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ABSTRACT. This is a survey about finite group actions on CW-complexes and related
topics, primarily based on our joint work. The main applications are to finite G-CW-
complexes which are homotopy equivalent to spheres. We have tried to give a fairly
short overview of the extensive literature in this area, and we apologize in advance for
our oversights and omissions.

1. INTRODUCTION

Let G be a finite group. The unit spheres S(V') in finite-dimensional orthogonal repre-
sentations of G provide the basic examples of smooth linear GG-actions on spheres. These
linear actions satisfy a number of special constraints on the dimensions of fixed sets and
the structure of the isotropy subgroups, arising from character theory. However, such
constraints do not hold in general for smooth G-actions on spheres, unless G has prime
power order. In a series of papers [62, 60, 63, 64, 65] we constructed new families of
G-CW-complexes homotopy equivalent to spheres, with prescribed isotropy, as potential
models for smooth non-linear finite group actions on spheres.

In this series we studied group actions on spheres in the setting of geometric G-homotopy
representations, introduced by tom Dieck [33, 48, 38]. These are finite (or more generally
finite-dimensional) G-CW-complexes X satisfying the property that for each H < G, the
fixed point set X! is homotopy equivalent to a sphere S™#) where n(H) = dim X?. We
introduced algebraic homotopy representations as suitable chain complexes over the orbit
category and proved a realization theorem for these algebraic models.

In the study of finite group actions, the p-Sylow subgroups play a central role due to
the constraints imposed by P. A. Smith theory on the homology of the fixed sets (see
(94, 95, 96, 97]). We will focus on G-CW-complexes and the interactions between the
family of isotropy subgroups of the action and the dimensions of the fixed subspaces (see
the survey [59] for information about free actions on spheres).

A possible first step towards upgrading a G-CW-complex to a closed smooth G-manifold
is a recent result recognizing that a G-homotopy representation is, in a suitable sense, a G-
Poincaré complex (see [67, Theorem DJ). Further steps will require tools from equivariant
surgery theory [87, 53] to overcome various levels of obstructions in topology and K-theory.
These methods have led to results on some of the most celebrated and difficult problems
in transformation groups, but this development is outside the scope of the present survey.
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2. SOME MOTIVATING QUESTIONS

Actions of finite groups on spheres can be studied in various different geometrical set-
tings. The fundamental examples come from the unit spheres S(V') in a real orthogonal
G-representation V', and character theory reveals intricate relations between the dimen-
sions of the fixed subspheres S(V)f, for subgroups H < G, and the structure of the
isotopy subgroups {G, |z € S(V)}. One goal is to better understand the constraints on
these basic invariants, in order to construct new smooth non-linear finite group actions
on spheres.

A useful way to measure the complexity of the isotropy is the rank. We say that G
has rank k if it contains a subgroup isomorphic to (Z/p)*, for some prime p, but no
subgroup (Z/p)k*!, for any prime p. After free actions where the isotropy is trivial, the
next simplest case is the following:

Question. For which finite groups G, does there exist a finite G-CW-complex X ~ S™
with all isotropy subgroups of rank & ?

By P. A. Smith theory, the rank k£ assumption on the isotropy subgroups implies that
G must have rank(G) < k + 1 (see [64, Corollary 6.3]). For example, since every rank
one finite group can act freely on a finite complex homotopy equivalent to a sphere (Swan
[100]), we could restrict our attention to groups with rank > 2.

Here are three natural settings for the study of finite group actions on spheres:

(A) smooth G-actions on closed manifolds homotopy equivalent to spheres;
(B) finite G-homotopy representations (see tom Dieck [40, I1.10.1]);
(C) finite G-CW-complexes X ~ S".

In contrast to G-representation spheres S(V'), the non-linear smooth G-actions on a
smooth manifold M ~ S™ exhibit more flexibility. For example, in the linear case, the
fixed sets S(V)H are always linear subspheres. For smooth actions, the fixed sets are
smoothly embedded submanifolds but may not even be integral homology spheres [88] (see
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also [84], [83]). Well-known general constraints on smooth actions arise from P. A. Smith
theory:

Theorem 2.1 (P. A. Smith [94]). Let p be a prime and G be a finite p-group. If X is
a finite-dimensional G-CW-complex which has the mod-p homology of an n-sphere, then
the fized point set X is either empty or has the mod-p homology of an r-sphere for some
0<r<mn. Ifpis odd, then n —r is even.

In particular, if G acts smoothly on a smooth manifold M ~ S™, and H is a subgroup
of p-power order, for some prime p, then M# is an F,-homology sphere. In addition,
even if the fixed sets are diffeomorphic to spheres, they may be knotted or linked as
embedded subspheres in M (see [45], [19]). One can also consider topological G-actions,
usually with the assumption of local linearity, otherwise the fixed sets may not be locally
flat submanifolds. There is a large literature concerning smooth actions on manifolds, as
in setting (A), in particular on their fixed sets and isotropy structures, but these topics
deserve a full survey on their own.

For example, one problem (first suggested by Montgomery and Samelson [82]) that has
attracted a lot of attention is the existence of smooth actions on spheres with exactly one
fixed point. The first step towards a solution of this problem was the striking work of
L. Jones [69, 70], establishing a converse to the P. A. Smith theorem for the existence
of actions on spheres and disks (see also [103]). The first one fixed point example was
discovered by E. Stein [98], and then the work of R. Oliver and T. Petrie [85, 86] opened
the way to a systematic approach to constructing more examples via equivariant surgery
(see [89, Theorem A] and the subsequent work of Laitinen, Morimoto and Pawalowski
[75], [74] classifying the finite groups which admit such actions on spheres).

In the setting (B) of G-homotopy representations, the objects of study are finite (or
more generally finite-dimensional) G-CW-complexes X satisfying the property that for
cach H < G, the fixed point set X is homotopy equivalent to a sphere S™) where
n(H) = dim X, We could also consider a version of this setting where all isotropy
subgroups of X are p-subgroups of G, and each non-empty fixed point set X for H < G
is a Zy)-homology n(H)-sphere where n(H) = dim X*.

The third setting (C) is the most flexible of all. Here we suppose that X ~ S™ is a fi-
nite G-CW-complex homotopy equivalent to a sphere, but do not require that dim X = n.
Moreover, we make no initial assumptions about the homology of the fixed sets X, al-
though the conditions imposed by P. A. Smith theory with [F,-coefficients still hold. In the
setting (C), we will see that dim X* can be (much) higher in general than its homological
dimension, and this provides new obstructions to understanding our motivating question
in setting (A) or (B).

We remark that early work of Conner [17] and Heller [66] led to an extensive study of
free finite group actions on products of spheres [1, 15]. In another direction, the results of
P. A. Smith and L. Jones admit generalizations for more general finite G-CW-complexes.
The classical problem to determine the possible fixed point sets in finite contractible finite
G-CW-complexes was solved by L. Jones [69] if G is a p-group, and R. Oliver [85] if G is
not a p-group for any prime p. Recently, S. Cappell, S. Weinberger, and M. Yan [13] put
the work of Oliver [85] into a more general context. The analogous generalization of Jones’
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work [69] has very different features, which is discussed by S. Cappell, S. Weinberger, and
M. Yan [12]. These topics are also beyond the scope of this survey.

3. THE FOUNDATIONAL WORK OF TOM DIECK

This section is a tribute and recollection of some of tom Dieck’s many contributions to
the theory of transformation groups, and specifically to the geometry of representations.

The study of orthogonal representations of finite groups (or more generally compact
Lie groups) up to homotopy was pioneered by tom Dieck in the late 1970’s (see [30, 29,
31, 32]). The focus was on the pattern of dimensions for the fixed sets in representation
spheres S(V'). At the same period, the definition of the Burnside ring was extended to
compact Lie groups and its role in investigated and followed up in joint work with Petrie
[24, 25, 27, 28, 46, 47].

Important tools were introduced and developed, such as equivariant homology theory
and Mackey functors [21, 22, 26], equivariant classifying spaces [20, 23], and the stable
equivariant Picard group associated to the real representation ring RO(G) of a compact
Lie group [30, 35, 37]. These concepts and methods have been important in the develop-
ment of equivariant spectra (see Lewis, May, Steinberger, and McClure [76]).

In the early 1980’s tom Dieck and Petrie transformed the subject by introducing homo-
topy representations, and embarked on a decade of research activity centered around this
notion (see [34, 48, 33, 38]). The fundamental questions about dimensions and isotropy
which appeared in representation theory now had analogues for G-CW-complexes. An
excellent account of this whole area appears in tom Dieck’s ICM article [39)].

Results in this more general setting then suggested geometric questions for smooth or
topological group actions on spheres, such as possible linking numbers of disjoint fixed
sets, and the application of tools from surgery theory [44, 19, 41, 42, 43].

We conclude this section by mentioning another aspect of the ideas presented by tom
Dieck and Petrie in [48], which is the subject of current research. They defined the group
V(@) as the Grothendieck group of the monoid of equivalence classes of finite-dimensional
G-homotopy representations, with the group operation given by join operation. They also
introduced the concept of generalized homotopy representations: a finite-dimensional G-
CW-complex X is a generalized homotopy representation if the fixed point set X is
homotopy equivalent to S™#) where n(H) is not necessarily equal to dim X#. They
defined a similar Grothendieck group V'(G) for generalized homotopy representations
and prove the following:

Theorem 3.1 (tom Dieck and Petrie [48]). If G is finite or a torus, the canonical map
V(G) = V'(G) is an isomorphism.

It is an open problem whether the same statement holds for arbitrary compact Lie
groups (see [56, Conjecture 4.5] and [72]). The group V'(G) is isomorphic to the Picard
group Pic(hSpY) of invertible objects in the stable homotopy category of G-spectra (see
[56, Proposition 4.6]), and the group V(G) fits into an exact sequence

0 — Pic(A(G)) = V(G) % D(G) = 0

where Pic(A(G)) denotes the Picard group of the Burnside ring A(G), and D(G) is the
subgroup of the group C(G) of continuous functions from the space of closed subgroups
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of G to Z, satisfying certain conditions (see Bauer [8, Definition 2.1]). These are the
conditions satisfied by the dimension function of a homotopy representation.

The map d: V(G) — D(G) sends each G-homotopy representation X to its dimension
function dim X defined by (dim X)(H) = X for every closed subgroup H of G. The
kernel v(G) of d was computed by tom Dieck and Petrie in [33] for finite groups, and in
[35] for compact Lie groups. The isomorphism v(G) = Pic(G) sends a virtual homotopy
representation X — Y, with dim X = dimY’, to the collection of degrees {deg f} for an
appropriate G-map f: X — Y. The surjectivity of d: V(G) — D(G) is proved in [8,
Theorem 2.4]. As a consequence of the above theorem, one obtains a description of the
Picard group Pic(hSp®) when G is a finite group.

For subsequent work on equivariant G-CW-complexes, tom Dieck’s 1987 book “Trans-
formation Groups” [40] provided an equivariant framework based on modules and chain
complexes over the orbit category of G, which includes tools from algebraic topology,
stable homotopy, the Burnside ring, Bredon homology and Mackey functors (and much
more).

With this preparation, the reader is equipped to absorb further extensions of the alge-
bra, and the connections between transformation groups and algebraic K-theory presented
in the influential LNM1408 by W. Liick [77]. In this comprehensive exposition, the author
introduces invariants such as the equivariant finiteness obstruction, Whitehead torsion,
and Reidemeister torsion taking values in algebraic K-groups, and presents geometric
applications to isovariant and equivariant versions of the s-cobordism theorems for G-
manifolds. For the present survey, one of the highlights is that (oriented) G-homotopy
representations with the same dimension function are classified up to G-homotopy equiv-
alence by the reduced Reidemeister torsion invariant (see [77, Corollary 20.39]).

4. CHAIN COMPLEXES OVER THE ORBIT CATEGORY

Let G be a finite group and F be a family of subgroups of G which is closed under
conjugations and taking subgroups. The orbit category Ors G is defined as the category
whose objects are orbits of type G/K, with K € ¥, and where the morphisms from G /K
to G/L are given by G-maps:

Moroy,, ¢(G/K,G/L) = Map,(G/K,G/L).

The special case of Org G where F consists of all subgroups of G is just called the orbit
category and denoted Or(G).

The category I'c = Org G is a small category, and we can consider the module category
over I in the following sense. Let R be a commutative ring with 1. A (right) RIg-
module M is a contravariant functor from I to the category of R-modules. We denote
the R-module M (G/K) simply by M (K) and write M(f): M(L) — M(K) for a G-map
f:G/K - G/L.

The category of RIg-modules is an abelian category, so the usual concepts of homo-
logical algebra, such as kernel, direct sum, exactness, projective module, etc., exist for
RIg-modules. A sequence of RIg-modules 0 - A — B — C — 0 is exact if and only if

0— AK)— B(K)—-C(K)—=0
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is an exact sequence of R-modules for every K € F. For an RIg-module M the R-
module M (K) can also be considered as an RW¢(K)-module in an obvious way where
We(K) = Ng(K)/K. We will follow the convention in [77] and consider M (K) as a right
RW¢(K)-module. In particular, we will consider the sequence above as an exact sequence
of right RW¢ (K )-modules.

For each H € J, let Fyy := R[G/H'] denote the RIg-module with values Fy(K) =
R[(G/H)X] for every K € F, and where for every G-map f : G/L — G/K, the induced
map Fy(f) : R[(G/H)X] — R[(G/H)¥] is defined in the obvious way. By the Yoneda
lemma, there is an isomorphism

Hompgr, (R[G/H'], M) = M(H)

for every RIg-module M. From this it is easy to show that the module R[G/H’] is a
projective module in the usual sense, for each H € F. An RIg-module is called free if
it is isomorphic to a direct sum of RIg-modules of the form R[G/H?]. Tt can be shown
that an RIg-module is projective if and only if it is a direct summand of a free module.
The further details about the properties of modules over the orbit category can be found
in [60] (see also Liick [77, §9,817] and tom Dieck [40, §10-11]).

We consider chain complexes C of RIg-modules, with respect to a given family J.
When we say a chain complex we always mean a non-negative complex, so C; = 0 for
i < 0. We call a chain complex C projective (resp. free) if for all i > 0, the modules C;
are projective (resp. free). We say that a chain complex C is finite if C; = 0 for all i > n,
for some n > 0, and the chain modules C; are all finitely generated RIz-modules. We
usually work under this assumption.

We define the support of a chain complex C over RI; as the family of subgroups

Supp(C) = {H € 5| C(H) # 0}.
It is sometimes convenient to vary the family of subgroups.

Definition 4.1. If § C § are two families, the orbit category I'c s = Ors G is a full-
subcategory of I'g.g = Org G. If M is a module over RIg 5, then we define Inci(M)(H) =
M(H), if H € J, and zero otherwise. Similarly, for a module N over Rl g, define
ResZ(N)(H) = N(H), for H € F. We extend to maps and chain complexes similarly.
Note that Supp(IncZ(C)) = Supp(C), and Supp(ResZ (D)) = Supp(D) N J.

Given a G-CW-complex X, there is an associated chain complex of RIz-modules over

the family of all subgroups of G:
C(X*R): - —=RX,’ 12 RX,17] =& RIX,7] =0,

where X; denotes the set of (oriented) i-dimensional cells in X and R[X;’] is the RI-
module defined by R[X;’](H) = R[X] for every H < G. We denote the homology
of this complex by H,(X?; R). The chain complex C(X#; R) is actually defined for all
subgroups H < G, but for a given family of subgroups F, we can restrict its values from
Or(G) to the full sub-category Ors G.

The smallest family containing all the isotropy subgroups {G, |z € X} is

Jso(X) ={H <G| X" #£0}
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and this motivates our notion of support for algebraic chain complexes. In particular, we
have

Supp(Ress(C(X": R))) = F N JIso(X).
If the family F includes all the isotropy subgroups of X, then the complex C(X*; R) is
a chain complex of free RIg-modules, hence projective Rl g-modules, but otherwise the
chain modules R[X,, ] may not be projective over RI.

Chain complexes of free RIg-modules provide algebraic models for G-CW-complexes
with isotropy in F. Under certain conditions, these algebraic models can be realized by G-
CW-complexes, where the standard cell attachment in a G-CW-complex X topologically
mirrors the addition of a free RIg-module at the chain level, if the family & includes all
isotropy subgroups of X.

5. DIMENSION FUNCTIONS

In this section we describe some extensions of the classical “dimension functions” which
have been extensively studied in connection with the constraints imposed on dimensions
of fixed sets in smooth representation spheres (for example, see [52, 54]). Throughout this
section GG denotes a finite group.

Given a finite G-CW-complex X, there is a dimenston function

Dim X : 8(G) — Z,

given by (Dim X)(H) = dim X for all H € 8§(G) where 8(G) denotes the set of all
subgroups of GG. By convention, we set dim () = —1 for the dimension of the empty set.
In a similar way, we define the following.

Definition 5.1. The (chain) dimension function of a finite-dimensional chain complex C
over RI is defined as the function Dim C: §(G) — Z which has the value

(Dim C)(H) = dim C(H)

for all H € F, where the dimension of a chain complex of R-modules is defined as the
largest integer d such Cy # 0 (hence the zero complex has dimension —1). If H ¢ F, then
we set (DimC)(H) = —1.

The dimension function Dim C: 8(G) — Z is conjugation-invariant, meaning that it
takes the same value on subgroups conjugate in GG. The term super class function is often
used for such functions.

Definition 5.2. The support of a conjugation-invariant function n : 8(G) — Z is defined
as the set

Supp(n) ={H < G: n(H) # —1}.
We say that a conjugation-invariant function n: 8(G) — Z is supported on F, if Supp(n) C
F. Note that Supp(C) C F is the support of the dimension function Dim C of a chain
complex C over RIg.

In a similar way, we can define the homological dimension function of a chain complex
C of RIz-modules as the function hDim C: 8(G) — Z where for each H € F, the integer

(hDim C)(H) = hdim C(H)
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is defined as the largest integer d such that Hy(C(H)) # 0. If H ¢ F, then we set
n(H) = —1, as before.

Let us write (H) < (K) whenever g7 'Hg < K for some g € G. Here (H) denotes the
set of subgroups conjugate to H in G. The notation (H) < (K) means that (H) < (K)
but (H) # (K).

Definition 5.3. We call a function n: 8(G) — Z monotone if it satisfies the property
that n(H) > n(K) whenever (H) < (K). We say that a monotone function n is strictly
monotone if n(H) > n(K), whenever (H) < (K). O

We have the following:

Lemma 5.4. The (chain) dimension function of every finite-dimensional projective chain
complex C of RIg-modules is monotone.

Proof. Let (L) < (K). If n(K) = —1, then the inequality n(L) > n(K) is clear. So
assume n(K) =n # —1. Then C,(K) # 0. By the decomposition theorem for projective
RIG-modules [40, Chap. I, Theorem 11.18], every projective RIz-module P is of the
form P = @&y FEy Py, where H € F and Py is a projective Ng(H)/H-module. Here the
RIg-module Ey Py is defined by

EHPH(?> == PH ®RNG(H)/H RMapG(G/7,G/H)

Applying this decomposition theorem to C,,, we observe that C,, must have a summand
Ey Py with (K) < (H). But then C,(L) # 0, and hence n(L) > n(K). O

We are particularly interested in chain complexes which have the homology of a sphere
when evaluated at every K € F. To specify the restriction maps in dimension zero, we will
consider chain complexes C which are equipped with an augmentation map ¢: Cy — R
such that € o 9 = 0. Here R denotes the constant functor, and we assume that e(H) is
surjective for H € Supp(C). We often consider ¢ as a chain map C — R by considering R
as a chain complex over RI which is concentrated at zero. We denote a chain complex
with an augmentation as a pair (C, ¢).

By the reduced homology of a complex (C,¢), we always mean the homology of the
augmented chain complex

C={ - >C 2 5B cSR-0)
where R is considered to be at dimension —1. Note that the complex C is the —1 shift
of the mapping cone of the chain map ¢: C — R.

Definition 5.5. Let n be a conjugation-invariant function supported on F, and let C be
a chain complex over Rl with respect to a family F of subgroups.

(i) We say that C is an R-homology n-sphere if there is an augmentation map ¢: C —
R such that the reduced homology of C(K) is the same as that of an n(K)-sphere
(with coefficients in R) for all K € F.

(ii) We say that C is oriented if the W (K )-action on the homology of C(K) is trivial
for all K € 7.

Note that we do not assume that the dimension function is strictly monotone as in
Definition I1.10.1 in [40].



EQUIVARIANT CW-COMPLEXES HOMOTOPY EQUIVALENT TO SPHERES: A SURVEY 9

6. ALGEBRAIC HOMOTOPY REPRESENTATIONS

In order to put our questions in a more general setting, we study an algebraic version of
tom Dieck’s geometric homotopy representations for R-module chain complexes over the
orbit category I'c = Org GG, with respect to a ring R and a family J of subgroups of G.
We usually work with R = Z,, for some prime p, or R = Z. This theory was developed
by Liick [77, §9, §17] and tom Dieck [40, §10-11].

The homological dimensions of the various fixed sets are encoded in a conjugation-
invariant function n: 8(G) — Z, where 8(G) denotes the set of subgroups of G. The
function n is supported on the family F, if n(H) = —1 for H ¢ F (see Definition 5.2).

In [40, I1.10], there is a list of properties that are satisfied by geometric homotopy
representations. We will use algebraic versions of these properties to define an analogous
notion for chain complexes.

Definition 6.1. Let C be a finite projective chain complex over RI¢, which is an R-
homology n-sphere. We say C is an algebraic homotopy representation (over R) if

(i) The function n is a monotone function.
(i) If H, K € F are such that n = n(K) = n(H), then for every G-map f: G/H —
G/K the induced map C(f): C(K) — C(H) is an R-homology isomorphism.
(iii) Suppose H, K, L € F are such that H < K, L and let M = (K, L) be the subgroup
of G generated by K and L. If n = n(H) = n(K) = n(L) > —1, then M € F
and n = n(M).

These are the internal homological conditions observed for representation spheres, and
more generally, these conditions are all necessary for C to be chain homotopy equivalent
to a geometric homotopy representation (see [73] and [63, Section 2]). Note that condi-
tions (ii) and (iii) of Definition 6.1 are automatic if the dimension function n is strictly
monotone. Under condition (iii), the isotropy family F has an important maximality

property.

Proposition 6.2. Let n be a conjugation-invariant function and let C be a projective
chain complex of RI'¢-modules, which is an R-homology n-sphere. If condition (iii) holds,
then for each H € F, the set of subgroups Fy = {K € F|(H) < (K), n(K) =n(H) >

—1} has a unique mazximal element, up to conjugation.
Proof. Clear by induction from the statement of condition (iii). 0J
In the remainder of this section we will assume that R is a principal ideal domain.

Proposition 6.3. Let n be a conjugation-invariant function and C be a finite projective
chain complex over RIg, which is an R-homology n-sphere. Assume that R is a prin-
cipal ideal domain. If the equality n = Dim C holds, then C is an algebraic homotopy
representation.

When the equality n = Dim C holds, we say that C is a tight complex. In general,
n(K) < Dim C(K) for each K € &, and one would expect obstructions to finding a tight
complex which is chain homotopy equivalent to a given R-homology n-sphere. The fol-
lowing result shows the relevance of the internal homological conditions for this question.
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Theorem 6.4 ([63, Theorem A]). Let G be a finite group, and F be a family of subgroups
of G. Suppose that
(i) R is a principal ideal domain,
(i) n: 8(G) — Z is a conjugation-invariant function supported on F, and
(111) C is a finite chain complex of free RI'g-modules which is an R-homology n-sphere.
Then C s chain homotopy equivalent to a finite free chain complex D satisfying n =
Dim D if and only if C is an algebraic homotopy representation.

Theorem 6.4 was motivated by [60, Theorem 8.10], a generalization of a construction
attributed to Milnor (see [100, Proposition 3.1]). It states that a finite chain complex of
free ZI'g-modules can be realized by a geometric G-CW-complex if it is a tight homology
n-sphere such that n(H) > 3 for all H € . Upon combining these two statements, we
get the following geometric realization result.

Corollary 6.5 ([63, Corollary B]). Let C be a finite chain complez of free ZI-modules
which is a homology n-sphere. If C is an algebraic homotopy representation, and in
addition, if n(K) > 3 for all K € F, then there is a finite G-CW-complex X, with
isotropy in F, such that C(X*;Z) is chain homotopy equivalent to C as chain complezes
of ZI ¢-modules.

The geometric realization of a finite free RIz-complex D is done by cell attachments.
In the case where D is not a tight complex, there are obstructions for attaching cells
corresponding to free summands R[G/H'] above the dimension n(H). The tightness
condition for D allows us to avoid these obstructions. Since, by Theorem 6.4, a finite
chain complex C of free RIg-modules satisfying the conditions of the theorem is chain
homotopy equivalent to a tight complex D if and only if C is an algebraic homotopy
representation, the conditions for an algebraic homotopy representation listed in Definition
6.1 are necessary for our constructions.

We conclude this section by stating an algebraic version of a well-known theorem in
transformation groups: the dimension function of a homotopy representation satisfies
certain conditions called the Borel-Smith conditions (see [11, Thm. 2.3 in Chapter XIII]
or [40, IIL.5]).

Theorem 6.6 ([63, Theorem CJ). Let G be a finite group, R = F,, and F be a given
famaly of subgroups of G. If C is a finite projective chain complex over RIl, which is
an R-homology n-sphere, then the function n satisfies the Borel-Smith conditions at the
prime p.

Remark 6.7. The fact that the dimension function of an algebraic n-homology sphere
satisfies the Borel-Smith conditions suggests that more of the classical results on finite
group actions on spheres might hold for finite projective chain complexes over a suitable
orbit category. For example, one could ask for an algebraic version of the results of
Dotzel-Hamrick [51] on p-groups.

Example 6.8. An important test case for groups acting on spheres, or on products of
spheres [2], is the rank two group Qd(p) = (Z/p x Z/p) x SLs(p). At present, it is not
known whether Qd(p) can act freely on a product of two spheres, but Unlii [102] showed
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that Qd(p) does not act on a finite complex homotopy equivalent to a sphere with rank
one isotropy. The question of whether or not Qd(p) acts freely on a finite CW-complex
homotopy equivalent to a product of two spheres is one of the most important open
problems on free actions on products of spheres.

As an application of Corollary 6.5, we can show that such a finite projective chain
complex over Rl does not exist for the group G = Qd(p) with respect to the family F
of rank one subgroups (see [63, Proposition 5.14]). This is an important group theoretic
constraint on the existence question for geometric homotopy representations with rank
one isotropy.

One of the main ideas in the proof of Theorem 6.6 is the reduction of a given chain com-
plex of RI'z-module C to a chain complex over RIk/y for a subquotient K /N appearing
in the Borel-Smith conditions. For this reduction, we introduce inflation and deflation
of modules over the orbit category, via restriction and induction associated to a certain
functor F' (see Section 7). Then we use spectral sequence arguments to conclude that the
conditions given in the Borel-Smith conditions hold for these reduced chain complexes
over RI'gx/N.

7. INFLATION AND DEFLATION OF CHAIN COMPLEXES

In this section we define the two general operations on chain complexes mentioned
in the last section, which are used in the proof of Theorem 6.6. For a finite G-CW
complex X which is a mod-p homology sphere, the Borel-Smith conditions can be proved
using a reduction argument to certain p-group subquotients (compare [40, I11.4]). For a
subquotient K /L, the reduction comes from considering the fixed point space X% as a
K-space. To do a similar reduction for chain complexes over RI¢, we first introduce a
new functor for RIg-modules, called the deflation functor. We will introduce this functor
as a restriction functor between corresponding module categories. For this discussion R
can be taken as any commutative ring with 1, and F¢ is any family of subgroups subject
to the extra conditions we assume during the construction.

Let N be a normal subgroup of G. We define a functor

Fipg/N%FG

by considering a G/N-set (or G/N-map) as a G-set (or G-map) via composition with the
quotient map G — G/N. For this definition to make sense, the families F¢/n and Fg
should satisfy the property that if X' > N is such that (K/N) € Fg/n, then K € Jg.
Since we always assume the families are nonempty, the above assumption also implies
that N € Fg. For notational simplicity from now on, let us denote K/N by K for every
K > N.

If a family F¢ is already given, we will always take Fo /v = {K | K > N and K € F5}
and the condition above will be automatically satisfied. We also assume that N € F4 to
have a nonempty family for Fg/n.

The functor F' gives rise to two functors (see [77, 9.15]):

Resp: Mod -RFG — Mod -Rpg/]v
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and
Indp: Mod-RIg/n — Mod-RIy .
The first functor Resp takes a RIG-module M to the RIg/y-module
Def@ (M) := M o F: I'gy — R-Mod.
We call this functor the deflation functor. Note that
(DefSx M)(K) = M(K).

The induction functor Indy associated to F' is called the inflation functor, denoted by
Infg/N(M). For every H € F, we have

Inf& (M) (H) = (D

where the relations come from the tensor product over Rz y (see [77, Definition 9.12]).
In general, it can be difficult to calculate Infg /v M for an arbitrary RIG n-module M.
In the case where M is a free RIg/y-module we have the following lemma.

Lemma 7.1. Let X be a finite G/N-set. Then, we have
Inf¢ v R[X ] = R[(Infg y X)*].

Proof. 1t LS egough to show this when X = @/F for some K S_G such that K > N. In this
case, R[(G/K)"] is isomorphic to EwPg where Pz = R[Wg(K )|, where Fz(—) is defined

as the induction operation Ind;(—) for the induction functor j: RIWx(K)|] = RIg/N (see
[77,9.30]). We have

Inf¢ y RI(G/K)"] = Inf¢ y ExPg = Indp Ind; Pr = Indpo; Py

where F': I'gyy — I¢ is the functor defined above. Since Wg(K) =2 Wg(K), after
suitable identification, the composition F' o j becomes the same as the inclusion functor
i: We(K) — I, so we have

Indpo; P = Ex RWg(K) = RG/K?]
as desired. O

M(E) @) RMapg(G/H, G/K) )/ ~

?GEFG/N

By general properties of restriction and induction functors associated to a functor F',
the functor Def& /v 1s exact and Inf, /v Tespects projectives (see [77, 9.24]). The deflation
functor has the following formula for free modules.

Lemma 7.2. Let X be a G-set. Then, we have
Def¢,y RIX 7] = R[(X™)7]
In particular, if H € Fg implies HN € F, then the functor Defg/N respects projectives.
Proof. For every K € J such that K > N, we have
(Deféy RIX*])(K) = R[X *](K) = R[X"] = R[(X™)""] = R[(X")"(K).

Note that (G/H)Y = G/HN as a G/N-set. If H € F¢ implies HN € Fg, then by
assumption HN € Fg/n. Hence R[((G/H)N)"] is free as an Rl y-module and Defg/N
respects projectives. O
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Example 7.3. Let C = C(X7;Z) for some G-CW-complex X. Then for every normal
subgroup N < G,
DefS,y C = C((XV); ).

This follows from Lemma 7.2 and by the fact that boundary maps commutes with the
isomorphisms given in Lemma 7.2. This observation is the main motivation for defining
deflation operators. Since the fixed point spaces XV are used to prove Borel-Smith
conditions for homotopy representations, in a similar way, we use the deflation operator
Defg /v to prove that if C is a finite projective chain complex over F,Iz which is an
[F,-homology n-sphere, then the dimension function n satisfies the Borel-Smith conditions
at the prime p (see Theorem 6.6).

8. THE FIRST NON-LINEAR EXAMPLE

In joint work [60] with Semra Pamuk, we established a general framework for studying
G-CW-complexes via the orbit category. As an application of our methods, we considered
the first non-trivial case of the existence problem: does there exist a rank two finite group
G which admits finite G-CW-complex X ~ S™ with rank one isotropy, but no orthogonal
linear representations V' such that S(V') has rank one isotropy.

If G is a finite p-group of rank 2, then there exist orthogonal linear representations V' so
that S(V') has rank 1 isotropy (see [51]). If G is not of prime power order, representation
spheres with rank 1 isotropy do not exist in general: a necessary condition is that GG has
a p-effective character for each prime p dividing |G| (see [68, Thm. 47]). In [68, Prop. 48]
it is claimed that this condition is also sufficient for an affirmative answer to the G-CW
question above, but the discussion on [68, p. 831] does not provide a construction for X.

The first non-trivial case is the permutation group G = S; of order 120, which has
rank 2 but no linear action with rank 1 isotropy on any sphere, although it does admit
p-effective characters for p = 2,3, 5.

Theorem 8.1 ([60, Theorem A]). The permutation group G = S5 admits a finite G-
CW-complex X ~ S™, such that X # () implies that H is a rank 1 subgroup of 2-power
order.

Remark 8.2. It is an interesting problem for future work to decide if the group G = S5
can act smoothly on S™ with rank 1 isotropy.

In order to prove this result we developed further techniques for chain complexes over
the orbit category, which may have some independent interest. A well-known theorem
of Rim [91] shows that a module M over the group ring ZG is projective if and only if
its restriction Resg M to any p-Sylow subgroup is projective. For modules over the orbit
category we have a similar statement localized at p.

Theorem 8.3 ([60, Theorem 3.9]). Let G be a finite group, F be a family of p-subgroups
of G, and let R = Z,). Then an RIg-module M has a finite projective resolution if and
only if its restriction ResIGD M has a finite projective resolution for any p-Sylow subgroup
P <G.

Remark 8.4. For modules over the group ring RG, those having finite projective reso-
lutions are already projective. Over the orbit category, these two properties are distinct.
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The construction of the G-CW-complex X for G = S5 and the proof of Theorem 8.1
is carried out in several steps (see [60, Section 9]). We first construct finite projective
chain complexes C® over the orbit categories RIg, with R = Z,), separately for the
prime p = 2,3, 5 dividing |G|. In each case, the isotropy family F consists of the rank 1
subgroups of 2-power order in G. These are the subgroups of G which are conjugate to
one the subgroups in the set

{17 0547 CQBa 04}
where C3' = ((12)(34)), CZ = ((12)), and O, = {(1234)).

The chain complexes C) all have the same dimension function. We prescribe a non-
negative function n: F — Z, with the property that n(K) < n(H) whenever H is conju-
gate to a subgroup of K. Then, by construction, each complex C®) has the R-homology
of an n-sphere: for each K € F, the complexes C”(K) have homology H; = R only in
two dimensions i = 0 and i = n(K). In other words, the complexes C) are algebraic
versions of tom Dieck’s homotopy representations.

In the case p = 2, we start with the group H = S, acting by orthogonal rotations on
the 2-sphere. A regular H-equivariant triangulation of an inscribed cube or octahedron
gives a finite projective chain complex over RI'y. This gives an exact sequence of the
form

0— Ry — 2R[H/17] = 3R[H/1"] = R[H/C,"| & R[H/CE"| & RIH/C;"] — Hy — 0.

Note that all the modules in the middle of the extension are projective RIy-modules,
the module R, has value R at 1 and zero everywhere else, and the homology module
Hy = Hy(X7; R) has the following diagram as an RI'y-module:

R[Dg/C4]

R /

The (k + 1)-fold join of C(X*; R) with itself is a finite projective complex of the form
C: 0=-Ry—-Cp—-=C,—--—Cy—>R—0

over RI'y with (n + 1) = 3(k 4+ 1). The purpose of the join construction is to produce
a complex with dimension gaps between the non-zero homology groups, as required by
Theorem 6.7 in [60] for glueing the different primes together. Then we use a chain complex
version of Theorem 9.2, to lift it to a finite projective complex over RI;. For p = 3 and
p = 5, the p-rank of Sj is 1, and there exists a periodic complex over the group ring RG
(see Swan [100, Theorem B]). We start with a periodic complex over RG and add chain
complexes to this complex, for every nontrivial subgroup K € &, to obtain the required
complex C®) over RI .

We use the theory of algebraic Postnikov sections by Dold [49] to glue the complexes
together to form a finite projective ZI z-chain complex. We complete the chain complex
construction by varying the finiteness obstruction to obtain a complex of free ZI -modules
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(as in Swan [100, Proposition 5.1]), and then we prove a realization theorem Corollary
6.5 to construct the required G-CW-complex X ~ S™.

9. MACKEY STRUCTURES OVER THE ORBIT CATEGORY

Another useful feature of homological algebra over group rings is the detection of group
cohomology by restriction to the p-Sylow subgroups. Here is an important concept in
group cohomology (see for example [101]).

Definition 9.1. For a given prime p, we say that a subgroup H C G controls p-fusion
provided that
(i) p1|G/H], and
(ii) whenever @ C H is a p-subgroup, and there exists ¢ € G such that Q9 :=
g 'Qg C H, then g = ch where ¢ € Cg(Q) and h € H.

One reason for the importance of this definition is the fact that the restriction map
H*(G;F,) - H*(H;F,)

is an isomorphism if and only if H controls p-fusion in G (see [81], [101]). We have
the following generalization of this result based on the theory of Mackey functors of
cohomological type over the orbit category (with respect to any family ).

Theorem 9.2 ([60, Theorem C]). Let G be a finite group, R = Z, and H < G a
subgroup which controls p-fusion in G. If M is an RI'g-module and N is a cohomological
Mackey functor, then the restriction map

Resf;: Extp, (M, N) — Extl, (Res; M, Resf; N)

is an isomorphism for n = 0, provided that the centralizer Cg(Q) of any p-subgroup
Q < H, with Q € F, acts trivially on M(Q) and N(Q).

The proof of Theorem 8.1 uses some structural and computational facts about the Ext-
groups over the orbit category. These Ext-groups are the domain of the k-invariants in the
theory of algebraic Postnikov sections [49]. The exposition is based on [60, §4], following
Cartan-Eilenberg [16] and tom Dieck [40, §I1.9].

We have seen that the category of right RI™-modules has enough projectives to define
the bifunctor

Exth (M, N) = H*(Homgr(P, N))
via any projective resolution P — M (see [77, Chap. III, §17], [78, Chap. IIL.6]).

In the rest of this section, we assume that Iz = Ors G for a finite group G, where &F
is a family of subgroups in G. Note that [ is both finite and free as an El-category. If
there are two groups H < (G, we use the notations Iy = Ory G for the orbit category
with respect to the family J, and I'y = Orgy H for the orbit category with respect to the
family ¥y = {H N K | K € F}.

We now recall the definition of a Mackey functor (following Dress [55]). Let G be a
finite group and D(G) denote the Dress category of finite G-sets and G-maps. A bivariant
functor

M = (M*,M,): D(G) — R-Mod
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consists of a contravariant functor

M*: D(G) — R-Mod
and a covariant functor

M. : D(G) — R-Mod.
The functors are assumed to coincide on objects. Therefore, we write M (S) = M., (S) =
M*(S) for a finite G-set S. If f: S — T is a morphism, we often use the notation f, =
M. (f) and f* = M*(f). f S=G/H and T'= G/K with H < K and f: G/H — G/K
is given by f(eH) = ek, then we use the notation f, = Ind% and f* = Resh.

Definition 9.3 (Dress [55]). A bivariant functor is called a Mackey functor if it has the
following properties:

(M1) For each pullback diagram

Xy

It
S——=T

f
of finite G-sets, we have h, o g* = k* o f,.
(M2) The two embeddings S — S| |71 «— T into the disjoint union define an isomor-
phism M*(S||T) = M*(S) & M*(T).

Remark 9.4. There is a functor Or(G) — D(G) defined on objects by H — G/H for
every subgroup H < G, and as the identity on morphism sets. By composition, any
contravariant functor D(G) — R-Mod gives a right RIg-module, with respect to any
given family of subgroups J of G.

In the statement of Theorem 9.6 we will use the examples R[S?]: D(G) — R-Mod,
defined by R[S?](G/K) = RMap,(G/K,S) for every K € F, where Map,(G/K, S)
denotes the set of G-maps from G/K to S.

The following is an example of a Mackey functor, whose special case is known as fixed
points functor.

Example 9.5. Let Q € F and let V be a right R[Wg(Q)]-module, where Wg(Q) =
Ne(Q)/Q. Then we define a bivariant functor Dg(V): D(G) — R-Mod on objects by
setting
Dq(V)(S) = Homppwe (o) (RIS?]. V)
for any finite G-set S. For any G-map f: S — T we have a Wg(Q)-map f9: S? — T?,
which induces a homomorphism
f*+ Homppwg@(RIT?, V) — Hompqwg o)) (RISY], V)

by composition. To define the covariant map f,, let p5: R[S?] — V be an R[Wg(Q)]-
homomorphism, and define f,(¢s) = @7 by

Fles)t) =er(t) = > ps(s)

SESQ, f(s)=t
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It is not hard to verify that Do (V) is actually a Mackey functor. The axiom (M1) follows
because the Q-fixed sets in a pull-back diagram of G-sets give again a pull-back diagram.
The axiom (M2) is immediate.

In the special case where @ = 1, D{(V) is the Mackey functor which has values
Dy(V)(G/H) = Hompgg(R|G/H],V) = VH for every subgroup H < G. This func-
tor is called the fixed points functor associated to V', usually denoted by FPy. If
M = FPy for some RG-module V', then for every K < H, the restriction homomor-
phism Res? : M(H) — M(K) is given by the inclusion map V < VX and the transfer
homomorphism Ind}. : M (K) — M(H) is given by the trace map V5 — V defined by
U= Y ken i I for every v € VE,

The proof of Theorem 9.2 follows by showing that H ~— Extyy (M, N) has a coho-
mological Mackey functor structure which is conjugation-invariant. First we describe the
Mackey functor structure on Hompgp, (M, N).

Theorem 9.6 ([60, Theorem 4.11]). For a right RI'z-module M and a Mackey functor
N, let

HOHIRF?(M, N) : D(G) — R-Mod
denote the function defined by S — Hompgr,(M ®p R[S ], N) for any finite G-set S.
Then Hompgr, (M, N) inherits a Mackey functor structure.

Proof. We will first define the induction and restriction maps to see that Homgp, (M, N)
is a bifunctor. For f: S — T a G-map, the restriction map

f*: Hompr, (M ®g R[T?], N) — Hompr, (M ®5 R[S*], N)
is the composition with M ®p R[S”] B M ®p R[T?] where f denotes is the linear
extension of the map induced by f. Since the functors R[S?] satisfy axiom (M2), so does

HOIIlRp? (M, N)
For f: S — T a G-map, we define the induction map

fo: Hompr, (M ®g R[S?], N) — Hompr. (M ®g R[T?],N)

in the following way: let ¢5: M ®z R[S’] — N be given. We will describe the homomor-
phism o7 = fi(ps).

er(V)(z @ a) = F.(os(U)(F"(2) @ 8) )
forx € M(V) and a: V — T, where U, 8 and F are given by the pull-back

Uv-—Ls3
b
It is easy to check that this formula for ¢ gives an RIg-homomorphism, using the

assumption that N is a Mackey functor. For the remaining details, see [60, Theorem
4.11]. O
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The Mackey structure on Hompgp, (M, N) extends without difficulty to chain complexes
over the orbit category.

Proposition 9.7 ([60, Proposition 4.13]). Let C be a chain complez of right RI -modules
and N be a Mackey functor. Then, the cochain complex

C* = HOIDRF?(C, N)

with the differential 6: Hompgr,(C;, N) — Hompgr,(Ciy1, N) given by 6(¢) = ¢ o0 is a
cochain complex of Mackey functors.

Corollary 9.8. Let M be an RIg-module and N be a Mackey functor. Then,
Extyp, (M, N)

has a Mackey functor structure. As a Mackey functor Extyp (M, N) is equal to the
homology of the cochain complex of Mackey functors Hompgp,(P, N) where P is a projective
resolution of M as an RIg-module.

Proof. To compute the Ext-groups, note that S +— P ®p R[S?] is a projective resolution
of the module S — M ®x R[S?], for every finite G-set S. O

Remark 9.9. It follows that a version of the Eckmann-Shapiro isomorphism
Extyr, (M ® R[G/H"],N) 2 Ext}, (Res§ M, Res§; N)
holds for the Ext-groups over the orbit category (compare [9, 2.8.4]).

Remark 9.10. If N is a Green module over a Green ring G, then the Mackey functor
Extyp, (M, N) also inherits a Green module structure over §. The basic formula is a
pairing

G(S) x Hompr,(M ®g R[S?], N) — Homgp, (M ®x R[S”],N)
induced by the Green module pairing § x N — N. For any z € §(S5), x € M(V), and
a: V. — S, we define

(z-0s)(V)(z @ a) = a’(2) - ps(V)(z @ )

for any pg(V): M(V)®@grRMor(S,V) — N(V). The check that this pairing gives a Green
module structure is left to the reader. O

10. EXISTENCE RESULTS FOR RANK TWO SIMPLE GROUPS

In [64] we studied the existence problem for rank two finite groups G, with respect to
the family 3 of all rank one p-subgroups of G. We showed that a rank two finite group G
which satisfies certain explicit group-theoretic conditions admits a finite G-CW-complex
X ~ S™ with isotropy in H, whose fixed sets are homotopy spheres. Our construction
provided an infinite family of new non-linear G-CW-complex examples.

Apart from the input from P. A. Smith theory, there is another group theoretical
necessary condition related to fusion properties of the Sylow subgroups. This condition
involves the rank two finite group Qd(p), since any rank two finite group which includes
Qd(p) as a subgroup cannot admit such actions.

More generally, we say Qd(p) is p’-involved in G if there exists a subgroup K < G, of
order prime to p, such that Ng(K)/K contains a subgroup isomorphic to Qd(p). It follows
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that, whenever there exists a finite G-CW-complex X ~ S™ with rank one isotropy, the
group Qd(p) is not p’-involved in G, for any odd prime p. If G does not p’-involve Qd(p),
for p odd, we say that G is called Qd(p)-free.

Definition 10.1. Let G}, be a Sylow p-subgroup of G. A character x : G, — C respects
fusion in G if x(gxg~') = x(z) whenever grg~' € G, for some g € G and z € G,. A
finite group G is said to have a p-effective character if it has a character x: G, — C
which respects fusion and satisfies (x|g, 1g) = 0 for every elementary abelian p-subgroup
E < G with rank equal to the p-rank of the group.

We recall that in [68, Theorem 47] it was proved that a rank two group G has a p-
effective character if and only if p = 2, or p is odd and G is Qd(p)-free. We will use
these characters to obtain finite G-homotopy representations with rank one prime power
isotropy, assuming an additional closure property at the prime p = 2.

Let 8¢ denote the set of primes p such that rank,(G) = 2. Let K, denote the family
of all rank one p-subgroups H < G, for p € 8¢, and let H = |J{H € H, |p € 8¢}

Theorem 10.2 ([64, Theorem A]). Let G be rank two finite group satisfying the following
two conditions:

(i) G is 2-reqular if 2 € 8¢, and G is Qd(p)-free for all p € 8¢ with p > 2;

(i1) If 1 # H € 3, then rank,(Ng(H)/H) <1 for every prime q # p.
Then there exists a finite G-homotopy representation X with isotropy in H.

This result is an extension of our earlier joint work with Semra Pamuk [60] for the
permutation group G = S5 of order 120, and gives a new proof in that case: for G = S5,
the set 8¢ includes only the prime 2 and it can be easily seen that G satisfies the rank one
intersection property. The second condition above also holds since all p-Sylow subgroups
of S5 for odd primes are cyclic.

More generally, using Theorem 10.2, we obtain many new non-linear G-CW-complex
examples. In particular, we show that the alternating group Ag admits finite G-CW-
complexes X ~ S™ with rank one isotropy (see [64, Example 6.5]). We also discuss why
G = Ay can not admit such actions if we require X to be an G-homotopy representation
with rank one prime power isotropy (see [64, Example 6.7]). In fact we show exactly
which of the rank two simple groups (see the list in [2, p.423]) can admit such actions.

Theorem 10.3 ([64, Theorem C)). Let G be a finite simple group of rank two. Then there
exists a finite G-homotopy representation with rank one isotropy of prime power order if
and only if G is one of the following: (i) PSLy(q), ¢ > 5, (ii) PSLy(¢?), q¢ > 3, (i)
PSU;(3), or (iv) PSUs(4).

We remark that G = PSL3(q), ¢ odd, and G = PSUs(q), with 9 | (¢ + 1), are the
rank two simple groups that are not Qd(p)-free at some odd prime. The remaining simple
groups G = PSUs(q), ¢ > 5, are eliminated by the Borel-Smith conditions (see [64,
Section 7]). The groups PSUs(3) and PSU;(4) have a linear actions on spheres with rank
one prime power isotropy. We note that the group G = PSU3(3) does not satisfy the
rank one intersection property (see [64, Example 6.8]).

We will obtain Theorem 10.2 from a more general technical result, which accepts as
input a compatible collection of representations defined on all p-subgroups of G, for a
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given set of primes, and produces a finite G-CW-complex. In principle, this method
could be used to construct other interesting non-linear examples for finite groups with
specified p-group isotropy.

The proofs are based on the theory of algebraic homotopy representations and a local-
global construction (see [64, Sections 3-6]). We construct p-local chain complexes where
the isotropy subgroups are p-groups, and then add homology to these local models so that
these modified local complexes C®) all have exactly the same dimension function. Results
established in [60] are used to glue these algebraic complexes together over ZI¢, and then
to eliminate a finiteness obstruction. We then combine these ingredients to complete the
proof. Finally, we discuss the necessity of the conditions in Theorem 10.2 and provide a
nonlinear action for the group G = Ag.

Remark 10.4. Examples of G-CW-complexes homotopy equivalent to spheres provide
input into the Adem-Smith construction [2] of free actions of finite groups on products of
spheres. Here is a special case of one of their main results.

Theorem 10.5 (Adem and Smith [2, Theorem 1.4]). Let G be a finite group, and let X be
a finite dimensional G-CW-complex with rank one isotropy, which is homotopy equivalent
to an n-sphere, n > 1. Then G acts freely on a finite CW-complex homotopy equivalent
to S™ x S™, for some m > 0.

Our results in Theorem 10.3 extend the list of examples in [2, Theorem 1.7] for the
rank two finite simple groups.

11. GROUP ACTIONS ON HOMOTOPY SPHERES WITH PRIME POWER ISOTROPY

In the less restrictive setting (C), where we aim to construct G-CW-complexes homo-
topy equivalent to a sphere (rather than homotopy representations), there is a complete
result for rank two finite group actions. We recall Example 6.8 where the important group
Qd(p) is defined, and the notion of Qd(p)-free from Section 10.

Theorem 11.1 ([65, Theorem A)). Let G be a finite group of rank two. If G admits a
finite G-CW-complex X ~ S™ with rank one isotropy then G is Qd(p)-free. Conversely,
if G is Qd(p)-free, then there exists a finite G-CW-complex X ~ S™ with rank one prime
power 150tropy.

The necessity of the Qd(p)-free condition was established in [102, Theorem 3.3] and [64,
Proposition 5.4]. For the other direction, we introduce a more general method for con-
structing finite group actions on homotopy spheres with prime power isotropy. The input
of this construction method is a G-invariant family representations of Sylow subgroups.

Definition 11.2. For each prime p dividing the order of G, let GG, denote a fixed Sylow p-
subgroup of G. A representation V, of G, is called a Sylow representation. A family {V,}
of Sylow representations over all primes p is G-invariant if the character of V), respects
fusion in G and for all p, the dimension of V), is equal to a fixed positive integer n.

Let & denote the family of all subgroups of G which has prime power order. Given a
G-invariant family of Sylow representations {V,}, we construct a G-equivariant spherical
fibration q: ' — B over a contractible G-space B with isotropy in & such that for every
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x € Fix(B,G,) = BC, the fiber ¢~ '(z) is G)-homotopy equivalent to S(V,2*) for some
k > 1 (see [65, Theorem 3.4]). The total space of this G-fibration admits a G-map

for TG xe, SV — E.
p
By adapting the G-CW-surgery techniques introduced by Oliver and Petrie [86] to this
G-map, we obtain a finite G-CW-complex X ~ S%7~1 whose restriction to Sylow p-
subgroups resembles the linear spheres S (Vp@k). In particular, we prove the following
theorem (see [65, Definition 3.6] for the definition of p-local G-equivalence)

Theorem 11.3 ([65, Theorem B|). Let G be a finite group. Suppose that {V,: G, —
U(n)} is a G-invariant family of Sylow representations. Then there exists a positive
integer k > 1 and a finite G-CW-complex X ~ S?*"=1 with prime power isotropy, such
that the G,-CW-complex Resgp X s p-locally Gp-equivalent to S(V;)@k), for every prime
plIG|.

This theorem was stated by Petrie [88, Theorem C] in a slightly different form and a
sketched proof was provided. Related results were proved by tom Dieck (see [33, Satz 2.5],
[36, Theorem 1.7]). The G-CW-complexes obtained using Theorem 11.3 are not homotopy
representations in general. The following example shows that for some G-invariant family
of Sylow representations {V,}, it is not possible to obtain homotopy representations which
are p-locally Gj-equivalent to S(V,%) for any k > 1.

Example 11.4. Let G denote the dihedral group of order 2¢, with ¢ an odd prime. Let
V4 be a trivial representation of Gy = Z/2, and let V,, be a free unitary representation
of G, = Z/q, such that dimV, = dimVj,. Then Theorem 11.3 shows that there exists
a finite G-CW-complex X ~ S™, with Fix(X,Gy) ~ 5™ (2-locally), and Fix(X,G) =
Fix(X,G,) = 0, for some integer m = 2kn — 1. However, these conditions imply that
dim X > m by [63, Proposition 2.10] since in this case n(1) = n(G2) = m but n(G) # m
(compare [99, Theorem 4.2]).

To prove Theorem 11.1 as a consequence of the construction given in Theorem 11.3, we
use a theorem by Jackson [68] which states that if G is a rank two finite group which is
Qd(p)-free, then it has a Sylow representation V,, : G, — U(n) with a p-effective character.
By taking multiples of these representations if necessary, we can assume that they have
a common dimension. This gives a G-invariant family {V,} such that (V,|g, 1g) = 0, for
every elementary abelian p-subgroup F < G with rank F = 2.

Applying Theorem 11.3, we obtain a finite G-CW-complex X homotopy equivalent to
a sphere S?*"~1 for some k > 1, such that Resgp X is p-locally G,-equivalent to S (V;,@k),
for every prime p dividing the order of G. In particular, for every p-subgroup H < G,
the fixed point space X has the same p-local homological dimension as the fixed point
sphere S(VEF)H . Since S(V,)F = 0, we have S(VP¥) = ( for every subgroup H < G
with rank(H) = 2. Hence the isotropy subgroups of X are all rank one subgroups of G
with prime power order.

Remark 11.5. A similar idea for constructing spherical fibrations to obtain G-actions
on homotopy spheres was introduced by Connolly and Prassidis [18]. They proved the
following result (conjectured by C. T. C. Wall):
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Theorem 11.6 (Connolly and Prassidis [18, Corollary 1.4]). A discrete group I" with finite
virtual cohomological dimension acts freely and properly discontinuously on R™ X Sl
for some m and n, if and only if T is countable and H*(I';Z) has periodic Farrell-Tate
cohomology.

Later, the finiteness condition was removed by Adem and Smith [2, Corollary 1.3], and
hence the result holds for any countable discrete group with periodic cohomology.

In the same paper, Connolly and Prassidis [18, Theorem C] showed that if T" was also
assumed to be a virtual Poincaré duality group (with a mild additional condition on
the lattice of its finite subgroups), then there exists a finite Poincaré complex X with
m(X) = I', and universal covering space X ~ S for some n. The first manifold
examples of smooth co-compact free actions on R™ x S"~! for some m and n, were
constructed in [61, Theorem 8.3].

Another consequence of the construction given in Theorem 11.3 is a realization theorem
for dimension functions satisfying the Borel-Smith conditions. Let G be finite group and
& denote the collection of all subgroups of G with prime power order. If X is a finite
(or finite-dimensional) G-CW-complex such that X is homotopy equivalent to a sphere,
then by Smith theory, for each p-group H < G, the fixed point subspace X has mod-
p homology of a sphere S For convenience, we define Dimy» X : & — Z to be the
conjugation invariant function with values (Dimg X)(H) = n(H)+1 for every p-subgroup
H < @G, over all primes dividing the order of G. This change ensures that Dimg is an
additive function. In [90], the following theorem is proved:

Theorem 11.7. Let G be a finite group, and let f: &7 — Z be a monotone conjugation
wmwvariant function that satisfies the Borel-Smith conditions. Then there is an integer N >
1 and a finite G-CW-complex X ~ S™, with prime power isotropy, such that Dimgp X =
Nf.

Theorem 11.7 reduces the question of finding actions on homotopy spheres with re-
strictions on the rank of isotropy subgroups, to finding Borel-Smith functions that satisfy
certain conditions. For example, Theorem 11.1 directly follows from Theorem 11.7 once we
show that for every Qd(p)-free rank two finite group G, there is a monotone Borel-Smith
function f: & — Z such that f(H) = 0 for every H < G with rank H = 2.

Theorem 11.7 is also related to a question of Grodal and Smith [58] on algebraic models
for homotopy G-spheres. Let G be a finite group, 3, denote the family of all p-subgroups
in G, and Iz = Or,(G) denote the orbit category over all p-subgroups of G. A chain
complex C of RIg-modules is called perfect if it is finite-dimensional with C; a finitely
generated projective RIg-module for each . The dimension function of an R-homology n-
sphere C over RI; is defined as a function Dimg;, C: },, — Z such that (Dimy, C)(H) =
n(H)+1 for all H € H,,. It was mentioned in [58], and shown in [63] that if C is a perfect
complex which is an F,-homology n-sphere, then the dimension function Dimyg, C satisfies
the Borel-Smith conditions (see [63, Theorem C]). Grodal and Smith [58] suggests that
the converse also holds.

Question (Grodal-Smith). Let G be a finite group, and let f be a monotone Borel-
Smith function defined on p-subgroups of G. Is there then a perfect F,/-complex C,
with dimension function Dimgg, C = f, which is an IF),-homology n-sphere 7
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12. EQUIVARIANT MOORE SPACES

Let M be ZG-module a1~1d n > 0 an integer. A G—CW—compleX X is called a Moore
G-space of type (M,n) if H;(X;Z) = 0 for i # n and H,(X;Z) = M as ZG-modules.
One of the classical problems in algebraic topology, due to Steenrod, asks whether every
ZG-module is realizable as the homology module of a Moore G-space. Carlsson [14]
showed that if G is a finite group which contains Z/p x Z/p for some p, then there are
non-realizable ZG-modules (an explicit G-module P is given in [14, Theorem 2]). The
question of finding a good algebraic characterization of realizable ZG-modules is still an
open problem (see [92, 93] and [10]).

More generally, one can consider Moore G-spaces whose fixed point subspaces are also
Moore spaces (as in [104]).

Definition 12.1. Let n: 8(G) — Z be a conjugation-invariant function. A G-CW-
complex X is called an n-Moore G-space over R if for every H < G, the reduced homology
group H;(X*; R) is zero for all i # n(H).

When n is the constant function with value n for all H < G, the homology at dimension
n can be considered as a module over the orbit category OrG. If H, (X";R) =2 M as a
module over Or GG, then X is called a Moore G-space of type (M,n). When R = Q and
X*H is simply-connected for all H < G, the space X is called a rational Moore G-space.
These spaces are studied extensively in equivariant homotopy theory (see [50, 71]).

The concept of Moore G-spaces can also be generalized to allow the dimension function
n to be non-constant. In [104], the coefficient ring R is taken as a field k of characteristic
p, and the group of G-Moore spaces My (G) is defined as the Grothendieck group of the
monoid of finite n-Moore G-spaces over k with addition given by the join operation.

When G is a p-group, My (G) can be related to the Dade group Dy(G), the group of
endo-permutation kG-modules, via an exact sequence (see [104, Theorem 1.4]. A kG-
module M is an endo-permutation module if Endy(M) = M* ®; M is a permutation
kG-module, where M* := Homy (M, k) is the dual module. For a G-set X, the kernel
of the augmentation map ¢: kX — k is an endo-permutation kG-module (see [4, 3]).
Endo-permutation modules constructed in this way are called relative syzygies. In [104],
the following theorem is proved:

Theorem 12.2 ([104, Theorem 1.2]). Let G be a finite p-group, and k be a field of
characteristic p. If X is a finite n-Moore G-space over k, then the reduced homology
module H, (X, k) in dimension n = n(1) is an endo-permutation kG-module generated by
relative syzygies.

A version of this theorem also holds for arbitrary finite groups (see [57, Theorem 7.10]).
Later these results were extended in the context of endotrivial complexes of p-permutation
kG-modules by Miller [79]. In [80], Miller gives a complete classification of endotrivial
complexes, and hence determine the Picard group of the tensor-triangulated category
K*(rgtriv), the bounded homotopy category of p-permutation modules, which is the
category recently considered by Balmer and Gallauer in [5, 6, 7].
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