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Abstract. In [F. Xu, On the cohomology rings of small categories, J. Pure Appl. Algebra
212 (2008), 2555-2569], a LHS-spectral sequence for target regular extensions of small
categories is constructed. We extend this construction to ext-groups and construct a similar
spectral sequence for source regular extensions (with right module coefficients). As a special
case of these LHS-spectral sequences, we obtain three different versions of Słomińska’s
spectral sequence for the cohomology of regular EI-categories. We show that many well-
known spectral sequences related to the homology decompositions of finite groups, centric
linking systems, and the orbit category of fusion systems can be obtained as the LHS-
spectral sequence of an extension.

Contents

1. Introduction 1
2. Modules over small categories 5
3. Cohomology of small categories 10
4. Functoriality and Shapiro’s lemma 12
5. Gabriel-Zisman Spectral Sequence 14
6. Isomorphism theorems for the cohomology of categories 17
7. LHS-spectral sequences for extensions of categories 21
8. Spectral sequences for regular EI-categories 27
9. Spectral sequences for the transporter category 30
10. Spectral sequences for linking systems 35
Conflict of interest 40
References 40

1. Introduction

A functor π : C Ñ D between two small categories is called target regular if the following
conditions hold:

(1) ObpCq “ ObpDq and π is the identity map on objects,
(2) For each x, y P ObpCq, the group Kpyq :“ kertπy,y : AutCpyq Ñ AutDpyqu acts freely

on MorCpx, yq, and
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2 ERGÜN YALÇIN

(3) the map πx,y : MorCpx, yq Ñ MorDpx, yq induces a bijection

KpyqzMorCpx, yq – MorDpx, yq.

If π : C Ñ D is a target regular functor with kernel K :“ tKpxquxPObpCq, then we write

E : K i
ÝÑ C π

ÝÑD

where K is considered as a category (a disjoint union of group categories) and i is the functor
which is identity on objects and such that ix : Kpxq Ñ AutCpxq is the inclusion map for
every x P C. We call such a sequence of functors a target regular extension of categories.

We say that the functor π : C Ñ D is source regular if the opposite functor πop : Cop Ñ Dop

is target regular. The kernel K is defined in a similar way and the extension E : K i
ÝÑ C π

ÝÑD
is called a source regular extension.

There are many examples of source and target regular extensions of categories that appear
naturally. Let G be a discrete group and H be a collection of subgroups of G (closed
under conjugation). The orbit category of G over the collection H is the category OHpGq
whose objects are subgroups H P H, and whose morphisms H Ñ K are given by G-maps
G{H Ñ G{K. We can identify the set of G-maps G{H Ñ G{K with the set of right cosets
tKg | g P G, gHg´1 ď Ku. The transporter category is the category THpGq whose objects
are subgroups H P H, and whose morphisms H Ñ K are given by NGpH,Kq “ tg P
G | gHg´1 ď Ku. The quotient map NGpH,Kq Ñ KzNGpH,Kq defines a target regular
extension of categories

E : tKuKPH
i
ÝÑ THpGq

π
ÝÑOHpGq. (1.1)

The fusion category of a discrete group G over a collection H is the category FHpGq whose
objects are subgroups H P H, and whose morphisms H Ñ K are given by conjugation maps
cg : H Ñ K with g P G, defined by cgphq “ ghg´1 for every h P H. There is a source regular
extension

E : tCGpHquHPH
i
ÝÑ THpGq

π
ÝÑFHpGq (1.2)

induced by the quotient map NGpH,Kq Ñ NGpH,Kq{CGpHq – MorFHpGqpH,Kq. There
are also many other examples of target and source regular extensions related to fusion orbit
category and linking systems. We introduce them in Sections 9 and 10.

In this paper we construct spectral sequences for target and source regular extensions of
categories similar to Lyndon–Hochschild–Serre spectral sequences for group extensions. The
cohomology version of a LHS-spectral sequence for target regular extensions was constructed
by Xu [44] (see also Oliver and Ventura [34, Prop A.11]). One can also find a construction
of LHS-spectral sequences for homology groups of pre-cofibered functors in Quillen’s lecture
notes in [35, p. 139]. We extend these constructions to ext-groups and construct a similar
spectral sequence for source regular extensions with right module coefficients.

Let R be a commutative ring with unity. A contravariant functor M : Cop Ñ R-Mod
is called a right RC-module. A functor M : C Ñ R-Mod is called a left RC-module. Since
we are mostly interested in right RC-modules, and since it is good to fix a choice, when we
say M is an RC-module we always mean it is a right RC-module. The cohomology of small
category C with coefficients in an RC-module M is defined by

H˚pC;Mq :“ Ext˚RCpR,Mq,



LHS-SPECTRAL SEQUENCES FOR REGULAR EXTENSIONS OF CATEGORIES 3

where for each n ě 0, ExtnRCpR,Mq denotes the n-th ext-group over the category of RC-
modules and R denotes the constant module (see Section 3 for details).

Theorem 1.1 (Xu [44]). Let E : K i
ÝÑ C π

ÝÑD be a target regular extension. Then for every
RC-module M , there is a spectral sequence

Ep,q2 “ HppD;HqpK;Mqq ñ Hp`qpC;Mq

where HqpK;Mq denotes the RD-module that sends x P ObpCq to the cohomology group
HqpKpxq; ResixMq.

We review Xu’s construction, provide more details about the module structure ofHqpK;Mq,
and show that there is an ext-group version of the LHS-spectral sequence for extensions of
categories.

Theorem 1.2. Let E : K i
ÝÑ C π

ÝÑD be a target regular extension. Then for every RD-
module N and RC-module M , there is a spectral sequence

Ep,q2 “ ExtpRDpN,H
qpK;Mqq ñ Extp`qRC pResπN,Mq

where HqpK;Mq denotes the RD-module that sends x P ObpCq to the cohomology group
HqpKpxq,ResixMq.

If π : C Ñ D is a source regular functor, then πop : Cop Ñ Dop is a target regular functor.
So the spectral sequence above gives a spectral sequence for source regular extensions with
coefficients in left RC-module M and a left RD-module N (see Corollary 7.13). However if
π : C Ñ D is source regular functor and if we want to relate the cohomology of C and D with
right module coefficients, then the spectral sequence above can not be used. For this case,
we construct the following spectral sequence involving the homology groups of the groups in
the kernel K “ tKpxqu.

Theorem 1.3. Let E : K i
ÝÑ C π

ÝÑD be a source regular extension. For every RC-module
N and RD-module M , there is a spectral sequence

Ep,q2 “ ExtpRDpHqpK;Nq,Mq ñ Extp`qRC pN,ResπMq

where HqpK;Nq denotes the (right) RD-module that sends x P ObpCq to the homology group
HqpKpxq; ResixNq.

We prove Theorems 1.2 and 1.3 by studying the derived functors of induction and coin-
duction functors. Associated to a functor F : C Ñ D, there is a restriction functor

ResF : RD-ModÑ RC-Mod

defined by precomposition with F . The induction functor and coinduction functors

IndF ,CoindF : RC-ModÑ RD-Mod

in the other direction are defined as the left and right adjoints of the restriction functor.
The derived functors of induction and coinduction functors can be calculated by using the
cohomology and homology of certain comma categories (see Propositions 5.2 and 5.9). Using
these calculations, we obtain two versions of the Gabriel-Zisman spectral sequence (see The-
orems 5.4 and 5.10). These spectral sequences, with some modification, gives the spectral
sequences in Theorems 1.2 and 1.3.
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In Section 8 we apply these results to regular EI-categories. A small category C is called an
EI-category if every endomorphism in C is an isomorphism. The set of isomorphism classes
rCs of an EI-category C is a poset with the order relation given by rxs ď rys if MorCpx, yq is
nonempty. Consider the functor C Ñ rCs that sends each x P ObpCq to its isomorphism class
rxs. We say that the EI-category C is target (resp. source) regular if the functor C Ñ rCs is
target (resp. source) regular. This gives three different versions of LHS-spectral sequences
for regular EI-categories (see Theorem 8.3).

The subdivision category SpCq of an EI-category C is the category whose objects are the
chains of composable morphisms in C:

σ :“ pσ0
α1
ÝÑ σ1

α2
ÝÑ ¨ ¨ ¨ ÝÑ σn´1

αn
ÝÝÑ σnq

where each αi is a non-isomorphism. The morphisms in SpCq are defined by inclusion of
subchains via a sequence of isomorphisms (see Definition 8.5). The subdivision category
SpCq is a source regular category, hence its opposite category spCq is target regular. For
every RC-module M , there is an isomorphism

H˚pspCq; ResIniMq – H˚pC;Mq

where Ini : spCq Ñ C is the functor that sends a chain σ P spCq to the first object σ0 P C in
the chain (see Propositions 8.7 and 8.8).

For each i, let πi : AutspCqpσq Ñ AutCpσiq denote the group homomorphism defined by
restricting an automorphism of σ P spCq to the automorphism of the i-th object in the
chain. Applying the spectral sequence in Theorem 8.3 to the category spCq, and using the
isomorphism above, we obtain the following spectral sequence.

Theorem 1.4 (Słomińska [39]). Let C be an EI-category and M be an RC-module. Then, for
each q ě 0, the assignment rσs Ñ HqpAutspCqpσq; Resπ0Mpσ0qq defines an RrspCqs-module,
denoted by Aq, and there is a spectral sequence

Ep,q2 “ HpprspCqs;Aqq ñ Hp`qpC;Mq.

This spectral sequence is a reformulation of a spectral sequence due to Słomińska [39, Cor
1.13]. The trivial coefficient version of this spectral sequence was constructed by Linckelmann
[30, Thm 3.1] and used for studying the gluing problem in block theory.

In Section 9, we apply the spectral sequences above to the extensions involving the trans-
porter category THpGq. The LHS-spectral sequences for the extensions in 1.1 and 1.2 give
spectral sequences that can be considered as the subgroup and centralizer decompositions
for the transporter category (see Propositions 9.2 and 9.4). Applying the spectral sequence
in Theorem 1.4 to the transporter category THpGq gives a spectral sequence that can be
considered as the normalizer decomposition for the transporter category (see Proposition
9.5). When we take the coefficients to be the constant functor Fp and H to be an ample
collection, these spectral sequences for the transporter category give spectral sequences for
mod-p homology decompositions of the classifying space BG.

In Section 10, we consider p-local finite groups pS,F ,Lq and obtain spectral sequences
for the mod-p homology decompositions of the centric linking system L (with nontrivial
coefficients). In particular we show that there is a target regular extension of categories

E : tP uPPFc
j
ÝÑ L rπ

ÝÑ OcpFq
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which gives a spectral sequence that converges to the cohomology of L with nontrivial coef-
ficients in the following form:
Theorem 1.5. Let pS,F ,Lq be a p-local finite group. For every RL-module M , there is a
spectral sequence

Ep,q2 “ HppOcpFq;Hq
M q ñ Hp`qpL;Mq

where Hq
M is the ROcpFq-module such that for every P P Fc, Hq

M pP q “ HqpP ; ResjPMpP qq.
This is proved as Proposition 10.6 in the paper. If we apply Theorem 1.4 to the linking

system L and to the orbit category OpFcq, we obtain two spectral sequences. These spectral
sequences use the cohomology of the category sdpFcq which is the category of F-conjugacy
classes of chains in Fc (see Definition 10.8).
Theorem 1.6. Let pS,F ,Lq be a p-local finite group. For every RL-module M , there is a
spectral sequence

Ep.q2 “ HppsdpFcq;Aq
Lq ñ Hp`qpL;Mq

where Aq
L is the RsdpFcq-module such that Aq

Lprσsq “ HqpAutLpσq; Resπ0MpP0qq for every
rσs “ rP0 ă ¨ ¨ ¨ ă Pns in sdpFcq.

This spectral sequence can also be constructed as the Bousfield-Kan spectral sequence for
the normalizer decomposition for |L| introduced by Libman [28]. Finally we apply Theorem
1.4 to the fusion orbit category OpFcq and obtain a spectral sequence of the following form:
Theorem 1.7. Let pS,F ,Lq be a p-local finite group. Then for every right ROpFcq-module
M , there is a spectral sequence

Ep.q2 “ HppsdpFcq;Aq
Oq ñ Hp`qpOpFcq;Mq

where Aq
O is the left RsdpFcq-module such that Aq

Oprσsq “ HqpAutspOpFcqqpσq; Resπ0MpP0qq.
This spectral sequence has some formal similarity to the spectral sequence constructed in

[46, Thm 1.7] for studying the sharpness problem. However, the E2-terms of the spectral
sequence obtained here is in general different than the one constructed in [46, Thm 1.7].

Notation: Throughout the paper, when we say H is a collection, we always assume that H
is closed under conjugation. R always denotes an associative commutative ring with unity.
We say R is a p-local ring if all the primes other than p are invertible in R. When we sayM is
an RC-module without further specifications, we always mean that M is a right RC-module.
We denote the cohomology of the category C with coefficients in a left RC-module M and in
a right RC-module M both by H˚pC;Mq. This is the notation used by Lück in [31] and we
follow this convention throughout the paper.
Acknowledgements: We thank the anonymous referee for the careful reading of the

paper and for many corrections and valuable suggestions. In particular, some of the references
in the current version were provided by the referee. We also thank the editor for the smooth
handling of the paper.

2. Modules over small categories

In this preliminary section we introduce necessary definitions for doing homological algebra
over small categories. In the second part of the section we introduce the induction and
coinduction functors associated to a functor F : C Ñ D. For more details on this material,
we refer the reader to [31], [37], [38], [24], [42], and [17].
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2.1. RC-modules. Let C be a small category. We denote the set of objects in C by ObpCq,
and the set of morphisms from x to y by MorCpx, yq or simply by Cpx, yq. For each x P ObpCq,
the group of automorphisms of x in C is denoted by AutCpxq. If we reverse all the arrows in
C, the category we obtain is called the opposite category of C, denoted by Cop.

Definition 2.1. Let R be a commutative ring with unity. A contravariant functor M :
Cop Ñ R-Mod is called a right RC-module. A covariant functor M : C Ñ R-Mod is called
a left RC-module. When we say M is an RC-module, it will always mean that it is a right
RC-module, unless otherwise stated explicitly.

Let M be an RC-module. For each object x P ObpCq, the R-module Mpxq can be consid-
ered as a right RAutCpxq-module where the action of a P Autpxq is given by the R-module
homomorphism Mpaq : Mpxq Ñ Mpxq. An RC-module homomorphism f : M Ñ N is a
natural transformation of functors. The category of RC-modules is an abelian category and
the usual notions of kernel, cokernel, and exact sequence exist and they are defined object-
wise (see [41, §1.6]). For example, a short exact sequence of RC-modules M1 Ñ M2 Ñ M3

is exact if for every x P ObpCq, the sequence

M1pxq ÑM2pxq ÑM3pxq

is exact. The kernel ker f of a homomorphism f : M Ñ N is the RC-module such that
for every x P ObpCq, we have pker fqpxq “ kertfpxq : Mpxq Ñ Npxqu. In the category
of RC-modules, there are enough projectives. Projective modules are constructed using
representable functors as follows:

Definition 2.2. For each x P ObpCq, let RCp?, xq denote the RC-module that sends every
y P ObpCq to the free R-module RCpy, xq. For each morphism ϕ : y Ñ z, the induced map
RCpz, xq Ñ RCpy, xq is defined by precomposition with ϕ.

Using the Yoneda lemma, one can prove the following:

Lemma 2.3. For every x P ObpCq and every RC-module M , there is an isomorphism of
R-modules

HomRCpRCp?, xq,Mq –Mpxq.

Consequently, for every x P ObpCq, the RC-module RCp?, xq is a projective module.

Proof. See [42, Prop 4.4]. �

Using Lemma 2.3, one can also show that for each RC-module M , there is a projective
RC-module P and surjective map P Ñ M (see [31, §9.16, §9.19]). This shows that the
category of RC-modules has enough projectives. There are also enough injectives in the
category of RC-modules (see [41, p. 43]).

2.2. Restriction and induction functors.

Definition 2.4. Given a functor F : C Ñ D between two small categories, the restriction
functor

ResF : RD-ModÑ RC-Mod
is defined by precomposing with F , i.e. for an RD-module M , ResFM :“M ˝ F op.
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In the other direction there is an induction functor IndF : RC-Mod Ñ RD-Mod which is
defined to be the functor that is left adjoint to the restriction functor ResF p´q. To show
the existence of the left adjoint, one defines the induction functor either by using left Kan
extensions or by using tensor products. We explain both approaches.

Definition 2.5. For every RC-module M , we define IndF pMq to be the left Kan extension
LKF oppMq of the functor M : Cop Ñ R-Mod via the functor F op : Cop Ñ Dop.

For this definition to make sense, one needs to show that the left Kan extension LKF oppMq
exists for every RC-module M . For this we need to recall the explicit description of Kan
extensions using colimits over comma categories.

Definition 2.6. Let F : C Ñ D be a functor between two small categories. For every
d P ObpDq, the comma category dzF is the category whose objects are the pairs pc, fq where
c P ObpCq and f P MorDpd, F pcqq, and whose morphisms pc, fq Ñ pc1, f 1q are given by the
morphisms ϕ : cÑ c1 in C such that f “ f 1 ˝ F pϕq. The comma category F {d is defined in
a similar way with objects pc, fq where c P ObpCq and f P MorDpF pcq, dq.

If F : C Ñ D and M : C Ñ E are functors where E is a cocomplete category (i.e., where
the colimits exists), then the left Kan extension LKF pMq exists and for every d P ObpDq,

LKF pMqpdq – colim
pc,fqPF {d

pM ˝ πCq

where πC : F {d Ñ C is the functor that sends pc, fq P ObpF {dq to c P ObpCq (see [37, Thm
4.1.4], [24, Thm 2.3.3]). Since the category of R-modules is cocomplete (see [38, Prop 8.4.3]),
the left Kan extension LKF oppMq exists for any RC-module M . Explicit description of left
Kan extensions gives the following formula for induction functor.

Lemma 2.7. Let F : C Ñ D be a functor and M be a RC-module. Then for every d P D,

pIndFMqpdq – colim
pc,fqPF op{d

pM ˝ πCq – colim
pc,fqPpdzF qop

pM ˝ πCq

where in the last expression πC is the functor pdzF qop Ñ Cop that sends the object pc, fq in
dzF to c P ObpCq.

Since by definition the left Kan extension is the left adjoint of the restriction functor (see
[24, Def 2.3.1, Thm 2.3.3]), we have the following:

Proposition 2.8. Let F : C Ñ D be a functor. For every RC-module M and RD-module
N , there is a natural isomorphism

HomRDpIndFM,Nq – HomRCpM,ResFNq.

As a consequence of the adjointness of the induction and restriction functors, we have:

Corollary 2.9. For every functor F : C Ñ D, the induction functor IndF : RC-Mod Ñ
RD-Mod takes projectives to projectives.

Proof. Since the restriction functor ResF p´q preserves exact sequences, its left adjoint, the
induction functor IndF p´q, takes projectives to projectives. �

Since taking colimits is not an exact functor, the induction functor IndF p´q is not exact
in general. In Section 5.3, we calculate its left derived functors in terms of homology groups
of the comma category dzF .
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2.3. Tensor products over RC. We recall the definition of the tensor product of two
modules over RC.

Definition 2.10 ([31, §9.12]). Let M be a right RC-module and N be a left RC-module.
The tensor product of M and N over RC is the R-module

M bRC N :“
´

à

xPObpCq
Mpxq bNpxq

¯

{J

where J is the ideal generated by the elements of the form

Mpϕqpmq b n´mbNpϕqpnq

over all ϕ P Cpx, yq, m PMpyq, and n P Npxq.

The induction functor IndF p´q associated to a functor F : C Ñ D is defined using the
tensor product as follows:

Definition 2.11. For a functor F : C Ñ D, let RDp??, F p?qq denote the functor Dop ˆ C Ñ
R-Mod that sends pd, cq P ObpDq ˆ ObpCq to the R-module RDpd, F pcqq. We can consider
RDp??, F p?qq as an RC-RD-bimodule where the left RC-module structure and the right
RD-module structure are defined by restricting RDp??, F p?qq to the corresponding module
categories. For every RC-module M , the RD-module IndFM is defined by

IndFM :“M bRC RDp??, F p?qq.

The definition of tensor product in Definition 2.10 gives the following explicit description
for pIndFMqpdq for every d P ObpDq:

pIndFMqpdq “
´

à

cPObpCq
Mpcq bR RDpd, F pcqq

¯

{J

where J is the ideal generated by the elements of the form Mpϕqpmq b f ´mb pF pϕq ˝ fq
over all ϕ P Cpc, c1q, m PMpc1q, and f P Dpd, F pcqq.

Example 2.12. Let G be a group and H be a subgroup of G. If F : HÑ G is the functor
between two group categories induced the inclusion map, then the induction functor IndF p´q
coincides with the usual induction IndGHp´q defined by IndGHM “M bRH RG.

The induction functor IndF p´q defined using tensor products is left adjoint to the restric-
tion functor (see [31, §9.22]). By the uniqueness of the left adjoints up to unique isomorphism
(see [38, Cor 16.4.4]), we can conclude that the two definitions of induction using Kan ex-
tensions and using tensor products coincide. One can see this also by observing that the
formula for IndpMqpdq in both definitions give the same module.

We end this section with a well-known lemma on tensor product of modules over categories.
We will use this lemma in our proofs in the paper.

Lemma 2.13. Let M be a left RC-module and N be a right RC-module. Then for every
z P ObpCq, there are natural isomorphism of R-modules:

(i) RCp?, zq bRC M –Mpzq.
(ii) N bRC RCpz, ?q – Npzq.
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Proof. We prove the first one, the argument for the second one is similar. By the definition
of tensor product over RC, for every z P ObpCq, we have

RCp?, zq bRC M “

´

à

xPObpCq
RCpx, zq bRMpxq

¯

{J

where J is the ideal generated by f bMpϕqpmq´pf ˝ϕqbm over all ϕ P Cpx, yq, m PMpxq,
and f P Cpy, zq. Note that in the quotient module, an element rτ bms, with τ P Cpx, zq and
m P Mpxq, is equal to ridz bMpτqpmqs, and two elements ridz b ms and ridz b m1s with
m,m1 PMpzq being equal only if m “ m1. Hence, RCp?, zq bRC M –Mpzq. The naturality
is clear from this argument. �

A proof of Lemma 2.13 can also be given using category algebras since RCp?, zq “ 1z ¨RC
and RCpz, ?q “ RC ¨ 1z (see [42] for details).

2.4. Coinduction functor. Let F : C Ñ D be a functor between two small categories.
Associated to F , there is a coinduction functor

CoindF : RC-ModÑ RD-Mod

defined as the functor which is right adjoint to the restriction functor. As in the case of the
induction functor, the coinduction functor can be defined by using the limit description of
Kan extensions. There is also a definition of it using hom-functor and bimodules.

Definition 2.14 ([31, §9.15]). Let RDpF p?q, ??q denote the functor

Cop ˆD Ñ R-Mod

that sends a pair pc, dq P ObpCq ˆObpDq to the R-module RDpF pcq, dq. Note that for each
d P ObpDq, RDpF p?q, dq is a right RC-module, and for each c P ObpCq, RDpF pcq, ??q is a
left RD-module. Because of this two sided module structure, we say RDpF p?q, ??q is an
RD-RC-bimodule.

The coinduction functor is defined as follows:

Definition 2.15. Let F : C Ñ D be a functor between two small categories. For an RC-
module M , CoindFM is defined to be the RD-module such that

pCoindFMqp??q “ HomRCpRDpF p?q, ??q,Mq.

We have the following adjointness property:

Proposition 2.16 ([31, §9.22]). For every RD-module N and every RC-module M , there is
a natural isomorphism

HomRDpN,CoindFMq – HomRCpResFN,Mq.

Moreover, the coinduction functor CoindF : RC-Mod Ñ RD-Mod takes injectives to injec-
tives.

Proof. The first sentence follows from the adjointness of the tensor product and the Hom
functor (see [37, Thm 15.1.3]), The second sentence follows from the adjointness property
and from the fact that the restriction functor is exact. �
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As in the case of the induction functor, the coinduction functor can be defined using Kan
extensions. The right Kan extension RKF pMq of the functor M : C Ñ E along a functor
F : C Ñ D is defined to be the right adjoint of the restriction functor ResF p´q. The right
Kan extension RKF pMq exists if the category E is complete (if limits in E exist) and we
have

RKF pMqpdq – lim
pc,fqPdzF

pM ˝ πCq

where πC : dzF Ñ C is the functor that sends pc, f : d Ñ F pcqq to c in ObpCq (see [24, Def
2.3.1, Thm 2.3.3]).

Since the category of R-modules is complete, the right Kan extension RKF oppMq exists
for every functor F : C Ñ D and RC-module M . By the uniqueness of right adjoints, these
two definitions coincide. We have the following formula for the coinduction functor.

Lemma 2.17. Let F : C Ñ D be a functor and M be an RD-module. Then, for every
d P ObpDq,

pCoindFMqpdq – lim
pc,fqPdzF op

pM ˝ πCq – lim
pc,fqPpF {dqop

pM ˝ πCq

where πC : pF {dqop Ñ Cop in the last expression is the functor that sends pc, fq P ObpF {dq to
c P ObpCq.

3. Cohomology of small categories

In this section we introduce the basic definitions for cohomology of small categories. The
definition of cohomology of a small category with coefficients in a natural system was in-
troduced by Baues and Wirsching in [3]. The definition of cohomology of small categories
with coefficients in right and left RC-modules was introduced earlier (see, for example, [36]).
More details on this material can be found in [3], [37, Chp 16], [42], and [19].

3.1. Ext-groups and cohomology of a small category. Let N be an RC-module. The
assignment M Ñ HomRCpN,Mq defines a covariant functor HomRCpN,´q from the abelian
category of RC-modules to R-modules. This functor is left exact. For each n ě 0, we denote
its n-th right derived functor by RnHomRCpN,´q.

Definition 3.1. Let M,N be RC-modules. For every n ě 0, the ext-group of N and M is
defined by

ExtnRCpN,Mq :“ rRnHomRCpN,´qspMq.

By the balancing theorem [41, Thm 2.7.6], the ext-group ExtnRCpN,Mq can also be cal-
culated as the n-th cohomology of the cochain complex HomRCpP˚,Mq where P˚ is an
RC-projective resolution of N .

Definition 3.2. Let C be a small category. The constant functor R over C is the RC-
module that sends every object x P ObpCq to R, and every morphism to the identity map
idR : R Ñ R. For every RC-module M , for n ě 0, the n-th cohomology group of C with
coefficients in M is defined by

HnpC;Mq :“ ExtnRCpR,Mq.
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The cohomology group HnpC;Mq can also be viewed as the n-th derived functor of the
limit functor over C. The category of RC-modules is complete and the limit of an RC-module
M over C is defined as follows:

lim
C
M :“ tpmxq P

ź

xPC
Mpxq |Mpαqpmyq “ mx for every α : xÑ y in Cu.

The limit functor limCp´q is a left exact functor and the n-th right derived functor of limCp´q
is called the n-th higher limit of M , and it is denoted by limn

C M . From the definitions it
follows that:

Proposition 3.3. For every RC-module M , there is an isomorphism

HomRCpR,Mq – lim
C
M.

Hence for every n ě 0, there is an isomorphism lim n

C
M – HnpC;Mq.

If C is equal to the group category G for a group G, then an RG-module M is a module
over the group ring RG, and the cohomology of C with coefficients in M coincides with the
cohomology of the group G with coefficients in the RG-module M (see [7] for the definition
of cohomology of a group).

3.2. Homology of a small category. Homology of a category is defined using tor-groups
TorRC

˚ pM,Nq. The tor-groups over a category is called the functor homology and it is a well
studied area. We refer the reader to [37, Chp 15], [40], [10], [19] for more details on this
material.

Definition 3.4. Let M be a left RC-module. The functor ´bRCM : N Ñ N bRCM which
sends a right RC-module N to the R-module NbRCM is right exact. For a right RC-module
N and for every n ě 0, the n-th tor-group is defined by

TorRC
n pN,Mq :“ Lnp´ bRC MqpNq

where Lnp´ bRC Mq is the n-th left derived functor of the functor ´bRC M .

By the definition of left derived functors, tor-groups can be calculated as follows: Let N
be a right RC-module and P˚ Ñ N be a right RC-projective resolution of N . Then for every
left RC-module M , the tor-group TorRC

n pN,Mq is the n-th homology group of the chain
complex P˚ bRC M . Tor-groups can also be computed using a double complex.

Theorem 3.5 (Weibel, [41, Thm 2.7.2]). Let N be a right RC-module and M be a left
RC-module. Then

TorRC
n pN,Mq :“ LnpN bRC ´qpMq – Lnp´ bRC MqpNq – HnpTotpP˚ bRC Q˚qq

where P˚ Ñ N is a right RC-projective resolution of N and Q˚ ÑM is a left RC-projective
resolution of M .

The homology groups of the category C are defined as follows:

Definition 3.6. Let C be a small category. The n-th homology group of C with coefficient in
a right RC-module N is defined by HnpC, Nq :“ TorRC

n pN,Rq. For a left RC-module M , the
n-th homology group of C with coefficients in M is defined by HnpC,Mq :“ TorRC

n pR,Mq.
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3.3. Classifying space of a category. For a small category C, the nerve NC is the sim-
plicial set whose n-simplices are given by an n-fold sequence of composable morphisms

σ :“ px0
α1
ÝÑx1

α2
ÝÑx2

α3
ÝÑ ¨ ¨ ¨

αn
ÝÑxnq

and the face maps di : pNCqn Ñ pNCqn´1 are defined by deleting the i-th object in the chain
and the degeneracy maps si : pNCqn Ñ pNCqn`1 are defined by adding the identity map
idxi : xi Ñ xi to the chain (see [1, Section III.2.2] for details).

The classifying space BC of C is defined to be the geometric realization of the nerve
NC. The topological space BC is a CW-complex, and for any abelian group A, we denote
its cellular (and singular) cohomology by H˚pBC;Aq. The cohomology group H˚pBC;Aq
is isomorphic to the cohomology of C with coefficients in the constant functor A (see [37,
16.2.3]).

If F : C Ñ D is a functor, then it defines a simplicial map between corresponding nerves
and it gives a continuous map BF : BC Ñ BD between the classifying spaces. We have the
following:

Proposition 3.7. Let F, F 1 : C Ñ D be two functors. If there is a natural transformation
µ : F Ñ F 1, then the induced maps BF,BF 1 : BC Ñ BD are homotopic.

Proof. See [1, Prop III.2.1]. �

As a consequence, we obtain that if C and D are equivalent categories then BC and BD
are homotopy equivalent, hence H˚pBC;Aq – H˚pBD;Aq for every abelian group A. In
particular, if the category C has an initial object, then BC is contractible and H˚pBC;Aq –
H˚ppt;Aq.

4. Functoriality and Shapiro’s lemma

4.1. Functoriality of the cohomology of a category. A special case of the cohomology
of a small category is the cohomology of a group. In that case, for every group homomorphism
f : GÑ H, there is an induced homomorphism f˚ : H˚pH;Mq Ñ H˚pG; ResfMq. For the
cohomology of small categories, there is a similar induced homomorphism.

Proposition 4.1. Let F : C Ñ D be a functor between two small categories. Then for every
RD-module M , the functor F induces a graded R-module homomorphism

F ˚ : H˚pD;Mq Ñ H˚pC; ResFMq.

Proof. This is well-known, but for completeness we add a proof here. Let RC and RD denote
the constant functors for the categories C and D, respectively. There is an isomorphism
j : RC Ñ ResFRD such that for each x P ObpCq, jpxq : RCpxq Ñ RDpF pxqq is the identity
map idR : RÑ R. Let µ : IndFRC Ñ RD the RD-module homomorphism associated to the
map j under the isomorphism in Proposition 2.8.

Let P˚ be an RC-projective resolution of RC , and Q˚ be an RD-projective resolution
of RD. Consider the chain complex IndFP˚ Ñ IndFRC obtained by applying the functor
IndF p´q to the complex P˚ Ñ R. By Corollary 2.9, IndFP˚ is a chain complex of projective
RD-modules. Hence there is a chain map µ˚ : IndFP˚ Ñ Q˚ covering the homomorphism
µ : IndFRC Ñ RD. For every RD-module M , this induces a homomorphism

H˚pD;Mq – H˚pHomRDpQ˚,Mqq
µ˚
ÝÝÑ H˚pHomRDpIndFP˚,Mqq.
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By Definition 3.2 and Proposition 2.8, we have

H˚pHomRDpIndFP˚,Mqq – H˚pHomRCpP˚,ResFMqq – H˚pC; ResFMq.

Combining these, we obtain the homomorphism F ˚ : H˚pD;Mq Ñ H˚pC; ResFMq. �

More generally, in [43] a notion of biset functor for categories is defined and it is shown
that for a field R, H˚pC;Rq is a biset functor on Ball,1

R (see [43, Thm 6.7]).

4.2. Functoriality of the homology of a category. For a functor F : C Ñ D, the
induction functor for a left RC-module is defined in a similar way to the definition of the
induction functor for a right RC-module. Let RDpF p?q, ??q denote the RD-RC-bimodule
defined in Definition 2.14. For a left RC-module M , we have

IndFM :“ RDpF p?q, ??q bRC M.

We have the following well-known fact for the induction functor.

Lemma 4.2. Let F : C Ñ D be a functor. Then for every right RD-module N and RC-
module M , there is an isomorphism of R-modules

N bRD pIndFMq – pResFNq bRC M.

Proof. This follows easily from definitions and from Lemma 2.13. �

We now show that homology of a category is functorial.

Proposition 4.3 ([40, Cor 3.11]). Let F : C Ñ D be a functor. For every RD-module N ,
there is a graded R-module homomorphism

F˚ : H˚pC; ResFNq Ñ H˚pD;Nq.

Proof. Let µ : IndFRC Ñ RD denote the RD-module homomorphism between corresponding
constant functors (as left modules). Let P˚ be a left RC-projective resolution of RC , and Q˚
be a left RD-projective resolution of RD. There is a chain map µ˚ : IndFP˚ Ñ Q˚ covering
µ. By Definition 3.6 and Lemma 4.2 , we have

H˚pC; ResFNq – H˚pResFN bRC P˚q – H˚pN bRD IndFP˚q.

The chain map µ˚ induces a graded R-module homomorphism

H˚pN bRD IndFP˚q
µ˚
ÝÝÑ H˚pN bRD Q˚q – H˚pD;Nq.

Combining these, we obtain the homomorphism F˚ : H˚pC; ResFNq Ñ H˚pD;Nq. �

4.3. Shapiro’s isomorphism. Let H be a subgroup of a group G, and F : HÑ G be the
functor defined by the inclusion map H Ñ G. Then we have IndFM – M bRH RG. In
this case IndGHp´q is an exact functor since RG is free as an RH-module. There are other
examples of functors F : C Ñ D where the associated induction functor IndF p´q is exact. An
interesting example of a such functor is the inclusion functor between two orbit categories
OHpHq Ñ OHpGq where H is a subgroup of G (see [17, Lem 2.9]). A similar exactness
result is proved in [46, Prop 4.5] for functors FHpHq Ñ FHpGq between two fusion orbit
categories.

When the induction functor is exact, then there is an isomorphism of ext-groups, called
Shapiro’s isomorphism:



14 ERGÜN YALÇIN

Proposition 4.4. Let F : C Ñ D be a functor between two small categories. Assume that
the induction functor IndF : RC-Mod Ñ RD-Mod is exact. Then for every RC-module N
and RD-module M , there is an isomorphism

Ext˚RDpIndFN,Mq – Ext˚RCpN,ResFMq.

Proof. This follows easily from the adjointness of induction and restriction functors. �

One special case where the induction functor IndF p´q is exact is the case where F has a
right adjoint. We explain this case in detail in Section 6.2.

There is also a version of Shapiro’s lemma for coinduction functor:

Proposition 4.5. Let F : C Ñ D be a functor between two small categories. Assume that the
coinduction functor CoindF p´q is exact. Then for every RD-module N and every RC-module
M , there is a natural isomorphism

Ext˚RDpN,CoindFMq – Ext˚RCpResFN,Mq.

Proof. This follows from the adjointness of coinduction and restriction functors. �

If we take N “ R in Proposition 4.5, we obtain Shapiro’s isomorphism for the cohomology
of categories.

Corollary 4.6 ([21, Lem 3.1], [27, Lem 3.5]). Let F : C Ñ D be a functor between two small
categories. Assume that the coinduction functor CoindF : RC-Mod Ñ RD-Mod is exact.
Then for every RC-module M , there is an isomorphism

H˚pD; CoindFMq – H˚pC;Mq.

5. Gabriel-Zisman Spectral Sequence

In this section, we first review the construction of the Gabriel-Zisman spectral sequence for
cohomology of categories (see [12, Appendix II, Thm 3.6]). Then we construct a version of
the Gabriel-Zisman spectral sequence involving the derived functors of the induction functor.

5.1. Derived functors of the coinduction functor. Let F : C Ñ D be a functor and
M be an RC-module. For each d P ObpDq, let F {d denote the comma category and πC :
pF {dqop Ñ Cop is the functor that sends pc, fq P F {d to c P ObpCq. For each n ě 0, let
HnpF {d;M ˝ πCq denote the n-th cohomology of the comma category F {d with coefficients
in the (right) RpF {dq-module M ˝ πC . By Proposition 4.1, for every morphism ϕ : dÑ d1 in
D, there is an induced R-module homomorphism

pF {ϕq˚ : HnpF {d1;M ˝ πd
1

C q Ñ HnpF {d;M ˝ πdCq.

Lemma 5.1. The assignment d Ñ HnpF {d;M ˝ πCq, together with the induced homomor-
phisms pF {ϕq˚ for every ϕ : d Ñ d1 defines an RD-module. We denote this RD-module by
HnpF {´;M ˝ πCq.

Proof. This is clear from the definitions. �

We have the following:
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Proposition 5.2. Let F : C Ñ D be a functor and M be an RC-module. Then the coin-
duction functor CoindF p´q is left exact and its n-th right derived functor calculated at M ,
pRnCoindF qpMq, is isomorphic to the RD-module HnpF {´;M ˝ πCq.

Proof. By Lemma 2.17, for every d P ObpDq,
pCoindFMqpdq – lim

pc,fqPpF {dqop
pM ˝ πCq.

This gives that

pRnCoindF qpMqpdq – lim n

pF {dqop
pM ˝ πCq – HnpF {d;M ˝ πCq

for every d P ObpDq. Since these isomorphisms are natural, this gives the desired result. �

5.2. Gabriel-Zisman spectral sequence. We first recall the Grothendieck spectral se-
quence defined for a composition of functors.

Theorem 5.3 ([41, Thm 5.8.3]). Let A, B, and C be abelian categories such that both A and
B have enough injectives. Suppose that G : A Ñ B and F : B Ñ C are left exact functors
such that G sends injective objects of A to F -acyclic objects of B (B P ObpBq is F -acyclic
if RiF pBq “ 0 for i ‰ 0). Then for every A P A, there exists a convergent first quadrant
cohomology spectral sequence:

Ep,q2 “ pRpF q
`

pRqGqpAq
˘

ñ Rp`qpF ˝GqpAq.

Applying the Grothendieck Spectral sequence to the composition of the coinduction func-
tor and the hom-functor, we obtain a spectral sequence which is an ext-group version of
Gabriel-Zisman spectral sequence [12, Appendix II, Thm 3.6].

Theorem 5.4. Let F : C Ñ D be a functor between two small categories. Let N be an
RD-module and M be an RC-module. Then there is a first quadrant cohomology spectral
sequence

Ep,q2 “ ExtpRD
`

N,HqpF {´;M ˝ πCq
˘

ñ Extp`qRC pResFN,Mq.

Proof. Let N be a fixed RD-module. Consider the functors

Coindp´q : RC-ModÑ RD-Mod

defined by M Ñ CoindFM , and

HomRDpN,´q : RD-ModÑ R-Mod

defined by L Ñ HomRDpN,Lq. By Proposition 2.16, the composition of these functors
is isomorphic to the functor HomRCpResFN,´q. It is clear that both CoindF p´q and
HomRDpN,´q are left exact functors. By Proposition 2.16, CoindF p´q takes injective RC-
modules to injective RD-modules. Hence we can apply Theorem 5.3 to obtain a spectral
sequence

Ep,q2 “ ExtpRD
`

N,RqpCoindF p´qqpMq
˘

ñ Extp`qRC pResFN,Mq.

By Proposition 5.2, the n-th right derived functors of CoindF p´q are isomorphic to the
cohomology groups HnpF {´;M ˝ πCq. This completes the proof. �

TakingM “ R, we obtain the following spectral sequence for the cohomology of categories.
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Corollary 5.5. For every RC-module M , there is a spectral sequence

Ep,q2 “ HppD;HqpF {´;M ˝ πCqq ñ Hp`qpC;Mq.

This spectral sequence is usually called the cohomology version of the Gabriel-Zisman
spectral sequence. The homology version is stated in [12, Appendix II, Thm 3.6]. See also
[13] for the Baues-Wirsching cohomology version of the Gabriel-Zisman spectral sequence.

5.3. Derived functors of the induction functor. The homology groups of a small cat-
egory C can be interpreted as the derived functors of the colimit functor over C. To explain
this, we first recall the definition of the colimit over a category.

Definition 5.6. Let M an RC-module. The colimit of M is the R-module

colim
C

M “

´

à

xPC
Mpxq

¯

{J

where J “ xMpϕqpmxq ´mx |mx PMpxq, ϕ P Cpy, xqy.

It is easy to see that for every RC-module M , we have colimCM – M bRC R. This
shows that the colimit functor colimC : RC-ModÑ RD-Mod is right exact. The left derived
functors of the colimit functor are called the higher colimits over the category C, denoted by
colimC

np´q for n ě 0. The following is an easy consequence of the definitions above.

Lemma 5.7. For a left RC-moduleM , and for every n ě 0, we have HnpC;Mq – colimC
npMq.

Let F : C Ñ D be a functor and N be an RC-module. By Lemma 2.7, for every d P ObpDq,

pIndFNqpdq – colim
pc,fqPpdzF qop

pN ˝ πCq. (5.1)

Since taking colimits is a right exact functor, this isomorphism gives that the induction
functor IndF p´q is right exact, and the left derived functors of IndF p´q are the higher
colimits over the category pdzF qop. We conclude the following:

Lemma 5.8. Let F : C Ñ D be a functor. For every RC-module N , and every d P ObpDq,
there is an isomorphism

LnpIndF qpNqpdq – HnpdzF ;N ˝ πCq

where N ˝ πC is the right RpdzF q-module defined by the composition N ˝ πC : pdzF qop Ñ
Cop Ñ R-Mod.

Proof. This follows from the isomorphism in (5.1) and from Lemma 5.7. �

Every morphism ϕ : d Ñ d1 in D defines a functor ϕzF : d1zF Ñ dzF . By Proposition
4.3, this functor induces a graded R-module homomorphism

pϕzF q˚ : H˚pd
1zF ;N ˝ πd

1

C q Ñ H˚pdzF ;N ˝ πdCq.

Together with these induced homomorphisms, the assignment dÑ HnpdzF ;N ˝πCq defines a
right RD-module. We denote this RD-module with Hnp´zF ;N ˝πCq. Since the isomorphism
in 5.1 is natural in d, the isomorphism in Lemma 5.8 is natural in d. Hence we can conclude
the following:
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Proposition 5.9. Let F : C Ñ D be a functor and N be an RC-module. Then for each
n ě 0, there is an isomorphism of RD-modules

LnpIndF p´qqpNq – Hnp´zF ;N ˝ πCq

where Hnp´zF ;N ˝ πCq denotes RD-module defined above.

5.4. A version of the Gabriel-Zisman spectral sequence. As a consequence of the
results in this section, we obtain the following spectral sequence:

Theorem 5.10. Let F : C Ñ D be a functor, and let N be a right RC-module and M be a
right RD-module. Then there is a spectral sequence

Ep,q2 “ ExtpRDpHqp´zF ;N ˝ πCq,Mq ñ Extp`qRC pN,ResFMq

where πC : dzF Ñ C is the functor that sends pc, fq P ObpdzF q to c P ObpCq.

Proof. By Proposition 2.8, the functor HomRCp´; ResFMq is isomorphic to the composition
of functors

pIndF p´qq
op : pRC-Modqop Ñ pRD-Modqop

and
HomRDp´;Mq : pRD-Modqop Ñ R-Mod.

Both of these functors are left exact and the functor pIndF p´qq
op takes injectives to injec-

tives, because IndF p´q takes projectives to projectives. Applying Theorem 5.3, we obtain a
spectral sequence

Ep,q2 “ ExtpRDpR
qppIndF p´qq

opqpNq,Mq ñ Extp`qRC pN,ResFMq.

By Proposition 5.9, for every RC-module N ,

RqppIndF p´qq
opqpNq – LqpIndF p´qqpNq – Hqp´zF ;N ˝ πCq,

hence the proof is complete. �

6. Isomorphism theorems for the cohomology of categories

In this section we review some of the isomorphism theorems for the cohomology of small
categories that we will be using in the rest of the paper.

6.1. The Jackowski-Słomińska theorem. One of the important isomorphism theorems
for cohomology of small categories is the Jackowski-Słomińska cofinality theorem. We give
a proof for this theorem as a consequence of the spectral sequence in Theorem 5.10.

Definition 6.1. Let R be a commutative ring with unity. A small category C is called
R-acyclic if H˚pBC;Rq – H˚ppt;Rq. A functor F : C Ñ D between two small categories is
right cofinal over R if for every d P ObpDq, the comma category dzF is R-acyclic.

Theorem 6.2 (Jackowski-Słomińska [23]). Let F : C Ñ D be a functor between two small
categories. If F is right cofinal over R, then for every RD-module M , the homomorphism

F ˚ : H˚pD;Mq
–
ÝÑ H˚pC; ResFMq

induced by the functor F , is an isomorphism.
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Proof. If F : C Ñ D is right cofinal over R, then for q ě 0,

Hqp´zF ;R ˝ πCq – HqpBp´zF q;Rq –

#

R if q “ 0

0 if q ą 0.

If we take N “ R in the spectral sequence in Theorem 5.10, then for every RD-module
M , this spectral sequence collapses at the E2-page to the horizontal line at q “ 0. This
gives that the edge homomorphism E˚,02 Ñ H˚pC; ResFMq is an isomorphism. We have
E˚,02 – Ext˚RDpR,Mq – H˚pD;Mq. It is is easy to show that the edge homomorphism for
this spectral sequence coincides with the map F ˚ under this identification. �

6.2. Isomorphisms induced by adjoint pairs.

Definition 6.3 ([38, Def 16.4.1]). Let F : C Ñ D and G : D Ñ C be functors. The pair
pF,Gq is called a pair of adjoint functors if there is an isomorphism

DpF p?q, ??q
–
ÝÑ Cp?, Gp??qq

of bifunctors Cop ˆD Ñ Ens where Ens is the category of sets in a fixed universe.

In the above definition, the RD-RC-bimodule RDpF p?q, ??q is the functor Cop ˆ D Ñ

R-Mod that sends pc, dq P ObpCq ˆ ObpDq to the R-module RDpF pcq, dq, and the RD-RC-
bimodule RCp?, Gp??qq is the functor Cop ˆD Ñ R-Mod that sends pc, dq P ObpCq ˆObpDq
to the R-module RCpc,Gpdqq. The following is well-known (see [24, Exercise 2.10]).

Proposition 6.4. Let pF,Gq be a pair of adjoint functors where F : C Ñ D and G : D Ñ C.
Then the following holds:

(1) IndGp´q – ResF p´q. As a consequence, IndGp´q is an exact functor.
(2) CoindF p´q – ResGp´q. As a consequence, CoindF p´q is an exact functor.

Proof. Let pF,Gq be an adjoint pair and N be an RD-module N . Then by Lemma 2.13 we
have

IndGpNq “ N bRD RCp?, Gp??qq – N bRD RDpF p?q, ??q – ResF pNq.

For the second statement, observe that for an RC-module M , we have

CoindF pMq – HomRCpRDpF p?q, ??q,Mq – HomRCpRCp?, Gp??qq,Mq

–MpGp??qq – ResGpMq.

�

Combining Proposition 6.4 with Shapiro’s lemma in Corollary 4.6, we obtain the following
change of categories theorem.

Theorem 6.5 ([22, Lem 5.1]). Let pF,Gq be an adjoint pair where F : C Ñ D and G : D Ñ C.
Then for every RC-module M , the homomorphism induced by G,

G˚ : H˚pC;Mq
–
ÝÑ H˚pD; ResGMq,

is an isomorphism.
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Proof. By Proposition 6.4, the coinduction functor CoindGp´q is exact, hence by Lemma 4.6
there is an isomorphism

H˚pD; CoindFMq – H˚pC;Mq.

By Proposition 6.4, we can replace CoindFM with ResGM . By considering a double complex
it is easy to show that the induced map is the same as the homomorphism induced by G. �

Using the isomorphism in Theorem 6.5, in [20], a transfer map is defined for cohomology
of categories with coefficients in pre-Green functors.

In the case where F : C Ñ D is an embedding onto a full subcategory then the following
is also true.

Lemma 6.6. If F : C Ñ D is an embedding onto a full subcategory, then
(1) ResF ˝ CoindF “ idRC.
(2) ResF ˝ IndF “ idRC.

Proof. See [24, Thm 2.3.3]. �

6.3. Equivalence of Categories. Recall that two categories C and D are called equivalent
if there are functors F : C Ñ D and G : D Ñ C such that F ˝ G –η idD and G ˝ F –µ idC
where η and µ are natural isomorphisms.

Theorem 6.7 ([3, Thm 1.11]). Let F : C Ñ D be an equivalence of two small categories.
Then for every RD-module M , the map induced by F is an isomorphism

F ˚ : H˚pD;Mq
–
ÝÑ H˚pC; ResFMq.

Proof. In this case the functor F : C Ñ D possesses a left adjoint L (see [37, Thm 2.5.1]).
Applying Theorem 6.5 to the pair pL,F q, we conclude that F ˚ is an isomorphism. �

The category C is skeletal if any two objects in C that are isomorphic are equal. A
subcategory C1 of C is called a skeleton of C if it is skeletal and if the inclusion functor
i : C1 Ñ C is an equivalence. Every category C has a skeleton, and up to isomorphism, the
skeleton of a category is unique (see [38, Propositions 16.3.4 and 16.3.7]). We denote one of
these choices of skeletons by skpCq and call it the skeleton of the category.

Corollary 6.8. Let C be a small category, and let i : skpCq Ñ C denote the inclusion of the
skeleton of C. Then for every RC-module M , we have H˚pC;Mq – H˚pskpCq; ResiMq.

This corollary shows that when we are studying the cohomology of small categories, we
can replace the category with its skeleton and assume that it is skeletal. We will do this
throughout the paper sometimes without mentioning that we are replacing the category with
its skeleton.

6.4. First homotopy property. In this section we prove a version of the proposition
proved in [35, §18], called the first homotopy property. We start with some definitions.

Let F,G : C Ñ D be two functors between small categories and η : F ñ G be a natural
transformation from F to G. Let M be an RD-module. For every morphism ϕ : x Ñ y in
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C, there is a commuting diagram:

MpGpyqq
M˝ηy //

MpGpϕqq

��

MpF pyqq

MpF pϕqq

��
MpGpxqq

M˝ηx // MpF pxqq.

This diagram gives that the composition M ˝ η induces an RC-module homomorphism

Resη : ResGM Ñ ResFM.

There is a similar homomorphism defined on the induction functors described as follows:
The natural transformation η, defines an RC-RD-bimodule homomorphism

RDp??, F p?qq Ñ RDp??, Gp?qq

defined by composition with η. For every RC-module M , this gives an RD-module homo-
morphism

Indη : IndFM –M bRC RDp??, F p?qq ÑM bRC RDp??, Gp?qq – IndGM.

These two homomorphisms commute with adjunction homomorphisms in the following sense:

Lemma 6.9. Let F,G : C Ñ D be two functors and η : F ñ G be a natural transformation.
Then for every RC-module M and RD-module N , the following diagram commutes:

HomRDpIndGM,Nq
ΨG– //

HompIndη ,´q

��

HomRCpM,ResGNq

Homp´,Resηq

��
HomRDpIndFM,Nq

ΨF– // HomRCpM,ResFNq

Now we are ready to state the main result of this section.

Proposition 6.10. Let F,G : C Ñ D be two functors and η : F ñ G be a natural transfor-
mation. Then for every RD-module M , the following diagram commutes:

H˚pC; ResGMq

pResηq˚

��

H˚pD;Mq

G˚ 44

F˚

**
H˚pC; ResFMq

Proof. Let RC and RD denote the constant functors for C and D, respectively. For each
functor F : C Ñ D, we have an RC-module homomorphism jF : RC Ñ ResFRD and an RD-
module homomorphism µF : IndFRC Ñ RD. These homomorphisms are associated to each
other under the isomorphism in Proposition 2.8. Let η : F ñ G be a natural transformation,
then we have jF “ Resη ˝ jG and µF “ µG ˝ Indη.

Let P˚ be an RC-projective resolution of RC , andQ˚ be an RD-projective resolution of RD.
Let pµF q˚ : IndFP˚ Ñ Q˚ be a chain map covering the homomorphism µF : IndFRC Ñ RD,
and pµGq˚ : IndGP˚ Ñ Q˚ be a chain map covering the homomorphism µG : IndGRC Ñ RD.
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Since µF “ µG ˝ Indη, there is a chain homotopy between pµF q˚ and pµGq˚ ˝ Indη. For every
RD-module M , the homomorphism F ˚ is defined by the composition

H˚pD;Mq – H˚pHomRDpQ˚,Mqq
pµF q

˚

ÝÝÝÝÑ H˚pHomRDpIndFP˚,Mqq

pΨF q˚–
ÝÝÝÝÝÑ H˚pHomRCpP˚,ResFMqq – H˚pC; ResFMq.

There is a similar description for the induced map G˚ using pµGq˚ and pΨGq˚. Using the
chain homotopy pµF q˚ » pµGq˚˝Indη and the commuting diagram in Lemma 6.9, we conclude

pResηq˚ ˝G
˚ “ pResηq˚ ˝ pΨGq˚ ˝ pµGq

˚ “ pΨF q˚ ˝ pIndηq
˚ ˝ pµGq

˚

“ pΨF q˚ ˝ pµF q
˚ “ F ˚.

�

There is also a homology group version of Proposition 6.10 stated using the induced
homomorphisms on homology groups introduced in Proposition 4.3. The proof is similar to
the cohomology version.

7. LHS-spectral sequences for extensions of categories

In group theory, an extension of a group G with kernel K is defined as a sequence of group
homomorphism

1 Ñ K
i
ÝÑ pG

π
ÝÑGÑ 1

such that i is injective and π is a surjective with kernel equal to ipKq Ď pG. There is an
equivalence relation on such extensions and the equivalence classes of extensions of G by
K forms a group, denoted by ExtpG,Kq. When K “ M is an abelian group, then there
is a ZG-module structure on M induced by the conjugations in pG. Given a group G and
a ZG-module M , the equivalence classes of extensions of G by M is isomorphic to the
cohomology group H2pG,Mq. There is a similar extension theory for regular extensions of
small categories.

Definition 7.1 ([18, Def 1.1], [34, Def A.5]). Let C and D be two small categories such
that ObpCq “ ObpDq. Let π : C Ñ D be a functor that is the identity map on objects and
surjective on morphism sets. For each x P ObpCq, set

Kpxq :“ kertπx,x : AutCpxq Ñ AutDpxqu.

The groups Kpxq and Kpyq act on the hom-set Cpx, yq via composition.
(1) The functor π : C Ñ D is target regular if for every x, y P ObpCq, the left Kpyq-action

on Cpx, yq is free and πx,y : Cpx, yq Ñ Dpx, yq is the orbit map of this action.
(2) The functor π : C Ñ D is source regular if for every x, y P ObpCq, the right Kpxq-

action on Cpx, yq is free and πx,y : Cpx, yq Ñ Dpx, yq is the orbit map of this action.

Note that a functor π : C Ñ D is source regular if the opposite functor πop : Cop Ñ Dop

is target regular. We will only introduce the definitions for target regular extensions and
assume that the analogous definitions for source regular extensions are also introduced.

If π : C Ñ D is a target regular functor, then the set of subgroups K :“ tKpxqu over
x P ObpCq can be considered as a (discrete) category where Kpx, yq “ Kpxq when x “ y and



22 ERGÜN YALÇIN

empty otherwise. There is a functor i : KÑ C that sends every k P Kpxq to the corresponding
automorphism in AutCpxq. A target regular extension of categories is a sequence of functors

E : K i
ÝÑ C π

ÝÑD

where π is a target regular functor. We call the discrete category K the kernel of the
extension. When Kpxq is an abelian group for every x P ObpCq, then we say E is an
extension with abelian kernel. We identify the elements kx P Kpxq with their images under
ix and write kx for the automorphism ixpkxq in AutCpxq.

Definition 7.2. Given a target regular extension E as above, there is an induced action of C
on K defined as follows: For every morphism ϕ : xÑ y in C, and for every kx P Kpxq, there
is a unique ky P Kpyq such that ky ˝ ϕ “ ϕ ˝ kx. The assignment kx Ñ ky defines a group
homomorphism Kpϕq : Kpxq Ñ Kpyq. We call this the action of C on K induced by the
extension E . The C-action on K defines a functor C Ñ Groups that sends an object x P ObpCq
to Kpxq and a morphism ϕ : xÑ y in C to the group homomorphism Kpϕq : Kpxq Ñ Kpyq.

For a target regular extension, the action of C on K induces an action of D on K modulo the
inner automorphisms of the groups Kpxq, defined as follows: For every morphism ϕ : xÑ y
in D, let rϕ be a lifting of ϕ in C, and let Kprϕq : Kpxq Ñ Kpyq be the induced action of rϕ on
K. For a different choice of lifting rϕ, say rϕ1, we have rϕ1 “ ky ˝ rϕ for some ky P Kpyq. This
gives thatKprϕ1q “ cky˝Kprϕq, hence ϕ P Dpx, yq induces a well-defined group homomorphism

Kpxq{InnpKpxqq Ñ Kpyq{InnpKpyqq.

This defines the D-action on tKpxqu modulo the inner automorphisms. If E is an extension
with an abelian kernel K “ tMpxqu, then every morphism ϕ : x Ñ y in D induces a
well-defined group homomorphism Mpϕq : Mpxq Ñ Mpyq which defines a left ZD-module
structure onM . For a source regular extension, in a similar way we obtain a right RD-module
structure on M .

Definition 7.3 ([42, p. 20]). Two target regular extensions E1 and E2 are equivalent if there
is functor F : C1 Ñ C2 such that the following diagram commutes.

C1

F

��

π1

$$
K

i1
::

i2 $$

D

C2

π2

::

In this case F is an equivalence of categories and this relation is an equivalence relation.

We have the following classification theorem for equivalence classes of regular extensions.

Theorem 7.4. Let D be a small category and M be a left ZD-module. The equivalence
classes of target regular extensions

E : M
i
ÝÑ C π

ÝÑD

with kernel M is in one-to-one correspondence with the cohomology classes in H2pD,Mq.
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In the rest of the section we prove the necessary preliminary results to introduce the LHS-
spectral sequence for target and source regular extensions. Let E : K i

ÝÑ C π
ÝÑD be a target

regular extension. Then for every x P ObpDq, there is a functor

Jx : Kpxq Ñ π{x

from the group category Kpxq to the comma category π{x. The functor Jx sends the unique
object x ofKpxq to px, idxq in Obpπ{xq, and sends a group element k P Kpxq to the morphism
k : px, idxq Ñ px, idxq in π{x defined by k : xÑ x in ipKpxqq ď AutCpxq. The functor Jx is
defined in [36, p. 9] as part of the discussion on prefibred categories.

Let M be a right RC-module. For every x P ObpDq, consider the RKpxq-module

ResJxResπCM

where πC : π{x Ñ C is the functor that sends pc, ϕ : c Ñ xq in π{x to c P ObpCq. Since the
composition πC ˝ Jx is equal to the inclusion functor ix : Kpxq Ñ C, there is an isomorphism
of RKpxq-modules ResJxResπCM – ResixM . We have the following:

Lemma 7.5. Let E : K Ñ C π
ÝÑD be a target regular extension and M be an RC-module.

Then for every x P ObpCq, the homomorphism

J˚x : H˚pπ{x; ResπCMq
–
ÝÑ H˚pKpxq; ResixMq

induced by the functor Jx : Kpxq Ñ π{x is an isomorphism.

Proof. In [44], this is proved by showing that the functor Jx is right cofinal (see [44, Lem 4.2]).
Then the result follows from the Jackowski-Słomińska cofinality theorem. Alternatively, one
can show that the functor Jx has a left adjoint, and then one can apply Theorem 6.5 to
conclude that the induced map J˚x is an isomorphism.

The left adjoint rx : π{x Ñ Kpxq of Jx is defined as follows: Since Kpxq has a unique
object x P Kpxq, rx sends every object of π{x to x. For each morphism y Ñ x in D, choose
a lifting rϕ : y Ñ x in C. Let α : py1, ϕ1 : y1 Ñ xq Ñ py2, ϕ2 : y2 Ñ xq be a morphism
in π{x defined by a morphism α : y1 Ñ y2 in C satisfying ϕ1 “ ϕ2 ˝ πpαq. Then there
is a unique kα P Kpxq such that kα ˝ rϕ1 “ rϕ2 ˝ α. We define rxpαq :“ kα. For every
β : py2, ϕ2 : y2 Ñ xq Ñ py3, ϕ3 : y3 Ñ xq, we have

rϕ3 ˝ pβ ˝ αq “ prϕ3 ˝ βq ˝ α “ pkβ ˝ rϕ2q ˝ α “ kβ ˝ prϕ2 ˝ αq “ kβkα ˝ rϕ1.

By the uniqueness of kβ˝α P Kpxq, we have kβ˝α “ kβkα. Hence rx defines a functor.
It is clear that rx ˝ Jx “ idKpxq. We need to show that there is a natural transformation

η : idπ{x ñ Jx ˝ rx. We define

ηpy,ϕ:yÑxq : py, ϕ : y Ñ xq Ñ px, idx : xÑ xq

to be the morphism defined by the morphism rϕ : y Ñ x in C. It is easy to check that this
defines a natural transformation. �

Remark 7.6. Note that for any RC-module M , the Kpxq-module ResixM can be thought
as the restriction of the RAutCpxq-module Mpxq to Kpxq via the inclusion map Kpxq Ñ
AutCpxq. When we think of ResixM in this way we write it as Mpxq|Kpxq. We sometimes
just write Mpxq for this Kpxq-module when it is clear from the context that we mean the
Kpxq-module.
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We will now show that the isomorphism in Lemma 7.5 is actually an isomorphism of right
RD-modules with suitably defined RD-module structures on both sides of the isomorphism.
On the left side of the isomorphism we will use the RD-moduleH˚pπ{´; ResπCMq introduced
in Lemma 5.1.

For the right hand side we define the RC-module structure as follows: Let ϕ : x Ñ z
be a morphism in D, and let rϕ : x Ñ y be a lifting of ϕ in C. Let Kprϕq : Kpxq Ñ Kpyq
denote the group homomorphism induced by the C-action on K. Note that the R-module
homomorphism Mprϕq gives an RKpxq-homomorphism ResKprϕqMpyq ÑMpxq.

Lemma 7.7. Let E : K i
ÝÑ C π

ÝÑD be a target regular extension and M be an RC-module.
Let ϕ : xÑ y be a morphism in D. Consider the following composition of graded R-module
homomorphisms

H˚pKpyq;Mpyqq
Kprϕq˚
ÝÝÝÝÑ H˚pKpxq; ResKprϕqMpyqq

Mprϕq˚
ÝÝÝÝÑ H˚pKpxq;Mpxqq.

where the first map is the homomorphism induced by the group homomorphism Kprϕq and
the second map is the homomorphism induced by the homomorphism Mprϕq : Mpyq ÑMpxq.
Then the composition Mprϕq˚Kprϕq˚ does not depend on the choice of the lifting rϕ for ϕ.

Proof. If rϕ1 is another lifting of ϕ : x Ñ y, then rϕ1 “ ky ˝ rϕ for some ky P Kpyq. From
the definition of Kprϕq, we see that Kprϕ1q “ cky ˝ Kprϕq where cky : Kpyq Ñ Kpyq is the
conjugation map defined by ckypuq “ kyuk

´1
y . The composition Kprϕq˚Mprϕq˚ is the map

induced by a pair pKprϕq,Mprϕqq in the sense described in [7, Sect III.8]. We have

Mprϕ1q˚Kprϕ
1q˚ “ pMprϕq ˝Mpkyqq˚pcky ˝Kprϕqq

˚ “Mprϕq˚Mpkyq˚Kprϕq
˚c˚ky

“Mprϕq˚Kprϕq
˚Mpkyq˚c

˚
ky .

(7.1)

The composition Mpkq˚c˚k defines the action of k P Kpxq on H˚pKpxq;Mpxqq. By [7, Prop
II.8.3], this action is trivial, hence the composition Mprϕq˚Kprϕq

˚ does not depend on the
choice of the lifting rϕ. �

Definition 7.8. The assignment d Ñ H˚pKpdq;Mpdqq together with the induced homo-
morphisms H˚pKpyq;Mpyqq Ñ H˚pKpxq;Mpxqq introduced in Lemma 7.7 defines a right
RD-module. We denote this right RD-module by H˚pK;Mq.

Now we are ready to prove:

Lemma 7.9. With the definitions given above, the isomorphism in Lemma 7.5 induces an
isomorphism of right RD-modules

H˚pπ{´; ResπCMq – H˚pK;Mq.

Proof. We need to show that for every morphism ϕ : x Ñ y in D, the following diagram
commutes

H˚pπ{y; ResπyC
Mq

pπ{ϕq˚ //

J˚y
��

H˚pπ{x; ResπxCMq

J˚x
��

H˚pKpyq;Mpyqq
Mprϕq˚Kprϕq˚// H˚pKpxq;Mpxqq.
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Let ϕ : xÑ y be a morphism in D. Consider the following diagram:

Kpxq
Jx //

Kprϕq

��

π{x

π{ϕ

��
Kpyq

Jy // π{y

This diagram does not commute but there is a natural transformation η : F ñ G where
F “ π{ϕ ˝ Jx and G “ Jy ˝ Kprϕq. The functors F and G send the unique object x of
Kpxq to F pxq “ pπ{ϕqppx, idxqq “ px, ϕ : x Ñ yq and Gpxq “ Jypyq “ py, idy : y Ñ yq.
We define ηx : F pxq Ñ Gpxq to be the morphism given by rϕ : x Ñ y. For kx P Kpxq,
F pkxq “ pkx : px, ϕq Ñ px, ϕqq and Gpkxq “ pky : py, idyq Ñ py, idyqq where ky “ Kprϕqpkxq.
Since ky ˝ rϕ “ rϕ ˝ kx, we have Gpkxq ˝ ηx “ ηx ˝ F pkxq. So, η is a natural transformation
from F to G.

Applying Proposition 6.10 to η : F ñ G, we obtain that pResηq˚ ˝ G
˚ “ F ˚. This gives

that
pResηq˚ ˝Kprϕq

˚ ˝ J˚y “ J˚x ˝ pπ{ϕq
˚.

The commutativity of the above cohomology diagram follows from the fact that the homo-
morphism Resη : ResGResπCM Ñ ResFResπCM coincides with the RKpxq-module homo-
morphism Mprϕq : ResKprϕqMpyq ÑMpxq. �

Combining Lemma 7.9 with the Gabriel-Zisman spectral sequence proved in Theorem 5.4
gives the following theorem which is the ext-group version of LHS-spectral sequence due to
Xu [44].

Theorem 7.10. Let E : K i
ÝÑ C π

ÝÑD be a target regular extension. Then for every RC-
module M and RD-module N , there is a spectral sequence

Ep,q2 “ ExtpRDpN,H
qpK;Mqq ñ Extp`qRC pResπN,Mq.

Proof. By Theorem 5.4, for every RC-module M and RD-module N , there is a spectral
sequence

Ep,q2 “ ExtpRDpN,H
qpπ{´;M ˝ πCqq ñ Extp`qRC pResπN,Mq.

By Lemma 7.9, we can replace the RD-module H˚pπ{´;M ˝πCq with H˚pK;Mq. This gives
the desired spectral sequence. �

If we take M “ R in Theorem 7.10, we recover the LHS-spectral sequence due to Xu.

Theorem 7.11 (Xu, [44]). Let E : K Ñ C Ñ D be a target regular extension. Then for
every RC-module M , there is a spectral sequence

Ep,q2 “ HppD;HqpK;Mqq ñ Hp`qpC;Mq.

We call this spectral sequence the LHS-spectral sequence for a target regular extension.
This spectral sequence is also constructed in [34, Prop A.11].

Remark 7.12. A small category C is called a finite category if the set of all morphisms in
C is finite. In [45, Prop 4.4], Xu shows that if C is a finite category and k is a field, then for
every kC-module M and N , there is an isomorphism

Ext˚kCpM,Nq – Ext˚kF pCqpk,Res∇HomkpM,Nqq,
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where F pCq denotes the category of factorizations in C (see [3, p. 88]) and∇ : F pCq Ñ CˆCop
is the functor that takes ϕ : xÑ y in F pCq to the pair py, xq in C ˆ Cop. This suggests that
with some extra work it should be possible to derive the ext-group version of the LHS-spectral
sequence from the cohomology version when C is a finite category.

For source regular extensions, there is a similar spectral sequence with coefficients in a
left RC-module M obtained by applying Theorem 7.10 to the opposite extension Eop.
Corollary 7.13. Let E : K i

ÝÑ C π
ÝÑD be a source regular extension. Then for every left

RC-module M and left RD-module N , there is a spectral sequence

Ep,q2 “ ExtpRDpN,H
qpK;Mqq ñ Extp`qRC pResπN,Mq

where HqpK;Mq is the left RD-module whose structure is defined to be the right RDop-
structure of HqpK;Mq coming from the opposite extension Eop : KÑ Cop Ñ Dop.

Note that if E : K i
ÝÑ C π

ÝÑD is a source regular extension and if we want to relate the
cohomology of C and D with right module coefficients, the spectral sequences above cannot
be used. For this we construct a spectral sequence involving the homology groups of the
groups Kpxq. We now explain this spectral sequence:

Let E : K i
ÝÑ C π

ÝÑD be a source regular extension. For every ϕ : x Ñ y in D, choose a
lifting rϕ : x Ñ y in C. The morphism rϕ induces a group homomorphism Kprϕq : Kpyq Ñ
Kpxq defined by Kprϕqpkyq “ kx where kx P Kpxq is the unique element satisfying ky ˝ rϕ “
rϕ ˝ kx. For every q ě 0, this induces homomorphisms

HqpKpyq;Mpyqq
Kprϕq˚
ÝÝÝÝÑ HqpKpxq; ResKpϕqMpyqq

Mpϕq˚
ÝÝÝÝÑ HqpKpxq;Mpxqq.

One can show in a similar way to the way it was done in Lemma 7.7 that this homomorphism
does not depend on the lifting rϕ for ϕ. Hence it defines a right RD-module structure for the
assignment dÑ HqpKpdq,Mpdqq, denoted by HqpK;Mq.

Lemma 7.14. There is an isomorphism of right RD-modules

H˚p´zπ; ResπCMq – H˚pK;Mq.

Proof. A proof can be given by repeating the arguments in the proof of Lemma 7.9 for
homology groups and using the homology groups version of Proposition 6.10. �

We have the following theorem.

Theorem 7.15. Let E : K i
ÝÑ C π

ÝÑD be a source regular extension. For every right RD-
module M and every right RC-module N , there is a spectral sequence

Ep,q2 “ ExtpRDpHqpK;Nq,Mq ñ Extp`qRC pN,ResπMq.

Here HqpK;Nq is the right RD-module whose structure is introduced above.

Proof. The proof follows from the spectral sequence in Theorem 5.10 and from Lemma
7.14. �

If we take M “ R, we obtain the following:

Corollary 7.16 (Gündoğan-Yalçın [16]). Let E : K i
ÝÑ C π

ÝÑD be a source regular extension.
Then, for every right RD-module M , there is a spectral sequence

Ep,q2 “ ExtpRDpHqpK;Rq,Mq ñ Hp`qpC; ResπMq.
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We call this spectral sequence LHS-spectral sequence for a source regular extension. This
spectral sequence was used in [16, Thm 1.3] to relate the cohomology of a p-local finite
group pS,F ,Lq to the cohomology of the transporter category T c

S pπq for the infinite group
π realizing the fusion system F .

8. Spectral sequences for regular EI-categories

Definition 8.1. A small category C is called an EI-category if every endomorphism in C is
an isomorphism.

Many interesting categories that appear in representation theory, such as the orbit cat-
egory, the fusion systems, and the linking systems are EI-categories. We introduce these
examples of EI-categories in Sections 9 and 10.

Let C be an EI-category. For every x P ObpCq, we denote the isomorphism class of x by rxs
and the set of isomorphism classes of objects in C by rCs. The set rCs is a partially ordered
set with the order relation given by

rxs ď rys if Cpx, yq ‰ H.
We consider the partially ordered set rCs as a category with morphisms given by the order
relation. There is a functor π : C Ñ rCs that sends each x P C to its isomorphism class rxs,
and each morphism ϕ : xÑ y to the order relation rxs ď rys.

In general the functor π : C Ñ rCs does not define a target (or source) regular extension
of categories. The first problem is that the object sets of C and rCs are not equal in general.
We can remedy this by replacing C with its skeletal category skpCq. By Corollary 6.8, this
adjustment does not change the cohomology of the category C. Throughout the paper, we
will assume that every EI-category C is skeletal, and we identify the equivalence class of
each object x P ObpCq with itself and take ObprCsq “ ObpCq. We write x ď y whenever
Cpx, yq ‰ H.

Definition 8.2. An EI-category C is called target regular if for every x, y P ObpCq, the
automorphism group AutCpyq acts regularly (freely with one orbit) on Cpx, yq. An EI-
category C is called source regular if for every x, y P ObpCq, AutCpxq acts regularly on
Cpx, yq.

By definition, every (skeletal) EI-category C is target (resp. source) regular if and only
if the functor π : C Ñ rCs is target (resp. source) regular. Hence the spectral sequences we
obtained in the previous section applies to the functor π : C Ñ rCs and gives the following
spectral sequences.

Theorem 8.3. (1) Let C be a target regular category and M be an RC-module. Then,
for every n ě 0, the assignment x Ñ HnpAutCpxq;Mpxqq defines an RrCs-module
and there is a spectral sequence

Ep,q2 “ HpprCs;HqpAutCp´q;Mp´qqq ñ Hp`qpC;Mq.

(2) Let C be a source regular category and M be a left RC-module. Then, for every n ě 0,
the assignment x Ñ HnpAutCpxq;Mpxqq defines a left RrCs-module and there is a
spectral sequence

Ep,q2 “ HpprCs;HqpAutCp´q;Mp´qqq ñ Hp`qpC;Mq
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where all the cohomology groups are cohomology with coefficients in a left module.
(3) Let C be a source regular category and M be a right RrCs-module. Then, for every

n ě 0, the assignment xÑ HnpAutCpxq;Rq defines a right RrCs-module and there is
a spectral sequence

Ep,q2 “ ExtpRrCspHqpAutCp´q;Rq,Mq ñ Hp`qpC; ResπMq.

Proof. The first two spectral sequences follow from Theorem 7.11 and Corollary 7.13. The
third one follows from Corollary 7.16. �

For an abelian group A, the cohomology of the category C with coefficients in A is defined
as the cohomology of the classifying space BC with coefficients in A. The cohomology
group H˚pBC;Aq is isomophic to the cohomology of the category C with coefficients in the
constant functor A. Here we can regard the constant functor as either a left module or a
right RC-module, with both cohomology groups being isomorphic to the cohomology group
H˚pBC;Aq. This gives the following spectral sequence for source regular categories.

Corollary 8.4 (Linckelmann [30, Thm 3.1]). Let C be a source regular category and A be
an abelian group. Then, for every n ě 0, the assignment xÑ HnpAutCpxq;Aq defines a left
RrCs-module and there is a spectral sequence

Ep,q2 “ HpprCs;HqpAutCp´q;Aqq ñ Hp`qpBC;Aq.

Proof. This follows from the Statement (2) in Theorem 8.3 after taking the left RC-module
M as the constant functor A. �

One of the main examples of the source regular category is the subdivision category SpCq
of an EI-category C. We now give the definition of the subdivision category, following the
terminology in [29].

The simplex category ∆ is the category whose objects are the totally ordered sets rns “
t0, 1, . . . , nu, where n ě 0 is an integer, and the morphisms rms Ñ rns are given by order
preserving maps for all m,n ě 0. Let ∆inj Ă ∆ denote the subcategory that has same
objects as ∆ where the morphisms rms Ñ rns are given by order preserving injective maps
for all m,n ě 0.

Let C be a small category. A functor σ : rns Ñ C is a chain of composable morphisms in
C:

σ :“ pσ0
α1
ÝÑ σ1

α2
ÝÑ ¨ ¨ ¨ Ñ σn´1

αn
ÝÝÑ σnq

where σpiq is denoted by σi in the chain. We say a chain σ is strict if the objects σi in the
chain are pairwise non-isomorphic, i.e., distinct, since we assumed that C is skeletal.

Definition 8.5 ([29, §2]). Let C be a small category. The subdivision category SpCq of C is
the category whose objects are strict chains σ : rns Ñ C, where a morphism from τ : rms Ñ C
to σ : rns Ñ C is given by a pair pj, µq such that j : rms Ñ rns is a morphism in ∆inj and
µ : τ – σ ˝ j is a natural isomorphism. The composition of two morphisms pk, νq : ρ Ñ τ
and pj, µq : τ Ñ σ in SpCq is defined by

pj, µq ˝ pk, νq “ pj ˝ k, pµkq ˝ νq

where µk : τ ˝ k – ρ ˝ j ˝ k is the natural isomorphism obtained by precomposing µ with k.
The opposite category SpCqop is denoted by spCq.
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If C is a poset considered as a category, then the subdivision category SpCq is the poset
category of the strict chains in C, with the order relation given by the inclusion of subchains.
In this case it is well-known that the realizations BC and BSpCq are homeomorphic by the
well-known result on the subdivision of a simplicial complex. There is a similar observation
for general subdivision categories obtained via a functor from SpCq to C which we now
explain.

Let Fin : SpCq Ñ C denote the functor that sends σ : rns Ñ C to the last object σn in the
chain and sends a morphism pj, µq : τ Ñ σ to the composition of morphisms

τm
µj
ÝÑ σjpmq

αjpmq`1
ÝÝÝÝÝÑ σjpmq`1

αjpmq`2
ÝÝÝÝÝÑ ¨ ¨ ¨

αn
ÝÝÑ σn.

Similarly one can define the functor Ini : SpCqop Ñ C that sends σ : rns Ñ C in SpCq to the
first object σ0 in the chain and sends a morphism pj, µq : τ Ñ σ to the composition of the
following morphisms

σ0
α1
ÝÑ σ1

α2
ÝÑ ¨ ¨ ¨

αjp0q
ÝÝÝÑ σjp0q

µ´1
0
ÝÝÑ τ0.

Note that we can view the functor Ini as a (covariant) functor Ini : spCq Ñ C. For this
functor, we have the following observation due to Słomińska [39].

Proposition 8.6. For any EI-category C, the functor Ini : spCq Ñ C is right cofinal.

Proof. See [39, Prop 1.5]. �

Applying Theorem 6.2, we obtain:

Proposition 8.7. Let C be an EI-category. Then for any RC-module M , the map

Ini˚ : H˚pC;Mq
–
ÝÑ H˚pspCq; ResIniMq

induced by the functor Ini : spCq Ñ C is an isomorphism.

Proof. This follows from Proposition 8.6 and Theorem 6.2. �

Proposition 8.7 shows that for the purposes of calculating cohomology groups of the cate-
gory C, we can replace C with the category spCq. Moreover the spectral sequence in Theorem
8.3 applies the functor π : spCq Ñ rspCqs. For this we first need to replace spCq with its skele-
ton skpspCqq and assume that ObpspCqq “ ObprspCqsq. Under this assumption the following
holds:

Proposition 8.8. The subdivision category SpCq is a source regular category. Hence spCq is
target regular.

Proof. See [29, Prop 2.3]. �

Note that since we assumed that spCq is skeletal, there is a unique pre-chosen object for
every isomorphism class of objects. We write isomorphism classes as rσs meaning that σ is
the chosen object. For each σ P spCq, let AutspCqpσq denote the automorphism group of σ. If

σ :“ pσ0
α1
ÝÑ σ1

α2
ÝÑ σ2 Ñ ¨ ¨ ¨ Ñ σn´1

αn
ÝÝÑ σnq

then an automorphism of σ is a sequence of automorphisms paiq with ai P AutCpσiq such
that

ai ˝ αi “ αi ˝ ai´1
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for each i “ 1, . . . , n ´ 1. Let πi : AutspCqpσq Ñ AutCpσiq denote the group homomorphism
that sends paiq P AutspCqpσq to ai P AutCpσiq.

Let M be an RC-module and σ P spCq. Note that Mpσ0q is an AutCpσ0q-module.
Restriction of this module via π0 : AutspCqpσq Ñ AutCpσ0q gives an RAutspCqpσq-module
Resπ0pMpσ0qq. We have the following:

Lemma 8.9. With the definitions given above, for every RC-module M and every σ P spCq,
pResIniMqpσq “ Resπ0pMpσ0qq.

Combining the observations on this section, we obtain the following spectral sequence:

Theorem 8.10 (Słomińska [39, Cor 1.13]). Let C be an EI-category and M be an RC-
module. Then, for every n ě 0, the assignment rσs Ñ HnpAutspCqpσq; Resπ0Mpσ0qq defines
an RrspCqs-module, denoted by An, and there is a spectral sequence

Ep,q2 “ HpprspCqs;Aqq ñ Hp`qpC;Mq.

Proof. By Proposition 8.8, the category spCq is target regular. Applying Theorem 8.3(1) to
spCq with coefficients in ResIniM , we obtain a spectral sequence

Ep,q2 “ HpprspCqs;HqpAutspCqp´q; pResIniMqp´qq ñ Hp`qpspCq; ResIniMq.

By Lemma 8.9, for every σ P spCq, we can replace pResIniMqpσq with Resπ0pMpσ0qq. Now
the result follows from the isomorphism in Proposition 8.7. �

This spectral sequence constructed in [39, Cor 1.13] has a different expression for the E2-
term, but it is easy to see the E2-term of the sequence in [39, Cor 1.13] is isomorphic to the
terms of the spectral sequence given above. This spectral sequence with trivial coefficients
is also constructed in [30].

9. Spectral sequences for the transporter category

Let G be a discrete group and H be a collection of subgroups of G (closed under conju-
gation). The transporter category THpGq is the category whose objects are the subgroups
H P H and whose morphisms are given by

MorTHpGqpH,Kq “ NGpH,Kq :“ tg P G | gHg´1 ď Ku.

Composition of two morphisms is defined by group multiplication. We are interested in the
following quotient categories of the transporter category.

Definition 9.1. Let G be a discrete group and H be a collection of subgroups of G.
(1) The orbit category OHpGq is the category whose objects are the subgroups H P H

and whose morphisms are given by

MorOHpGqpH,Kq “ tKg | g P G, gHg
´1 ď Ku.

(2) The fusion category FHpGq is the category whose objects are the subgroups H P H
and whose morphisms are given by

MorFHpGqpH,Kq “ tgCGpHq | g P G, gHg
´1 ď Ku.
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(3) The fusion orbit category FHpGqq is the category whose objects are the subgroups
H P H and whose morphisms are given by

MorFHpGq
pH,Kq “ tKgCGpHq | g P G, gHg

´1 ď Ku.

The morphisms in the orbit category can be identified with the G-maps G{H Ñ G{K
between the G-sets of the left cosets G{H and G{K. The morphisms in the fusion category
can be viewed as group homomorphisms cg : H Ñ K induced by conjugation with g P G.
Note that the fusion orbit category is a quotient category of the fusion category. We have

MorFHpGq
pH,Kq – InnpKqzMorFHpGqpH,Kq

where InnpKq – K{ZpKq is the group of conjugations ck : K Ñ K induced by elements
k P K. The relationship between these categories can be described by the following diagram
where each arrow represents the projection functor to the corresponding quotient category.

THpGq
π1

yy

π2

%%
OHpGq

π3 $$

FHpGq

π4zz
FHpGq

The quotient maps π1 and π2 define extensions of categories and the corresponding LHS-
spectral sequences for these extensions are well-known spectral sequences. They are related
to the subgroup and centralizer decompositions for the cohomology of the group G.

9.1. Subgroup decomposition. For every H,K P H, the left K-action on NGpH,Kq is
free. Hence the quotient map π1 : THpGq Ñ OHpGq defines a target regular extension

E : tKuKPH Ñ THpGq
π1
ÝÑ OHpGq.

Applying Theorem 7.11 to this extension, we obtain:

Proposition 9.2. For every RTHpGq-module M , there is a spectral sequence

Ep,q2 “ HppOHpGq;Hq
M q ñ Hp`qpTHpGq;Mq

where Hq
M is the ROHpGq-module such that Hq

M pKq “ HqpK;MpKqq for every K P H.

In this case, the ROHpGq module structure can be described as follows: Given a G-map
f : G{H Ñ G{K, let g P G such that fpHq “ g´1K. Then gHg´1 ď K. The THpGq action
on K “ tKuKPH is given by cg : H Ñ K that sends h P H to ghg´1 in K. Hence, f induces
a homomorphism

H˚pK;MpKqq
c˚g
ÝÑ H˚pH; RescgMpKqq

Mpfq˚
ÝÝÝÝÑ H˚pH;MpHqq.

This is the ROHpGq-module structure for the assignment K Ñ HqpK;MpKqq.
Let KH denote the simplicial complex whose simplices are chains in H with the order

relation given by inclusion of subgroups. The realization of the transporter category |THpGq|
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is homotopy equivalent to the Borel construction EGˆGKH (see [14, Rem 2.2]). If we take
the RTHpGq-module M to be the constant functor A, then we obtain a spectral sequence

Ep,q2 “ lim p

OHpGq
Hqp´;Aq ñ Hp`qpEGˆG KH;Aq.

where Hqp´;Aq denotes the q-th group cohomology functor considered as an ROHpGq-
module.

Definition 9.3. A collection of subgroups H of a finite group G is called ample if

H˚pEGˆG KH;Fpq – H˚pBG;Fpq.
Any collection that includes the trivial subgroup is an ample collection, hence the collection

of all p-subgroups in G is an ample collection. The collection of all nontrivial p-subgroups
in a finite group G is also ample when p divides the order of G (see Brown [7, Sect X.7]). A
list of all ample collections of subgroups in a finite group can be found in [15] and [4].

When H is an ample collection, the spectral sequence above gives a spectral sequence of
the form

Ep,q2 “ lim p

OHpGq
Hqp´;Fpq ñ Hp`qpBG;Fpq.

This spectral sequence is usually constructed as the Bousfield-Kan spectral sequence of the
mod-p subgroup decomposition of BG (see [11, Sect 7]). For infinite groups with finite virtual
cohomological dimension (vcd), a similar spectral sequence involving Farrell cohomology is
constructed in [26, Thm 4.6].

9.2. Centralizer decomposition. For everyH,K P H, the right CGpHq-action onNGpH,Kq
is free. Hence the functor π2 : THpGq Ñ FHpGq defines a source regular extension

E : tCGpHquHPH Ñ THpGq
π2
ÝÑ FHpGq.

Applying Corollary 7.13 to this extension, we obtain:

Proposition 9.4. For every left RTHpGq-module M , there is a spectral sequence

Ep,q2 “ HppFHpGq;Hq
C,M q ñ Hp`qpTHpGq;Mq

where Hq
C,M is the left RFHpGq-module such that Hq

C,M pHq “ HqpCGpHq;MpHqq for every
H P H.

The left RFHpGq-module structure can be defined in a similar way to the orbit category
case. The difference here is that since the extension is source regular, the action of THpGq
on K “ tCGpHquHPH is given by a contravariant functor, i.e. cg : H Ñ K induces a group
homomorphism CGpKq Ñ CGpHq. So the induced action on cohomology is given by a
covariant functor.

As in the subgroup decomposition case, if we take the left RTCpGq-module M to be the
constant functor Fp, and H to be an ample collection, then we obtain a spectral sequence

Ep,q2 “ lim p

FHpGq
HqpCGp´q;Fpq ñ Hp`qpBG;Fpq.

This spectral sequence is the same spectral sequence as the Bousfield-Kan spectral sequence
associated to the centralizer decomposition of BG (see [11, §7]). For infinite groups with
finite vcd, a spectral sequence for the centralizer decomposition over the collection of all
nontrivial elementary abelian p-subgroups is constructed in [25].
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9.3. Normalizer decomposition. The transporter category THpGq is an EI-category, so
we can apply Theorem 8.10 to THpGq to obtain a spectral sequence

Ep.q2 “ HpprspTHpGqqs;Aq
T q ñ Hp`qpTHpGq;Mq

where M is a right THpGq-module and Aq
T is the RrspTHpGqs-module such that

Aq
T prσsq “ HqpAutspTHpGqqpσq; Resπ0Mpσ0qq.

Every strict chain
σ :“ pH0

α1
ÝÑ H1

α2
ÝÑ ¨ ¨ ¨

αn
ÝÝÑ Hnq

in THpGq is isomorphic to a strict chain where all the morphisms αi are inclusion of subgroups.
Hence we can take the representatives of isomorphism classes of chains of morphisms to be
the strictly increasing chains of subgroups σ :“ pH0 ă H1 ă ¨ ¨ ¨ ă Hnq in H. For such a
chain σ, we have

AutspTHpGqqpσq “ NGpσq :“ tg P G | gHig
´1 ď Hi for all iu.

Let SpHq be the poset category of strictly increasing chains in H with order relation given by
inclusion of subchains, and spHq denote its opposite category. The category of the G-orbits
of chains in H, denoted by spHq{G, is the category whose objects are G-orbits of strict chains
in H and whose morphisms are defined in such a way that there is a morphism rσs Ñ rτ s if
there is a g P G such that τ is subchain of gσ. The poset category rspTHpGqqs of isomorphism
classes of chains in spTHpGqq can be identified with spHq{G. Hence we conclude:

Proposition 9.5. For every RTHpGq-module M , there is a spectral sequence of the form

Ep.q2 “ HppspHq{G;N qq ñ Hp`qpTHpGq;Mq
where N q is the RpspHq{Gq-module such that N qprσsq “ HqpNGpσq; Resπ0Mpσ0qq for every
rσsG in spHq{G.

As before, if we take M to be the constant functor Fp, and H to be an ample collection,
then we obtain a spectral sequence

Ep.q2 “ lim p

spHq{G
HqpNGp´q;Fpq ñ Hp`qpBG;Fpq.

This is the same spectral sequence as the Bousfield-Kan spectral sequence for the normalizer
decomposition of the classifying space of G (see [11, §7]).

A collection of subgroups H is called normalizer sharp if in the above spectral sequence
we have Ep,q2 “ 0 for all p ą 0 and q ě 0. For finite groups, there are many normalizer sharp
collections of p-subgroups (see [15]). When the collection H is normalizer sharp, this spectral
sequence allows us to calculate the cohomology groups of G in terms of the cohomology of
the normalizers of chains of subgroups in H.

9.4. Orbit and fusion orbit category. In general the projection functors π3 : OHpGq Ñ
FHpGq and π4 : FHpGq Ñ FHpGq that are defined above are not regular functors as the
following counterexamples illustrate:

Example 9.6. For π3 : OHpGq Ñ FHpGq, let H be any collection such that 1,K P H with
K ‰ 1. Then MorOHpGqp1,Kq – G{K and the centralizer CGp1q “ G does not act freely
on G{K. This shows that π3 is not source regular. For π4 : FHpGq Ñ FHpGq, let H be
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a collection such that 1,K P H where K is a nonabelian group. Then MorFHpGqp1,Kq –
G{CGp1q – 1 and InnpKq – K{ZpKq ‰ 1, so InnpKq does not act freely on MorFHpGqp1,Kq.
Hence π4 is not a target regular functor for the collection H.

In some special cases the functors π3 and π4 define regular extensions. One important
special case is the following: Let G be a finite group. A p-subgroup P ď G is called
p-centric if ZpP q is a Sylow p-subgroup of the centralizer CGpP q. In this case we have
CGpP q – ZpP qˆC 1GpP q where C

1
GpP q is a subgroup of CGpP q with order coprime to p. Let

Ce denote the collection of p-centric subgroups in G. When H “ Ce, we denote OHpGq by
OcpGq and FHpGq by Fc

pGq.

Lemma 9.7. The projection functor π3 : OcpGq Ñ Fc
pGq defines a source regular extension

tC 1GpP quPPCe Ñ OcpGq
π3
ÝÑFc

pGq.

Proof. For every p-centric subgroup P ď G, we have

kertpπ3qP,P : AutOcpGqpP q Ñ AutFcpGqpP qu

is isomorphic to CGpP qP {P – CGpP q{ZpP q – C 1GpP q. Note that

MorOcpGqpP,Qq – QzNGpP,Qq – tQg | g P G, gPg
´1 ď Qu.

For every c P C 1GpP q, the right action of c on MorOcpGqpP,Qq is defined by pQgq ¨ c “ Qgc. If
for some Qg P MorOcpGqpP,Qq and c P C 1GpP q, the equality Qgc “ Qg holds, then gcg´1 P Q

which implies that c “ 1 because c has order coprime to p. Therefore C 1GpP q acts freely on
MorOcpGqpP,Qq, hence π3 defines a source regular extension. �

Applying the spectral sequence in Corollary 7.16 to the extension in Lemma 9.7, for every
RFHpGq-module M , we obtain a spectral sequence

Ep,q2 “ Extp
RFcpGqpHqpC

1
Gp´q;Rq,Mq ñ Hp`qpOcpGq; ResπMq.

If R is a p-local ring, i.e., all the primes other than p are invertible in R, then

HqpC
1
GpP q;Rq –

#

R if q “ 0

0 if q ą 0.

In this case, the spectral sequence collapses at the E2-page to the horizontal line at q “ 0.
As a consequence we obtain the following:

Proposition 9.8 (Broto-Levi-Oliver [5, Lem 1.3]). Let G be a finite group and R be a p-local
ring. Then for every RFHpGq-module M , there is an isomorphism

H˚pFc
pGq;Mq – H˚pOcpGq; Resπ3Mq

induced by the functor π3 : OHpGq Ñ FHpGq.

When G is an infinite discrete group that realizes a fusion system F , there is a similar
extension of categories and a spectral sequence. In this case the kernel is given by a signalizer
functor and one obtains a spectral sequence with two horizontal lines (see [16, §7]).
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10. Spectral sequences for linking systems

Let G be a finite group and S be a Sylow p-subgroup of G. The centric linking system
LcSpGq is the category whose objects are the p-centric subgroups P of G that lies in S, and
whose morphisms are given by

MorLcSpGqpP,Qq “ tgC
1
GpP q | g P G, gPg

´1 ď Qu

where C 1GpP q is the subgroup of CGpP q of order coprime to p such that CGpP q – ZpP q ˆ
C 1GpP q. From this definition, it is easy to see that there is a source regular extension of
categories

E : tC 1GpP qu
i
ÝÑ T c

S pGq
π
ÝÑ LcSpGq

where T c
S pGq is the transporter category whose objects are the p-subgroups P ď S that are

p-centric, and whose morphisms P Ñ Q are given by NGpP,Qq. By Corollary 7.16, for every
RLcSpGq-module M , there is a spectral sequence

Ep,q2 “ ExtpRLcSpGq
pHqpC

1
Gp´q;Rq,Mq ñ Hp`qpT c

S pGq; ResπMq.

Using this spectral sequence, we obtain the following:

Proposition 10.1 ([5, Prop 1.1]). Let R be a p-local ring. Then for every RLcSpGq-module
M , there is an isomorphism

H˚pLcSpGq;Mq – H˚pT c
S pGq; ResπMq.

Proof. This follows from the fact that if R is p-local, then HqpC
1
GpP q;Rq – R if q “ 0, and

HqpC
1
GpP q;Rq “ 0 if q ą 0. �

For a finite group G with Sylow p-subgroup S, the fusion system of G defined on S is
the category FSpGq whose objects are the subgroups of S and whose morphisms P Ñ Q
are given by the group homomorphisms cg : P Ñ Q defined by conjugation with an element
g P G. Let CeS denote the collection of p-centric subgroups of G that lies in S and Fc

SpGq
denote the subcategory whose object set is the collection CeS . From the definitions, one can
easily see that the quotient functor LcSpGq Ñ Fc

SpGq defines a source regular extension

E : tZpP quPPCeS Ñ LcSpGq Ñ Fc
SpGq. (10.1)

There is a spectral sequence associated to this source regular extension. In the next section,
we discuss this extension in more general context of p-local finite groups.

10.1. p-Local finite groups. A fusion system F over a p-group S is a category whose
objects are subgroups of S and whose morphisms MorF pP,Qq are injective group homo-
morphisms P Ñ Q satisfying certain axioms (see [1] for a definition). A fusion system is
saturated if it satisfies some additional axioms. In this paper we assume all fusion systems
are saturated. The fusion system FSpGq of a finite group G is an example of a fusion system.
A subgroup P ď S is called F-centric if CSpQq ď Q for every Q ď S which is F-isomorphic
to P . The full subcategory of F whose objects are the F-centric subgroups of S is denoted
by Fc.
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Definition 10.2 ([2, Def 3.2]). Let F be a fusion system over the finite p-group S. A centric
linking system associated to F is the category L whose objects are the F-centric subgroups
of S, together with a pair of functors

T c
S pSq

ε
ÝÑ L π

ÝÑ Fc

satisfying the following conditions:
(1) The functors ε and π are the identity on objects and εP,Q : NSpP,Qq Ñ MorLpP,Qq

is injective and πP,Q : MorLpP,Qq Ñ MorF pP,Qq is surjective.
(2) For each P,Q P ObpLq, εP,P pP q ď AutLpP q acts freely on the set MorLpP,Qq

by precomposition and πP,Q induces a bijection from MorLpP,Qq{εP,P pZpP qq onto
MorFcpP,Qq.

(3) For each P,Q P ObpLq and g P NSpP,Qq, the composite functor π ˝ ε sends g P
NSpP,Qq to cg P MorF pP,Qq.

(4) For P,Q P ObpLq, ψ P MorLpP,Qq, and g P P , the following square commutes in L.

P
ψ //

εP,P pgq

��

Q

εQ,Qpπpψqpgqq

��
P

ψ // Q.

�

For every fusion system F , there is a unique associated centric linking system L (see [8]).
The triple pS,F ,Lq is called a p-local finite group. For every finite group G with Sylow p-
subgroup S, the triple pS,FSpGq,LcSpGqq is a p-local finite group (see [6, §1]). By condition
(2) in Definition 10.2, we can conclude the following:

Lemma 10.3. For every p-local finite group pS,F ,Lq, the projection map π : L Ñ Fc

defines a source regular extension

E : tZpP quPPFc
δ
ÝÑL π

ÝÑFc

where δP : ZpP q Ñ AutLpP q is the homomorphism defined as the restriction of the homo-
morphism εP,P : NSpP q Ñ AutLpP q to ZpP q.

Note that this is the p-local finite group version of the extension given in 10.1. This exten-
sion is one of the examples given by Xu in [44, Example 4.1.1] for source regular extensions
of categories. Applying Theorem 8.3 to this extension gives two spectral sequences, one with
coefficients in a left RL-module, one with (right) RFc-modules. Here we state the one with
RFc-modules:

Proposition 10.4. Let pS,F ,Lq be a p-local finite group. For every RFc-module M , there
is a spectral sequence

Ep,q2 “ ExtpRFcpHqpZp´q;Rq,Mq ñ Hp`qpL; ResπMq

where HqpZp´q;Rq denotes the RFc-module such that P Ñ HqpZpP q;Rq for every P P Fc.

The RFc-module structure on HqpZpP q;Rq is defined by the L-action on the kernel K “
tZpP qu. Note that for every ϕ : P Ñ Q in Fc, there is a morphism rϕ : P Ñ Q in L
and it induces a group homomorphism Zprϕq : ZpQq Ñ ZpP q since the above extension is
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source regular. The induced map Zprϕq˚ : HqpZpQq;Rq Ñ HqpZpP q;Rq defines the (right)
RFc-module structure used in the Proposition 10.4.

10.2. Subgroup decomposition for L. Let pS,F ,Lq be a p-local finite group. The orbit
category of F is the category OpFq whose objects are subgroups of S and the morphisms
are given by

MorOpFqpP,Qq :“ InnpQqzMorF pP,Qq.

We denote by OcpFq the full subcategory of OpFq whose objects are the F-centric subgroups
of S. There is a quotient functor π1 : Fc Ñ OcpFq which sends a morphism P Ñ Q in Fc

to its orbit under InnpQq-action. Let rπ : LÑ OcpFq denote the composition

rπ : L π
ÝÑFc π1

ÝÑOcpFq.

Lemma 10.5. For every p-local finite group pS,F ,Lq, the functor rπ : LÑ OpFcq defines a
target regular extension

E : tP uPPFc
j
ÝÑL rπ

ÝÑOcpFq
where for every P P Fc, the homomorphism jP : P Ñ AutLpP q is the restriction of εP,P :
NSpP q Ñ AutLpP q to the subgroup P .

Proof. In L, every morphism is a monomorphism and an epimorphism in the categorical
sense (see [28, Remark 2.10 and Prop 2.11]). So, the left jQpQq action on MorLpP,Qq is free.
Now we will show that the projection functor rπ : LÑ OcpFq induces a bijection

jQpQqzMorLpP,Qq – MorOcpFqpP,Qq.

Suppose that ϕ1, ϕ2 P MorLpP,Qq are such that ϕ2 “ jQpgqϕ1 for some g P Q. By (3) in
Definition 7.1, πpjQpgqq “ cg in AutF pQq. This gives

rπP,Qpϕ2q “ π1pcgqrπP,Qpϕ1q “ rπP,Qpϕ1q

since MorOcpFqpP,Qq :“ InnpQqzMorF pP,Qq. So the map

jQpQqzMorLpP,Qq Ñ MorOcpFqpP,Qq

is well-defined. It is surjective because both π and π1 are surjective on morphisms. For
injectivity assume that ϕ1, ϕ2 P MorLpP,Qq are such that rπpϕ1q “ rπpϕq. then there is a
x P Q such that πpϕ2q “ cx ˝ πpϕ1q in MorF pP,Qq. Then by [6, Lem 1.10(b)], there is a
unique g P Q such that ϕ2 “ jQpgqϕ1 in MorLpP,Qq. This proves the bijection hence the
functor rπ is target regular. �

Applying Theorem 8.3 to this extension gives the following spectral sequence (see [34,
Lem 4.2]):

Proposition 10.6. Let pS,F ,Lq be a p-local finite group. Then, for every RL-module M ,
there is a spectral sequence

Ep,q2 “ HppOcpFq;Hq
M q ñ Hp`qpL;Mqq

where Hq
M denotes the ROcpFq-module such that for every P P Fc, we have Hq

M pP q “
HqpP ; ResjPMq. For every morphism ϕ : P Ñ Q in OcpFq, the homomorphism Hq

M pϕq :
Hq
M pQq Ñ Hq

M pP q is defined by the composition

H˚pQ; ResjQMq
rϕ˚
ÝÝÑ H˚pP ; Res

rϕResjQMq
Mprrϕq˚
ÝÝÝÝÑ H˚pP ; ResjPMq
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where rϕ : P Ñ Q be a morphism in Fc lifting ϕ, and r

rϕ be the morphism in L lifting rϕ.

Proof. The spectral sequence follows from Lemma 10.5 and Theorem 8.3(1). The ROcpFq-
module structure on Hq

M is the one induced by the OcpFq-action on the kernel K “ tP uPPFc .
We need to show that this module structure coincides with the one given above.

For every ϕ : P Ñ Q in OcpFq, let rϕ and r

rϕ are the lifts of ϕ as in the proposition. The
group homomorphism Kprϕq : P Ñ Q defined by Kprϕqpgq “ g1 for every g P P where g1 P Q
is the unique element such that jQpg1q ˝ rϕ “ rϕ ˝ jQpgq. By condition (4) in Definition 10.2,
we have g1 “ ϕpgq. So the induced action of Kprϕq on the cohomology can be described by
the composition given in the proposition. �

This spectral sequence also follows from the subgroup decomposition for the linking system
L (see [6, Prop 2.2]). For nontrivial coefficients this spectral sequence is a special case of the
spectral sequence given for transporter categories (see [34, Lem 4.2]). There are two open
problems related to the spectral sequence given in Proposition 10.6.

Conjecture 10.7 (Sharpness Problem [9]). Let pS,F ,Lq be a p-local finite group. Then for
every p ą 0 and q ě 0,

Ep,q2 “ lim p

OcpFq
Hqp´;Fpq “ 0.

For fusion systems realized by a finite group, the statement of the conjecture is proved by
Diaz and Park [9]. For a reduction of this problem to fusion systems with nontrivial center
see [46].

The second problem related to subgroup decomposition is about cohomology of linking
systems with nontrivial local coefficient systems. For details of this problem we refer the
reader to [32] and [33].

10.3. Normalizer decomposition for p-local finite groups. Let pS,F ,Lq be a p-local
finite group. The centric linking system L is an EI-category, so we can apply Theorem 8.10
to L. For every RL-module M , we obtain a spectral sequence of the form

Ep.q2 “ HpprspLqs;Aq
Lq ñ Hp`qpL;Mq (10.2)

where Aq
L is the RrspLqs-module such that

Aq
Lprσsq “ HqpAutspLqpσq; Resπ0Mpσ0qq

for every rσs P rspLqs. The poset category rspLqs and the functor π0 : spLq Ñ L are as
defined in Section 8 for any EI-category.

Let sdpFcq denote the poset category of all chains σ “ pP0 ă P1 ă ¨ ¨ ¨ ă Pnq with Pi P Fc

where there is a unique morphism σ Ñ τ in sdpFcq if τ is a subchain of σ. Two chains
σ “ pP0 ă P1 ă ¨ ¨ ¨ ă Pnq and τ “ pQ0 ă Q1 ă ¨ ¨ ¨ ă Qnq are F-conjugate if there is an
isomorphism ϕ : Pn Ñ Qn in F such that ϕpPiq “ Qi for all i P rns “ t0, . . . , nu.

Definition 10.8. The category sdpFcq of F-conjugacy classes of chains in Fc is the poset
category whose objects are F-conjugacy classes rσs of chains σ in sdpFcq where there is a
unique morphism rσs Ñ rτ s in sdpFcq if τ is F-conjugate to a subchain of σ.

We have the following:

Lemma 10.9 ([28, §5]). The poset categories rspLqs and sdpFcq are isomorphic.
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Proof. For each P ď Q in S, let ιQP denote the image of the inclusion map P ãÑ Q under
the functor ε : T c

S pSq Ñ L. Every morphism ϕ : P Ñ Q in L factors as an isomorphism
ϕ1 : P Ñ P 1 in L followed by a morphism ιQP 1 with P

1 “ πpϕqpP q (see [28, 2.9]). It follows
that every strict chain

σ :“ pσ0
α1
ÝÑ σ1

α2
ÝÑ ¨ ¨ ¨ ÝÑ σn´1

αn
ÝÝÑ σnq

in spLq is isomorphic to a chain of the form

P0

ι
P1
P0
ÝÝÑ P1

ι
P2
P1
ÝÝÑ ¨ ¨ ¨ ÝÑ Pn´1

ιPnPn´1
ÝÝÝÝÑ Pn

with Pi ‰ Pi`1. We can take representatives of L-isomorphism classes of chains of morphisms
in L to be the chains of this form. This shows that these poset categories rspLqs and sdpFcq

are isomorphic. �

For each chain σ “ pP0 ă ¨ ¨ ¨ ă Pnq of F-centric subgroups of S, let AutLpσq be the
subgroup of

śn
i“1 AutLpPiq formed by tuples pα0, . . . , αnq of automorphisms αi P AutLpPiq

such that the following diagram commutes

P0

i
P1
P0 //

α0

��

P1

i
P2
P1 //

α1

��

¨ ¨ ¨ // Pn´1

αn´1

��

iPnPn´1 // Pn

αn
��

P0
i
P1
P0

// P1
i
P2
P1

// ¨ ¨ ¨ // Pn´1
iPnPn´1

// Pn

(see [28, Def 1.4] for details). For each j P rns, the group homomorphism

πj : AutLpσq Ñ AutLpPjq

is defined by pα0, . . . , αnq Ñ αj . With these definitions, the spectral sequence in 10.2 gives
a spectral sequence stated in the following theorem.

Theorem 10.10. Let pS,F ,Lq be a p-local finite group. For every RL-module M , there is
a spectral sequence

Ep.q2 “ HppsdpFcq;Aq
Lq ñ Hp`qpL;Mq

where Aq
L is the RsdpFcq-module such that Aqprσsq “ HqpAutLpσq; Resπ0MpP0qq for every

rσs “ rP0 ă ¨ ¨ ¨ ă Pns in sdpFcq.

This spectral sequence can also be obtained as the Bousfield-Kan spectral sequence for
the normalizer decomposition of |L| proved by Libman in [28, Thm A].

Definition 10.11. The normalizer decomposition for L over the collection of F-centric
subgroups is sharp if for M “ Fp, we have

Ep,q2 “ lim p

sdpFcq
HqpAutLp´q;Fpq “ 0

for all p ą 0 and q ě 0.

It is an open problem whether or not the normalizer decomposition is sharp. It is proved
in [46, Thm 1.9] that the normalizer decomposition for L is sharp if and only if the subgroups
decomposition for L is sharp.
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10.4. Normalizer decomposition of OcpFq. Let F be a fusion system over S and let
OcpFq denote the orbit category of Fc. If we apply Theorem 8.10 to OcpFq, we obtain a
spectral sequence

Ep.q2 “ HpprspOcpFqqs;Aq
Oq ñ Hp`qpOcpFq;Mq (10.3)

where M is an ROpFcq-module and Aq
O is the rspOcpFqs-module such that

Aq
Oprσsq “ HqpAutspOcpFqqpσq; Resπ0Mpσ0qq

for every rσs P rspOpFcqqs. We have the following observation:

Lemma 10.12. The poset category rspOcpFqqs is isomorphic to the category sdpFcq.

Proof. Let ϕ : P Ñ Q be a morphism in OcpFq and rϕ : P Ñ Q be a lifting of ϕ in Fc

under the quotient functor π1 : Fc Ñ OcpFq. The morphism rϕ : P Ñ Q can be written as a
composition of an isomorphism rϕ1 : P Ñ rϕpP q and an inclusion map inc : rϕpP q ãÑ Q. Hence
ϕ : P Ñ Q can be written as a composition of π1prϕ1q and π1pincq. Moreover a morphism in
OcpFq is an isomorphism if and only if its lifting in Fc is an isomorphism. This shows that
every chain of morphisms P0

ϕ1
ÝÑP1 Ñ ¨ ¨ ¨

ϕn
ÝÑPn in spOcpFqq is isomorphic to a chain where

all the maps ϕi are of the images of inclusion maps under π1. This gives an isomorphism
between poset categories spOcpFqq and sdpFcq. �

Combining 10.3 with Lemma 10.12 we obtain the following spectral sequence:

Theorem 10.13. Let pS,F ,Lq be a p-local finite group. Then for every right ROpFcq-
module M , there is a spectral sequence

Ep.q2 “ HppsdpFcq;Aq
Oq ñ Hp`qpOpFcq;Mq

where Aq
O is the left RsdpFcq-module such that Aq

Oprσsq “ HqpAutspOpFcqqpσq; Resπ0MpP0qq

for every rσs in sdpFcq.

This spectral sequence has some similarity to the spectral sequence constructed in Theo-
rem [46, Thm 1.7], but in general the E2-terms of these two spectral sequences are different.
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