4 of length
2n. Note that for p = 2, we have a filtration of length n. So, the cohomology length of a
module is an interesting invariant to consider if one is interested in finding filtrations like in
Corollary 4.4 of shortest length.

Note that there is a notion of cohomology length for p-groups (which are not elementary
abelian) as a consequence of Serre’s theorem. The cohomology length of a p-group G, denoted
by chl(G), is defined as the minimal m such that the product in Serre’s theorem vanish. We
can declare chl(G) = oo for groups where the Serre’s theorem does not hold. Then, it is clear
that chl(G) = chlg(k). Also note that for any kG-module M, we have chig(M) < chl(G). In
general, the cohomology length of a kG-module M can be much smaller then the cohomology

length of G. For example, if G is an elementary abelian p-group and H a maximal subgroup
of G, then chl(G) = oo whereas chig(k 1%) = 1.

5. VARIETIES OF MODULES

In this section we introduce the varieties of modules, and prove Theorem 1.4 and Corollary
1.5 stated in the introduction. As in the previous sections, k denotes a field of characteristic
p > 0. We do not assume that k is algebraically closed and denote the algebraic closure of k
by K. Let Vi (k) denote the maximal ideal spectrum of H*(G, k) where H*(G, k) = H*(G, k)
for p = 2, and H*(G,k) = H®(G, k), the ring of even dimensional classes, for p > 2. Since
H*(G,k) is a finitely generated commutative k-algebra, Vi (k) is a finite dimensional homo-
geneous affine variety, where a point in Viz(k) can be viewed as a k-linear ring homomorphism
H*(G,k) — K. Two such ring homomorphisms correspond to the same point in Vz(k) if and
only if they are in the same orbit under the Galois action of Autg(K).

From the above description, it is easy to see that any ring homomorphism f : H*(G, k) —
H*(H, k) induces a continuous map f* : Vg(k) — Vg(k) of corresponding varieties. In
particular, for every H < G, the restriction homomorphism resq g : H*(G,k) — H*(H, k)
induces a map resg; i : Vi (k) — Vi (k) on varieties.
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For a finitely generated kG-module M, the support variety of M, denote by Vg (M), is
defined as the variety of the ideal Jg (M) where Jg (M) is the annihilator of Ext} (M, M) in
H*(G,k). Observe that we have resg; 5 (Vi(M)) C V(M) as a consequence of the obvious
inclusion for ideals resg, g (Jo(M)) € Jg(M). So, res; i induces a map resg g @ V(M) —
Ve (M) on the varieties of the module M.

The following is a list of properties of varieties which we will need in this section.

Lemma 5.1. Suppose that k is a field of characteristic p > 0, G is a finite group, and H is
a subgroup of G. Let M, My, My, M3 be kG-modules, and N a kH-module.

(i) Va(M) = 0 if and only if M is projective.

(ii) Vo (M) = V(2" (M)) for all integers n.

(i) If 0 — My — My — Mz — 0 is exact, then Vg(Mz) C V(M) Va(Ms). In
particular V(M & M) = V(M) Va(Ma).

(i0) Va(N 1) = rests i (Vi (V).

(v) (vesg; )~ (Va(M)) = Vi (M 1)

(vi) Va(My @ Ma) = V(M) N Va(Ma).

(vii) Let ¢ € Extiq(k,k). Then Vg(L¢) = Va(¢) where Vg (C) is the variety of the ideal
generated by C.

Proofs of these statements can be found in [2], [4], [7], and [8]. Note that the above
properties hold for an arbitrary field if and only if they hold for an algebraically closed field.
To see this, observe that the ring homomorphism ¢ : H*(G, k) — H*(G,K) = H*(G, k)@ K
defined by ¢(¢) = 1 ® ¢ induces a map ¢* : Vg(K) — Vg(k) on varieties which is finite to
one. For a kG-module M, we have Jg(K @ M) =2 K ® Jg(M), which gives V(K ® M)) =
(¢*) "1 (Vg(M)). Thus proving these results for Vg (M ® K) will give corresponding results
for Vg (M). For details of this argument, we refer the reader to Theorem 10.4.2 and Remark
10.4.3 in [7].

Lemma 5.2. Let E be an elementary abelian p-group, and M be a collection of the maximal
subgroups of E. Suppose M is a finitely generated kG-module such that

Ve(M) = | resp p(Vb(M |5)).
DeM
Then, Jg(M) includes a product of Bocksteins of one dimensional classes in H'(E,F,) whose
kernels are in M.
Proof. Applying (¢*)~! to the given equality, we obtain
V(K@ M) C | resy p(Vp(K®@ M |5)) € | resi p(Vp(K)).

DeM DeM
For each D € M, choose a one dimensional class zp € H(E, [F,) such that the kernel of zp
is D. Then, it is clear that G(xp) is in the kernel of the restriction map resg p, so we have

resy p(Vp(K)) = Ve(ker resp,p) C VE(B(zp))
for each D. This gives
V(K @ M) CVg( [] Bp)).

DeM
By Hilbert’s Nullstellensatz,

u=(]] Bp)) € Ju(K ® M)
DeM
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for some r > 0. Since Jg(K ® M) =K ® Jg(M) and u € H*(E,F)), u lies in Jg(M). O
Now, we are ready to prove Theorem 1.4, which is our main result in this section.

Proof of Theorem 1.4. (i1) = (i) Suppose that there exists a kG-module V such that M &V
has a filtration

O0=LoClL1C---CLp,=MoV
where for each i = 1, ..., n, the ith section L;/L;_1 is isomorphic to W; T% for some subgroup
H; € H and some kH;-module W;. Applying the properties (ii) — (iv) listed in Lemma 5.1,
we obtain

Va(M) € Ve (Wi 1,) = U restp, (Vir, (W)

(2
which gives

Va(M) € | resg g Vi (k).
HeH
Note that by property (v), we have
Vo (M) Nrest; g (Vir(k)) = resg gy (Ve (M 1))
for all H € 'H, so we obtain
Va(M) = | rest (Vi (M 1))
HeH

as desired.
(i) = (i1) Note that by Theorem 3.2, there exists a finitely generated kG-module V such
that k£ @ V has a filtration

0=LyCL1C---CL,=kdV

where for every ¢ = 1,...,n, the sections L;/L;_1 are isomorphic to Q" (k) Tgi for some
integer n; and some maximal elementary abelian p-subgroup E; of G. Tensoring this system
with M, we obtain a filtration

0=MyCM; C---CM,=Mad(MxV)
where M; = M ® L;, and hence
Mi/Miy 2 (Li/Li-1) @ M = Q" (k) 15, @M = (Q"(M |5) & P) 1§,
where P; is a projective kF;-module. Since E; is a p-group, F; is a free kFE;-module. Thus,
M; /M-y = Q" (M |§) 15, OF,

for some free kG-module F;.

If for some i € {1,...,n}, the ideal Jg, (M l%) includes a product of Bocksteins of one
dimensional classes, then by Corollary 4.4 there is a finitely generated kF;-module W such
that Q" (M l%) @ W has a filtration

0=ToCTiC- CTpn=Q"MIZ)oW
with
Tj/Tj1 = Q" (M |G ) 15
where for j = 1,...,m, we have m; = n; +j — 1 and D; is a maximal subgroup of F;.
Inducing the entire filtration to GG, we obtain a filtration

0=50C S C--CSp=0"M §)15 aW 1§,
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where S; = T} Tgi and
Finally, adding the free summand F; to the last section, we obtain a filtration
0=UyCU1 C - CUpn=(M/M_1) W 1%,
where
Uj/Uj1 = Q™ (M 15) 15, &F

for some free summand Fj (only the last section has a nontrivial free summand).

We can use this filtration to refine the original filtration for M @& (M ® V') as follows: Let
U; denote the pre-image of U; under the quotient map M; & W' — (M; & W')/M;_; where
W' =W 1§ . We have

Mi1=UgCUC- CUp=MaoW
with
Uj/Uj—1 = U;/Uj1 = Q™(M 15) 15, ©F;.
Splicing this into the filtration
0=MyCMC---CM_ CMaeW M oW C---CM,eW =MaV'

where V! = (M ®@ V) @ W', we obtain a new filtration for M @ V' where the ith section is
replaced by a sequence of modules with quotients induced from maximal subgroups of E;.
Applying this process to every section, we can assume that there is a kG-module V such that
M @&V has a filtration
O=MyC M, C---CM,=MV
with
M;/M;y = Q"(M |§,) 15, &F;
where F; is a free kG-module and FE; is an elementary abelian p-group such that the ideal
Jg, (M lgz) does not have any element which is a product of Bocksteins of one dimensional
classes. Note that by Proposition 5.2, this implies that for any collection of maximal sub-
groups M; of E;
Vi, (M 1%) # | resh, p(VD(M ).
DeM;

We claim that this forces F; to be conjugate to a subgroup H in H. To see this, consider

the following calculation. We have

Vi, (M 1§,) = (resty ) (Va(M)) € | (ress ) ™" (ves (Vi (k) )
HeH

which gives

Ve 1g)c U vek1§18) = U (U Vet 1)

HeH HeH H\G/E;

From this we obtain
Vis, (M 1§,) = | res, (Vo (M 1)
L
where L runs over the subgroups of the form 9H N E; over the set of double coset H\G/E;
and over H € H. But, no such equality exists for a collection of proper subgroups, so we
must have E; =9H N E; <9H for every g € H\G/E; and H € H. Thus E; is conjugate to a
subgroup of some H € H foralli=1,...,n.
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To complete the proof, we observe that Q" (M l%) T%ZE Qmi(M lgg) ng for all g € G,
so by replacing E;’s with their conjugates, we can assume E;’s are sui)groulps of H. Thus
M @V has a filtration with sections induced from subgroups in H. O

From the above proof it is clear that the following is also true.

Corollary 5.3. Let M be a kG-module, and H a collection of subgroups in G. Suppose that
there is a kG-module V' such that M &V has a filtration

0=LgCIL1WC---CLp1CLpy,=MoV
such that for each i =1,2,...,m, the quotient module L;/L;_1 is induced from subgroups in
H. Then there exists a kG-module U such that M ® U has a filtration
O=MyC M C---CM,=MaoU
such that fori=1,...,n,
M; /My = Q"(M |%,) 1, ©F,

where F; is a free kG-module, and E; is an elementary abelian p-group included in a subgroup
H inH.

In particular this tells us that if we have a filtration for a kG-module M where the sections
are induced modules, then there is a kG-module U such that M @ U has a filtration whose
sections are given in terms of M up to a free module. This could be useful for proving
theorems by induction for modules with complexity strictly smaller than the p-rank of the
group.

We conclude the paper with the proof of Corollary 1.5 stated in the introduction.

Proof of Corollary 1.5. 1t is enough to prove the result under the assumption that k is al-
gebraically closed. By Theorem 1.3, we have a filtration for L, with sections isomorphic to
Heller shifts of M;’s. Thus

n—1
Va(Le) € | Va(an).
=0

Since the modules My, ..., M,_1 are direct sums of modules induced from proper subgroups,
there is a collection M = {Hy, ..., Hy;,} of maximal subgroups of G such that

Va(Le) € |Jresé m, (Vir, (F)).
J
As in the proof of Lemma 5.2, we can choose one dimensional classes x1, ..., 2, € H'(G,Fs)
such that the kernel of z; is Hj for each j = 1,...,m, and replace each resg, ;_ (Vi (k)) with

Va(x;). Note that by property (vii), we have Vg(¢) = Vig(L¢), so we obtain
Va(Q) CVe(zixa - zm).

Since H*(G, k) = H*(G, k) is a polynomial algebra, we can apply Hilbert’s Nullstellensatz,
and conclude that there exists an integer ¢ > 0, such that (z122---x,)" € (). This means
(z129 - 2n)t = a- ¢ for some a € H*(G, k). Thus, ¢ = Az --- 2l for some scalar 0 # \ € k
and some integers t; > 0.

Let X; be a two point G-set with isotropy H;. Now, consider the G-sphere X defined as
the join of G-spheres X; where we take t; copies of X; for each i. The cellular homology of
X with coefficients in k& gives an extension

0— Hn(X, k) = Cp(X, k) — -+ — C1(X, k) = Co(X, k) — Ho(X, k) — 0
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where each C, (X, k) is a kG-module and m = ), t;. Note that both Hy(X, k) and Hy, (X, k)
are isomorphic to k. We say a k by k extension E comes from a geometric group action on
a sphere if after choosing appropriate isomorphism for Hy(X, k) = k and H,,,(X, k) = k, the
resulting extension is equivalent to E. Since the Euler class of join of spheres is the product
of Euler classes, we can choose these isomorphisms to make the extension class equal to (. [

For p > 2, the situation is more complicated. In this case H®(G,k) is not a polynomial
algebra, so we do not have unique factorization. For example, if x1 and zs are two one
dimensional classes then, we have (3(x1) +z122)P = S(z1)P. On the other hand, if we assume
that ( is a class lying in the subalgebra generated by Bocksteins of one dimensional classes,
then there is a similar conclusion for (. Namely, ¢ is a non-zero scalar multiple of a product
of Bocksteins of one dimensional classes in H(G,F,). A linear action on a sphere such that
the k-invariant is equal to this product can easily be constructed using a direct sum of one
dimensional complex representations. Note that since for every ( € H®*(G, k) the p-th power
(P lies in the polynomial subalgebra generated by Bocksteins of one dimensional classes, we
can also conclude that for every ( satisfying the conditions of Corollary 1.5, the class (P is a
non-zero scalar multiple of a product of Bocksteins of one dimensional classes in H!(G, F,).

Acknowledgments: We thank the referee for careful reading of the manuscript and pointing
out a mistake in the earlier version of Corollary 1.5.
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