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Abstract. We prove that if G = (Z/2)r acts freely and cellularly on a finite-

dimensional CW-complex X homotopy equivalent to RPn1 × · · ·×RPnk with
trivial action on the mod-2 cohomology, then r ≤ µ(n1) + · · · + µ(nk) where

for each integer n ≥ 1, µ(n) = 0 if n is even, µ(n) = 1 if n ≡ 1 (mod 4), and
µ(n) = 2 if n ≡ 3 (mod 4). This proves a homotopy-theoretic version of a

conjecture of Cusick.

1. Introduction

Classifying all finite groups that can act freely on a product of spheres X =

Sn1 × · · · × Snk is one of the most important open problems in transformation

group theory. There is a conjecture that states that if G = (Z/p)r acts freely on

a product of k spheres, then r ≤ k. Special cases of this conjecture were proved

by Carlsson [5], [6], Adem and Browder [1], Yalçın [18], Hanke [10], Okutan and

Yalçın [14], and others.

The techniques developed by Carlsson in [5] and [6] for studying free actions

on products of spheres were used later to study free actions on other spaces such

as products of real projective spaces [7], products of Milnor manifolds [16], and

products of Dold spaces [9]. In the 1980s, a sequence of papers was published by

Cusick on free actions on products of even-dimensional spheres and on products

of real projective spaces (see [7], [8]). In one of these papers Cusick stated the

following conjecture:

Conjecture 1.1 (Cusick [7]). Suppose that X is a finite CW-complex with the

mod-2 cohomology of
∏k

i=1 RPni . If X admits a free action of G = (Z/2)r in such

a way that the induced action on mod-2 cohomology is trivial, then

r ≤ µ(n1) + · · ·+ µ(nk),

where for each integer n ≥ 1,

µ(n) =


0 if n is even,

1 if n ≡ 1 (mod 4),

2 if n ≡ 3 (mod 4).
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Cusick [7] proved Conjecture 1.1 in the case where ni ̸≡ 3 (mod 4) for all

i = 1, . . . , k. Later Yalçın [18] proved the conjecture for the case where X is

homotopy equivalent to
∏k

i=1 RPni where all ni are odd, under the additional as-

sumption that the induced action on integral cohomology is trivial (see Remark

6.3). The equidimensional case without the assumption that the action on the

mod-2 cohomology is trivial was settled by Adem and Yalçın [2]. In this paper we

prove the following:

Theorem 1.2. Suppose that G = (Z/2)r and X is a finite-dimensional free G-CW-

complex homotopy equivalent to
∏k

i=1 RPni such that the G-action on the mod-2

cohomology of X is trivial. Then

r ≤ µ(n1) + · · ·+ µ(nk),

where for each integer n ≥ 1,

µ(n) =


0 if n is even,

1 if n ≡ 1 (mod 4),

2 if n ≡ 3 (mod 4).

Note that the assumption that X is homotopy equivalent to a product of real

projective spaces is stronger than the assumption in Cusick’s conjecture. Since we

use integral cohomology and integral Bockstein operator, an assumption stronger

than the mod-2 cohomology isomorphism is necessary for our proof. On the other

hand, the assumption that X is finite-dimensional is weaker than that X is a finite

CW-complex.

There are examples of free actions that show that the upper bound given in

Conjecture 1.1 is sharp. To construct such actions, first observe that the quaternion

group Q8 of order 8 acts freely on S3 via its identification as the group of unit

quaternions. By taking joins of this action, we obtain a Q8-action on S4m+3 for all

m ≥ 0 which induces a free Z/2 × Z/2-action on RP 4m+3 for all m ≥ 0. There is

also a free Z/2-action on RP 2m+1 for any m ≥ 0, induced by the free Z/4-action on

S2m+1 defined by (z0, . . . , zm) → (iz0, . . . , izm). Taking products of these actions

we obtain a free G = (Z/2)k+2l action on X =
∏k

i=1 RP 2mi+1 ×
∏l

i=1 RP 4mi+3

with trivial action on the integral cohomology (see Example 5.5 for details).

There are also examples of free actions on products of real projective spaces

that induce a nontrivial action on integral cohomology and trivial action on mod-2

cohomology. To construct such actions, consider the D8-action on S2m+1 obtained

by taking joins of the D8-action on the circle S1 defined by the symmetries of

a square. This action induces a Z/2 × Z/2-action on RP 2m+1 with nontrivial

action on the integral cohomology when m is even. Combining this action with

another action obtained via inflation from a free Z/2-action on RP 2m+1, and taking

products of these actions, we can obtain a free (Z/2)k+l-action on
∏k

i=1 RP 2mi+1×∏l
i=1 RP 4mi+1 for any k ≥ l ≥ 1 with nontrivial action on integral cohomology

whose mod-2 reduction is trivial (see Examples 6.1 and 6.2).

We prove Theorem 1.2 using the methods from [7] and [18]. The new input comes

from a closer look at the interaction between the Serre spectral sequences with F2-

and Z-coefficients. Recall that if X is a G-CW-complex, there is an associated
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Borel fibration X → XG → BG where XG = (EG × X)/G. For a commutative

ring R, the Serre spectral sequence for the Borel fibration with coefficients in R is

of the form

Ep,q
2 = Hp(BG;Hq(X;R)) ⇒ Hp+q(XG;R).

The Serre spectral sequence has a multiplicative structure and if R = F2 and the

induced G-action on H∗(X;F2) is trivial, then there is an isomorphism of bigraded

F2-algebras

E∗,∗
2

∼= H∗(BG;F2)⊗H∗(X;F2).

If G ∼= (Z/2)r, then we have

H∗(G;F2) ∼= F2[x1, . . . , xr]

where xi = π∗
i (x), with x the generator of H1(Z/2;F2). Similarly, for X ≃∏k

i=1 RPni , we have

H∗(X;F2) ∼= F2[t1, . . . , tk]/(t
n1+1
1 , . . . , tnk+1

k )

where ti = π∗
i (t), with t the generator of H1(RPni ;F2).

Let d2 : E0,1
2 → E2,0

2 be the differential on the E2-page, and α1, . . . , αk ∈
H2(G;F2) be the 2-dimensional cohomology classes such that d2(1 ⊗ ti) = αi ⊗ 1

for each i. We call these cohomology classes the k-invariants of the G-action on X,

a terminology that goes back to the obstruction theory.

It is proved by Cusick [7] that for every i where ni is even, αi = 0, and for

every i where ni ≡ 1 (mod 4), Sq1(αi) lies in the ideal generated by α1, . . . , αk in

H∗(G;F2). Using these Cusick proved the conjecture under the assumption that

for all i, ni ̸≡ 3 (mod 4) (see [7, Main Theorem]).

Using a result by Carlsson [5], it can be shown that if the G-action on X is free,

then the k-invariants α1, . . . , αk have no nontrivial common zeros when they are

considered as quadratic polynomials in F2-coefficients (see Proposition 2.4). This

gives the inequality also for the case where ni ̸≡ 1 (mod 4) for all i (see [7, Main

Theorem]).

To prove the inequality in Theorem 1.2 under the assumption that X is homo-

topy equivalent to
∏k

i=1 RPni with trivial action on mod-2 cohomology, we first

consider the case where the induced G-action on the integral cohomology of X

is trivial. Under the assumption that the F2-vector space generated by the k-

invariants α1, . . . , αk has an irreducible basis (see Definition 5.1), we prove that for

all the indices i of the basis elements, ni ≡ 3 (mod 4) (see Lemma 5.4). Together

with the induction argument used in the proof of Theorem 1.2, this proves the

desired inequality in the case where the integral cohomology action is trivial.

In Section 6, we consider the free actions with nontrivial induced G-action on

the integral cohomology of X. We first give an example of such action in Example

6.2, and then analyze the integral Serre spectral sequence in this case. We prove

that under the assumption that the F2-vector space generated by k-invariants has

an irreducible basis, all indices i of the basis elements satisfy ni ≡ 3 (mod 4) (see

Proposition 6.6). We show in Section 7 that this fact proves the inequality in

Theorem 1.2 by induction.
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2. The Serre spectral sequence for the Borel construction

Let G be a finite group and X a G-CW-complex. The Borel construction XG =

EG×G X fits into the Borel fibration

X → XG → BG

(see [4, Proposition II.2.4]). For a commutative ring R, the associated Serre spectral

sequence is of the form

Ep,q
2 = Hp(BG;Hq(X;R)) ⇒ Hp+q(XG;R),

where the local system is determined by the induced G-action on Hq(X;R) (see

[13, Theorem 5.2]).

When the G-action on the cohomology of X is trivial, the local coefficient system

is trivial and Ep,q
2 is isomorphic toHp(BG;Hq(X;R)). In this case we say the Borel

fibration is simple. If R is a field and the Borel fibration is simple, then there is an

isomorphism of R-algebras

Ep,q
2 = Hp(BG;Hq(X;R)) ∼= Hp(BG;R)⊗R Hq(X;R).

The Serre spectral sequence has a product structure defined by the composition

Hp(BG;Hq(X;R))⊗Hs(BG;Ht(X;R)) → Hp+s(BG;Hq(X;R)⊗Ht(X;R))

→ Hp+s(BG;Hq+t(X;R)),

where both maps are defined by the cup product. In the case where the Borel

fibration is simple and R is a field, the product structure on E∗,∗
2

∼= Hp(BG;R)⊗R

Hq(X;R) is defined by (x⊗y)(u⊗ v) = xu⊗yv, where xu and yv are the products

defined by the cup products in H∗(BG;R) and H∗(X;R) (see [13, Theorem 5.6]).

The Serre spectral sequence of the Borel fibration is useful for finding obstruc-

tions to the existence of free actions on finite-dimensional spaces because of the

following well-known observation:

Lemma 2.1. Let G be a finite group and X a finite-dimensional free G-CW-

complex. If E∗,∗
r denotes the r-th page of the Serre spectral sequence for the Borel fi-

bration XG → BG with F2-coefficients, then Ep,q
∞ = 0 for all p, q with p+q > dimX.

Proof. If the G-action on X is free, then XG = EG×GX is homotopy equivalent to

the orbit space X/G (see [5, Proposition 1]). Since X is a finite-dimensional G-CW-

complex, X/G is also finite-dimensional with dimension equal to the dimension of

X. This gives Hn(XG;F2) = 0 for all n > dimX, hence Ep,q
∞ = 0 for all p, q with

p+ q > dimX. □
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Let G = (Z/2)r and X be a finite-dimensional G-CW-complex whose mod-2

cohomology is isomorphic to the cohomology of
∏k

i=1 RPni . Suppose that G acts

freely on X in such a way that the induced G-action on H∗(X;F2) is trivial. Then

there is an isomorphism of bigraded F2-algebras

E∗,∗
2

∼= H∗(BG;F2)⊗H∗(X;F2),

where

H∗(BG;F2) ∼= F2[x1, . . . , xr]

and

H∗(X;F2) ∼= F2[t1, . . . , tk]/(t
n1+1
1 , . . . , tnk+1

k )

with |xi| = 1 for all i = 1, . . . , r, and |ti| = 1 for all i = 1, . . . , k.

Definition 2.2. Let α1, . . . , αk ∈ H2(G;F2) be the cohomology classes such that

d2(1 ⊗ ti) = αi ⊗ 1 for i = 1, . . . , k. These cohomology classes are called the

k-invariants of the G-action on X.

When it is convenient, we identify the vertical line E0,∗
2

∼= F2 ⊗ H∗(X;F2)

with H∗(X;F2) and the horizontal line E∗,0
2

∼= H∗(BG;F2)⊗ F2 with H∗(BG;F2)

and write the elements in Ep,q
2 as products uv where u ∈ Hp(BG;F2) and v ∈

Hq(X;F2). With these identifications, we sometimes write d2(ti) = αi.

In [7], Cusick proves the following:

Lemma 2.3 ([7, Proposition B]). (a) For every i where ni is even, αi = 0.

(b) For every i where ni ≡ 1 (mod 4), the Steenrod power Sq1(αi) lies in the ideal

generated by α1, . . . , αk in H∗(G;F2).

Proof. Since the proofs are short, we repeat them here for the convenience of the

reader.

(a) Let ni = 2mi for some integer mi ≥ 0. Then t2mi+1
i = 0. This gives

0 = d2(t
2mi+1
i ) = d2(ti)t

2mi
i = αit

2mi
i .

On the E2-page, multiplication by t2mi
i is injective. Hence αi = 0.

(b) Let ni = 4ki +1 for some ki ≥ 0, and let ui := t2i . Since d2(ui) = d2(t
2
i ) = 0,

ui survives to the E3-page. The differential d2 : E0,1
2 → E2,0

2 is a transgression (see

Definition 3.1), so it commutes with Steenrod operations (see [13, Theorem 6.8 and

Corollary 6.9]). This gives

d3(ui) = d3(Sq
1(ti)) = Sq1(d2(ti)) = Sq1(αi).

Since u2ki+1
i = 0, we have

0 = d3(u
2ki+1
i ) = d3(ui)u

2ki
i = Sq1(αi)u

2ki
i

in E3,4ki

3 . Hence there is an element θ ∈ E1,4ki+1
2 such that d2(θ) = Sq1(αi)u

2ki
i .

From the product structure of the E2-page, we see that d2(θ) must be equal to

d2(f)t
4ki
i for some f ∈ E1,1

2 . Since multiplication with u2ki
i in injective on the

E2-page, we obtain Sq1(αi) = d2(f). If f =
∑

j ljtj where lj ∈ H1(G,F2), then

Sq1(αi) = d2(f) =
∑

j ljαj . Hence Sq
1(αi) lies in the ideal generated by α1, . . . , αk.

□
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We also have the following observation for k-invariants.

Proposition 2.4. Let G = (Z/2)r and X be a finite-dimensional G-CW-complex

whose mod-2 cohomology ring is isomorphic to H∗(
∏k

i=1 RPni ;F2). Suppose that

G acts freely on X and the induced action on H∗(X;F2) is trivial. Then the k-

invariants α1, . . . , αk ∈ H2(G;F2) have no common zeros in (F2)
r\{(0, . . . , 0)}

when they are considered as quadratic polynomials in the variables x1, . . . , xr.

Proof. We repeat the argument given for the proof of the main theorem in [7]. A

similar argument for free actions on products of spheres was given by Carlsson in

[5].

Let α1, . . . , αk ∈ H2(G;F2) be the k-invariants of the action. Consider the k-

invariants as quadratic polynomials in the variables x1, . . . , xr. Let g1, . . . , gr be the

basis for G = (Z/2)r dual to the basis x1, . . . , xr. Let C ≤ G be a nontrivial cyclic

subgroup of G generated by g = gλ1
1 . . . gλr

r , and x ∈ H1(C;F2) be the generator

dual to g. Then resGCαi is equal to the class αi(λ1, . . . , λr) · x2. Hence α1, . . . , αk

have no common zeros in (F2)
r\{(0, . . . , 0)} as quadratic polynomials if and only

if for every nontrivial cyclic subgroup C ≤ G, there is an i ∈ {1, . . . , k} such that

resGCαi ̸= 0.

Assume, to the contrary, that there exists a nontrivial cyclic subgroup C ≤ G

such that resGCαi = 0 for all i. Consider the restriction of the G-action on X to

the subgroup C. By the naturality of the Serre spectral sequence with respect to

subgroup inclusions (see [5, page 1150]), in the Serre spectral sequence for XC →
BC we have d2(ti) = resGCαi = 0 for all i. By the product structure of the Serre

spectral sequence, this implies that all the other differentials are also zero. Hence

the Serre spectral sequence for the C-action on X collapses at the E2-page. This

implies that Ep,0
∞ = Ep,0

2
∼= Hp(C;F2)⊗H0(X;F2) is nonzero for all p ≥ 0, which

contradicts the conclusion of Lemma 2.1. □

3. Comparison with the integral Serre spectral sequence

Let F
i−→ E

π−→ B be a fibration where both B and F are path-connected. The

Serre spectral sequence for the fibration E
π−→ B with coefficients in the abelian

group A is of the form

Ep,q
2 (A) = Hp(B;Hq(F ;A)) ⇒ Hp+q(E;A).

We denote the r-th page of this spectral sequence by E∗,∗
r (A).

For every homomorphism f : A → A′ between two abelian groups, there is a

map of spectral sequences

f∗ : E∗,∗
r (A) → E∗,∗

r (A′).

By this we mean that f∗ : E∗,∗
r (A) → E∗,∗

r (A′) is a homomorphism of bigraded

abelian groups that commutes with the differentials d∗,∗r (A) and d∗,∗r (A′) where

dp,qr (A) : Ep,q
r (A) → Ep+r,q−r+1

r (A).

The vertical edge of the Serre spectral sequence is E0,q
2

∼= H0(B;Hq(F ;A)) which

is isomorphic to the invariant subgroup Hq(F ;A)G where G = π1(B, b0). For each
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r ≥ 2, there is a injective map E0,q
r ↣ E0,q

2 and a projection Hq(E;A) ↠ E0,q
∞ .

The composition

Hq(E;A) ↠ E0,q
∞ ↣ E0,q

2
∼= Hq(F ;A)G

is called the vertical edge homomorphism. Similarly, there is an isomorphism for

the horizontal edge Ep,0
2

∼= Hp(B;H0(F ;A)) ∼= Hq(B;A), and the horizontal edge

homomorphism is defined as the composition

Hp(B;A) ∼= Ep,0
2 ↠ Ep,0

∞ ↣ Hp(E;A).

The horizontal edge homomorphism coincides with the homomorphisms induced by

π : E → B.

For each b ∈ B, consider the diagram of maps

Hn+1(B, b;A)

π∗

��

j∗ // Hn+1(B;A)

Hn(F ;A)

τ

33

δA

// Hn+1(E,F ;A)

where δA is the connecting homomorphism for the sequence F → E → (E,F ) with

coefficients in A, and j∗ is the map induced by the inclusion B → (B, b).

Definition 3.1 ([13, page 186]). There is a map

τ : δ−1
A (Im π∗) → Hn+1(B;A)/j∗(kerπ∗)

defined by τ(x) = j∗(y), where y ∈ Hn+1(B, b;A) such that π∗(y) = δA(x). This

map is called a transgression. A cohomology class x ∈ Hn(F ;A) is transgressive if

there is y ∈ Hn(B, b;A) such that π∗(y) = δA(x).

The differential dn+1 : E0,n
n+1 → En+1,0

n+1 between vertical and horizontal edges

on the En+1-page coincides with the transgression τ (see [13, Theorem 6.8]). We

prove the following proposition on the interaction between the transgression and

the connecting homomorphism associated to a short exact sequence.

Proposition 3.2. Let 0 → A → A′ → A′′ → 0 be a short exact sequence of

abelian groups, and let δF : Hn(F ;A′′) → Hn+1(F ;A) and δB : Hn+1(B;A′′) →
Hn+2(B;A) be the connecting homomorphisms for the corresponding long exact

cohomology sequences for the spaces F and B. If x ∈ Hn(F ;A′′) is transgressive,

then δF (x) is also transgressive and τA(δF (x)) = −δB(τA′′(x)).

Proof. Since the connecting homomorphisms are natural with respect to chain

maps, from the definition of the transgression τ , we see that the equality in the

proposition will follow once we show that

(1) δA ◦ δF = −δ(E,F ) ◦ δA′′ .
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Note that there is a commuting diagram of chain complexes

0

��

0

��

0

��
0 // C∗(E,F ;A) //

��

C∗(E;A) //

��

C∗(F ;A) //

��

0

0 // C∗(E,F ;A′) //

��

C∗(E;A′) //

��

C∗(F ;A′) //

��

0

0 // C∗(E,F ;A′′) //

��

C∗(E;A′′) //

��

C∗(F ;A′′) //

��

0

0 0 0

and δA and δA′′ are the connecting homomorphisms for the top and bottom hori-

zontal sequences, and δ(E,F ) and δF are the connecting homomorphisms for the left

and right vertical sequences. The equality in (1) now follows from an easy diagram

chase. This equality is proved as Proposition 9.20 in [15]. □

Consider the exact sequence of abelian groups 0 → Z ×2−−→ Z m2−−→ F2 → 0, where

m2 is the mod-2 reduction map. The connecting homomorphism Hn(X;F2) →
Hn+1(X;Z) induced by this short exact sequence, is called the integral Bockstein

operator, denoted by β0. Note that the composition of β0 with the induced map

m2 : Hn+1(X;Z) → Hn+1(X;F2) gives the Bockstein operator β : Hn(X;F2) →
Hn+1(X;F2). The following is a direct consequence of Proposition 3.2.

Corollary 3.3. Let F → E → B be a fibration with path-connected base and

fiber spaces, and let τZ and τF2
denote the transgression maps in the Serre spectral

sequences for the fibration with coefficients in Z and F2. Then if x ∈ Hn(F ;F2) is

transgressive, β0(x) ∈ Hn+1(F ;Z) is also transgressive and τZ(β0(x)) = β0(τF2
(x)).

Remark 3.4. Corollary 3.3 is well known to experts in the field. The proof given

above provides a direct derivation using standard techniques from homological alge-

bra.

4. Integral cohomology of products of real projective spaces

Let G = (Z/2)r and X be a finite-dimensional free G-CW-complex homotopy

equivalent to
∏k

i=1 RPni . In this section we describe the integral cohomology rings

of BG and X. To avoid the special cases, throughout the section we assume that

ni ≥ 2 for all i. The general case will be handled in the proof of Theorem 1.2.

By Künneth’s theorem, there is an isomorphism H∗(G;F2) ∼= F2[x1, . . . , xr]

where |xi| = 1 for all i = 1, . . . , r. For the integral cohomology ring of G, first

observe that, by Künneth’s theorem again, the integral cohomology groups of G

have exponent 2 in positive dimensions. Using the long exact cohomology sequence
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for the sequence 0 → Z ×2−−→ Z q2−→ Z/2 → 0 of coefficients, we see that for each

n ≥ 1, there is a short exact sequence

0 → Hn(G;Z) m2−−→ Hn(G;F2)
β0−→ Hn+1(G;Z) → 0,

where m2 : H∗(G;Z) → H∗(G;F2) is the map induced by the mod-2 reduction

map q2 : Z → Z/2. Note that since m2 : Hn+1(G;Z) → Hn+1(G;F2) is injective,

the condition β0(x) = 0 is equivalent to the condition that β(x) = 0. Hence, via

the injective mod-2 reduction map, the positive-dimensional part of H∗(BG;Z)
identifies with the subring of H∗(G;F2) consisting of elements u ∈ H∗(G;F2) such

that β(u) = 0.

To describe the integral cohomology of G as a ring, consider, for each nonempty

subset I ⊆ {1, . . . , r}, the cohomology class uI ∈ H∗(G;Z) defined by

uI = β0

(∏
i∈I

xi

)
.

For I, J ⊂ {1, . . . , r}, let I∆J denote the symmetric difference (I\J) ∪ (J\I).

Proposition 4.1 ([3, Proposition 6.1]). Let G ∼= (Z/2)r. Then H∗(G;Z) is gener-
ated by the elements uI , where ∅ ̸= I ⊆ {1, . . . , r}, subject to the relations 2uI = 0

and

uIuJ =
( ∏
j∈I∩J

uj

)( ∑
j∈I∩J

u(I∆J)∪{j} +
∑

j∈J\I

uju(I∆J)\{j}

)
with no restriction on I and J except the assumption that I and J are non-empty.

The integral cohomology ofX ≃
∏k

i=1 RPni can also be calculated using the long

exact cohomology sequence for the short exact sequence 0 → Z ×2−−→ Z m2−−→ Z/2 → 0:

· · · → Hn−1(X;F2)
β0−→ Hn(X;Z) ×2−−→ Hn(X;Z) m2−−→ Hn(X;F2)

β0−→ Hn+1(X;Z) → · · ·

For the cohomology ring of a real projective space, we have

H∗(RPn;Z) ∼=

{
Z[s, v]/(2s, sm+1, sv, v2) if n = 2m+ 1

Z[s]/(2s, sm+1) if n = 2m

where |s| = 2 and |v| = 2m + 1 (see [11, page 222]). A direct calculation shows

that m2(s) = t2 and m2(v) = t2m+1, where H∗(RPn;F2) ∼= F2[t]/(t
n+1). For each

n ≥ 0, we have Hn(X;Z) ∼= Fn⊕Tn, where Fn is a free abelian group and Tn is the

torsion subgroup. By Künneth’s theorem, the torsion subgroup Tn has exponent

2. Using the long exact sequence above, we observe that there is a short exact

sequence

(2) 0 → (Fn/2Fn)⊕ Tn
m2−−→ Hn(X;F2)

β0−→ Tn+1 → 0

of F2-vector spaces.

Consider the classifying map q : X → Bπ, where π = π1(X,x0). Since we as-

sumed that ni ≥ 2 for all i, we have π ∼= (Z/2)k, hence H∗(Bπ;F2) ∼= F2[t1, . . . , tk],
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where |ti| = 1. For each ∅ ̸= I ⊆ {1, . . . , k}, let

sI = β0

(∏
i∈I

ti

)
.

The integral cohomology H∗(Bπ;Z) is generated by sI , where ∅ ̸= I ⊆ {1, . . . , k},
subject to the relations 2sI = 0 and

(3) sIsJ =
( ∏
j∈I∩J

sj

)( ∑
j∈I∩J

s(I∆J)∪{j} +
∑

j∈J\I

sjs(I∆J)\{j}

)
analogous to the relations given for uI in Proposition 4.1. We have the following

observation.

Lemma 4.2. The induced map q∗ : H∗(Bπ;Z) → H∗(X;Z) is surjective on the

torsion part of H∗(X;Z).

Proof. For n ≥ 1, consider the commuting diagram

0 // (Fn/2Fn)⊕ Tn
m2 // Hn(X;F2)

β0 // Tn+1
// 0

0 // Hn(Bπ;Z) m2 //

q∗

OO

Hn(Bπ;F2)
β0 //

q∗

OO

Hn+1(Bπ;Z) //

q∗

OO

0.

By Künneth’s theorem H∗(X;F2) ∼= F2[t1, . . . , tk]/(t
n1+1
1 , . . . , tnk+1

k ), hence the

middle vertical map q∗ is surjective. This implies that the map q∗ on the right is

also surjective. □

For each i ∈ {1, . . . , k}, there is a map πi : X → RPni obtained from the

projection map to the i-th coordinate. For each i where ni is odd, let vi = π∗
i (v)

where v is the generator of Hni(RPni ;Z). For every i where ni is even, we take vi
to be zero. By Künneth’s theorem, the free part of H∗(X;Z) is the exterior algebra
generated by the classes {vi}ki=1.

Proposition 4.3. Let X ≃
∏k

i=1 RPni , ni ≥ 2, where ni = 2mi if ni is even and

ni = 2mi + 1 if ni is odd. Then the integral cohomology of X is generated by the

elements sI , where ∅ ̸= I ⊆ {1, . . . , k}, and the elements vi for all i, with degrees

|sI | = |I|+ 1 and |vi| = ni when ni is odd, subject to the following relations:

(1) 2sI = 0 for all I,

(2) the relations for sI given in Equation (3),

(3) v2i = 0 for all i, and vi = 0 when ni is even,

(4) visI = 0 if i ∈ I, and visI = smi
i sI∪{i} if i ̸∈ I, and

(5) (
∏

i∈I s
mi
i )sI = 0 for all I.

Proof. The free part of H∗(X;Z) is generated by the set of all vi where ni is odd, so

the free part is generated by the given generating set. By Lemma 4.2, the induced

map q∗ : H∗(Bπ;Z) → H∗(X;Z) is surjective on the torsion part and H∗(Bπ;Z)
is generated by the elements sI where ∅ ̸= I ⊆ {1, . . . , k}. Hence H∗(X;Z) is

generated by the given set of generators.

The relations given in (1) and (2) come from the relations for the integral co-

homology of Bπ. Since vi = π∗
i (v), the equality v2i = 0 follows from v2 = 0. The
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products appearing in relations (4) and (5) are torsion classes. They hold because

their mod-2 reductions hold in H∗(X;F2).

To complete the proof, we need to show that there are no more relations. Note

that the free part of H∗(X;Z) is the exterior algebra generated by the classes vi
with ni odd. Hence monomials in the vi’s are linearly independent and satisfy no

relations other than v2i = 0 and graded commutativity. Since the torsion subgroup

intersects the free part trivially, it remains only to analyze relations involving torsion

classes.

Using the relations in (4), any monomial in sI ’s and vi’s that has at least some

nontrivial sI term, reduces to an element in the image of q∗ : H∗(Bπ;Z) →
H∗(X;Z). Modulo the relations in (2), every element in H∗(Bπ;Z) can be ex-

pressed as a linear combination of elements of the form

(4) (sa1
j1

. . . s
ap

jp
) · sI ,

where I = {i1, . . . , iq} is a nonempty set such that j1 < · · · < jp, i1 < · · · < iq, and

jp ≤ iq. The elements of this form are linearly independent in H∗(Bπ;Z) (see the

proof of [3, Proposition 6.1]). Such an element maps to zero under q∗ if and only if

its mod-2 reduction is in the ideal J = (tn1+1
1 , . . . , tnk+1

k ). The mod-2 reduction of

an element in the above form is

(t2a1
j1

. . . t
2ap

jp
) ·
(∏
i∈I

ti

)
·
(∑
k∈I

tk

)
.

This polynomial lies in the ideal J if and only if each monomial in the sum has a

factor t
bj
j with bj ≥ nj + 1. Fix a k ∈ I and consider the monomial

(t2a1
j1

. . . t
2ap

jp
) ·
(∏
i∈I

ti

)
· tk.

Let t
bj
j be the factor in this monomial such that bj ≥ nj +1. Since bj ≥ 3, we must

have j = jl for some l.

If jl ̸∈ I, then 2al ≥ njl + 1 ≥ 2mjl + 1. This implies al ≥ mjl + 1. By relation

(5) in Proposition 4.3 applied to I = {jl}, we have s
mjl

+1

jl
= 0. This gives sal

jl
= 0,

hence the monomial in Equation 4 is zero.

Assume that jl ∈ I and jl ̸= k. Then 2al + 1 ≥ njl + 1. If njl = 2mjl , this gives

al ≥ mjl . As a consequence of relation (4) together with vi = 0 for even ni, we have

smi
i sI = 0 whenever ni = 2mi and i ∈ I. So, al ≥ mjl gives that the monomial in

Equation 4 is zero. If njl = 2mjl + 1, then 2al + 1 ≥ 2mjl + 2 gives al ≥ mjl + 1.

This gives sal
jl

= 0, so the monomial in Equation 4 is zero.

Finally, assume that jl ∈ I, and jl = k. Then 2al + 2 ≥ njl + 1 ≥ 2mjl + 1,

which implies that al ≥ mjl . We obtained that for each k ∈ I, either the monomial

in Equation 4 is already zero modulo the stated relations, or there exists an index l

with jl = k such that al ≥ mk. If the monomial is not already zero, then this gives

that the monomial is divisible by (∏
k∈I

smk

k

)
sI .
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Since this factor is zero by the relation (5) in Proposition 4.3, the monomial in

Equation 4 is zero. Hence an element of the form q∗(u) is zero in H∗(X;Z) if and
only if u lies in the ideal generated by the relations stated in Proposition 4.3. This

completes the proof. □

5. Free actions with trivial action on integral cohomology

Let G = (Z/2)r and X be a finite-dimensional free G-CW-complex homotopy

equivalent to
∏k

i=1 RPni with ni ≥ 2 for all i. Assume that the induced G-action

on integral cohomology of X is trivial. Consider the Serre spectral sequence for the

Borel fibration with mod-2 coefficients. Let t1, . . . , tk be a basis for H1(X;F2) such

that ti corresponds the i-th term in the product, and let α1, . . . , αk ∈ H2(G;F2)

be the corresponding k-invariants of the action. By Lemma 2.3, for every i where

ni is even, αi = 0.

Let V be the vector space generated by α1, . . . , αk, and s = dimV . Since r = 0

case is trivial, we have r ≥ 1. By Proposition 2.4, α1, . . . , αk have no nontrivial

common zeros in (F2)
r, so we must have s ≥ 1. By changing the indexing, we can

assume that α1, . . . , αs is a basis for V .

Definition 5.1. We say that the basis {α1, . . . , αs} for V is irreducible if G has

no subgroup H of codimension n ≥ 1 such that the F2-vector space generated by

{resGHαi}si=1 has dimension ≤ s− n.

We have the following lemma.

Lemma 5.2. Let {α1, . . . , αs} be an irreducible basis for V . Then, for every linear

homogeneous polynomials l1, . . . , ls such that
∑s

i=1 liαi = 0, we have l1 = · · · =
ls = 0.

Proof. Let l′1, . . . , l
′
t be a basis for the vector space generated by l1, . . . , ls. For

each i = 1, . . . , s, we have li =
∑t

j=1 γij l
′
j for some γij ∈ F2. Then the equation∑s

i=1 liαi = 0 gives

s∑
i=1

( t∑
j=1

γij l
′
j

)
αi =

t∑
j=1

l′j

( s∑
i=1

γijαi

)
= 0.

Let qj :=
∑s

i=1 γijαi for j = 1, . . . , t. Since l′1, . . . , l
′
t are linearly independent, they

form a regular sequence in F2[x1, . . . , xr]. This follows from the fact that when

l′j are linearly independent, after a change of coordinates they become x1, . . . , xt,

hence form a regular sequence.

Since l′1, . . . , l
′
t form a regular sequence in F2[x1, . . . , xr], the equation

∑t
j=1 l

′
jqj =

0 implies that qj ∈ (l′1, . . . , l
′
t) for every j. Let H be the subspace of G defined as

∩t
i=1 ker(l

′
i). Then for every j, we have

0 = resGHqj =

s∑
i=1

γijres
G
Hαi.

Since the matrix (γij) has rank t, these are t linearly independent relations among

resGHαi. Therefore the vector space generated by resGHα1, . . . , res
G
Hαs has dimension

≤ s− t. Since H has codimension t in G, this contradicts the assumption that the
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basis {α1, . . . , αs} is irreducible unless t = 0. So, we must have t = 0, hence li = 0

for all i = 1, . . . , s. □

Since t1, . . . , tk is the basis for H1(X;F2). For each i = s+ 1, . . . , k, there exist

λij ∈ F2 such that αi =
∑s

j=1 λijαj . Define

t′i = ti +

s∑
j=1

λijtj .

Then d2(t
′
i) = 0 for every i ≥ s+ 1.

Definition 5.3. Let {t1, . . . , ts, t′s+1, . . . , t
′
k} be a basis of H1(X;F2) such that

{αi = d2(ti)}si=1 is a basis for V , and d2(t
′
i) = 0 for i = s + 1, . . . , k. Then

{t1, . . . , ts, t′s+1, . . . , t
′
k} is called a normalized basis. If {α1, . . . , αs} is an irreducible

basis, then we say that the normalized basis {t1, . . . , ts, t′s+1, . . . , t
′
k} is irreducible.

We are ready to prove our main result in this section.

Lemma 5.4. Let G = (Z/2)r and let X be a finite-dimensional free G-CW-complex

homotopy equivalent to
∏k

i=1 RPni , ni ≥ 2, such that the induced G-action on the

integral cohomology is trivial. Assume that there is a normalized basis

{t1, . . . , ts, t′s+1, . . . , t
′
k}

for H1(X;F2) which is irreducible. Then, for every i ∈ {1, . . . , s}, ni ≡ 3 (mod 4).

Proof. By Lemma 2.3, we already know that ni is odd for every i ≤ s. So it remains

to rule out the case ni ≡ 1 (mod 4). Let i ∈ {1, . . . , s} be a fixed index such that

ni = 2mi + 1 where mi = 2ki ≥ 2. We claim that in this case β(αi) = 0.

Consider the Serre spectral sequence Ep,q
r (Z) for the Borel fibration with integer

coefficients. Since d2(ti) = αi is a transgression, by Corollary 3.3, si := β0(ti) in

E0,2
3 (Z) is transgressive and

d3(si) = β0(d2(ti)) = β0(αi).

Since smi+1
i = 0, we have

0 = d3(s
mi+1
i ) = (mi + 1)d3(si)s

mi
i = β0(αi)s

mi
i = β(αi)s

mi
i

in E3,2mi

3 (Z). Note that multiplication of an integral class u in H∗(G;Z) with a

torsion class sI gives m2(u)sI . This is why β0(αi) becomes β(αi).

Since β(αi)s
mi
i = 0 in E3,2mi

3 (Z), there is an element θi ∈ E1,2mi+1
2 (Z) such that

d2(θi) = β(αi)s
mi
i . We have

E1,2mi+1
2 (Z) ∼= H1(G;H2mi+1(X;Z)f )⊕H1(G;H2mi+1(X;Z)t).

Since H1(G;Z) = 0 and G acts trivially on the integral cohomology of X, we have

H1(G;H2mi+1(X;Z)f ) = 0. Thus

E1,2mi+1
2 (Z) ∼= H1(G;H2mi+1(X;Z)t) ∼= H1(G;F2)⊗H2mi+1(X;Z)t.

By Proposition 4.3, every torsion class in H2mi+1(X;Z) is a linear combination

of monomials of the form

sb1j1 · · · s
bp
jp
sI
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such that 2b1 + · · ·+2bp + |I|+1 = 2mi +1. Since the total degree 2mi +1 is odd,

|I| must be even. Note that d2(si) = 0 for all i, and d2(sI) =
∑

i∈I αisI\{i}.

The only monomials of the above form whose image under d2 involves smi
i is

smi−1
i sij for some j ̸= i. We can write θi as a sum u+ θ′i where

θ′i =
∑
p,q ̸=i

hpqsps
mi−2
i siq +

∑
p<q,i̸∈{p,q}

lpqs
mi−1
i spq +

∑
j ̸=i

ljs
mi−1
i sij

and u involves only the monomials having sai with a ≤ mi − 3, or monomials

involving smi−2
i spq with i ̸∈ {p, q}, or monomials involving sI with |I| ≥ 4. Note

that under these conditions d2(u) does not have any summand that involves smi−1
i

or smi
i .

Let yi = ti for i ≤ s and yi = t′i for i ≥ s+1. For each i, j, define wij := β0(yiyj),

and for each i, let wi := β0(yi). Note that for i ≤ s, wi = si and for every

i, j ≤ s, wij = sij . For each i, let α′
i = d2(yi). Then for every i, j, we have

d2(wij) = α′
iwj + α′

jwi.

Since {y1, . . . , yk} is a basis for H1(X;F2), {w1, . . . , wk} is a basis for H2(X;Z).
The change of basis from {t1, . . . , tk} to {y1, . . . , yk} induces an invertible change

of basis between the degree-two products {titj}i<j and {yiyj}i<j . Applying the

integral Bockstein β0, which sends titj to sij and yiyj to wij , gives an invertible

change of basis between {sij}i<j and {wij}i<j . Hence {wij}i<j is an F2-basis for

H3(X;Z)t.
Using this basis, the equation for θ′i can be written as

θ′i = u′ +
∑
p,q ̸=i

h′
pqwps

mi−2
i wiq +

∑
p<q,i̸∈{p,q}

l′pqs
mi−1
i wpq +

∑
j ̸=i

l′js
mi−1
i wij

for some linear polynomials h′
pq, l

′
pq and l′j , and u′ is a summand where d2(u

′) has

no summand involving either smi
i or wjs

mi−1
i for any j. The coefficients in this

new expression come from regrouping the wij-terms, so l′j may involve coefficients

lpq from the original sum. Comparing the coefficients of smi
i and smi−1

i in d2(θ
′
i),

we obtain β(αi) =
∑

j ̸=i l
′
jα

′
j , and∑

p,q ̸=i

h′
p,qα

′
qwps

mi−1
i +

∑
p<q,i̸∈{p,q}

l′pq(α
′
pwq + α′

qwp)s
mi−1
i +

∑
j ̸=i

l′jα
′
iwjs

mi−1
i = 0.

Note that in this calculation we use the fact that wi = si.

The equation above is of the form
∑

j ̸=i Ajwjs
mi−1
i = 0 for someAj ∈ H3(G;F2).

Since mi = 2ki ≥ 2, Proposition 4.3 implies that smi−1
i ̸= 0. Moreover, for each

j, the class sjs
mi−1
i is an admissible monomial, and these monomials are distinct

for different values of j. Since admissible monomials are linearly independent by

the proof of Proposition 4.3, it follows that the classes {sjsmi−1
i }kj=1 are linearly

independent. Since {wj}kj=1 is obtained from {sj}kj=1 by an invertible linear change

of basis, the classes {wjs
mi−1
i }kj=1 are also linearly independent. Hence Aj = 0 for

all j ̸= i.

From this we obtain that for each j ̸= i,(∑
q ̸=i

h′
j,qα

′
q

)
+
( ∑
p̸=i,p<j

l′pjα
′
p

)
+
( ∑
q ̸=i,j<q

l′jqα
′
q

)
+ l′jα

′
i = 0.
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Note that since d2(t
′
q) = α′

q = 0 for all q ≥ s + 1, the equation above involves α′
q

only for q ≤ s, and for every q ≤ s, α′
q = αq. Hence, by Lemma 5.2, all coefficients

of the nonzero classes α1, . . . , αs in this equation must vanish. In particular, l′j = 0.

Since this holds for all j ̸= i with j ≤ s, and since α′
j = 0 for j ≥ s+1, we conclude

that β(αi) =
∑

j ̸=i l
′
jα

′
j = 0.

To complete the proof, observe that if

αi =
∑
j

ajx
2
j +

∑
j<k

ajkxjxk,

then β(αi) =
∑

j<k ajkujk = 0 where ujk := β(xjxk) for j < k. This gives ajk = 0

for all j < k. Hence αi = ℓ2 where ℓ =
∑

j ajxj . If ℓ = 0, then αi = 0, contradicting

irreducibility. Thus ℓ ̸= 0, and we may take H = ker(ℓ). Then resGHαi = 0. This

gives that the dimension of the vector space generated by resGHα1, . . . , res
G
Hαs has

dimension ≤ s − 1. This contradicts the assumption that the basis {α1, . . . , αs}
is irreducible. Therefore no such i can exist. Hence ni ≡ 3 (mod 4) for every

i ∈ {1, . . . , s}. □

The following example shows that the assumption ni ≡ 1 (mod 4) is necessary

for the conclusion β(αi) = 0 in the proof of Lemma 5.4.

Example 5.5. Let Q8 denote the quaternion group of order 8. Consider the Q8-

action on V = R4 given by the embedding of Q8 in H ∼= R4 as the group of unit

quaternions. For every m ≥ 0, this gives a Q8-action on Y = S(⊕m+1V ) ∼= S4m+3.

Here, and later in the paper, for every RG-moduleW , S(W ) denotes the unit sphere

in W with respect to a G-invariant norm. Note that the central element z ∈ Q8 of

order 2 acts on Y with the antipodal map. We have X = Y/⟨z⟩ ≃ RP 4m+3, and

G = Q8/⟨z⟩ ∼= Z/2× Z/2 acts freely on X ∼= RP 4m+3.

Since we identified Q8 with the set of unit quaternions {±1,±i,±j,±k} in H,

the Q8-action on R4 can be described by

i →


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 and j →


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 .

Since both of these matrices have determinant one, the Q8-action on H4m+3(Y ;Z)
is trivial, hence the induced G-action on H4m+3(X;Z) is trivial. Let α = d2(t) be

the k-invariant of this action. Since the restriction of the G = Z/2 × Z/2-action
of X = RP 4m+3 to any cyclic subgroup of G gives a free action of the Z/2-action
on X, we conclude that α = x2

1 + x1x2 + x2
2, where x1, x2 are the generators of

H∗(G;F2). Observe that α is not a square of a 1-dimensional class.

Free Z/2-actions on RP 4m+1 with trivial induced actions on integral cohomology

are easy to construct as we show in the following example.

Example 5.6. Consider the Z/4-action on W ∼= R2 given by rotation by π/2.

Then for every m ≥ 1, Z/4 acts freely on Y = S(⊕m+1W ) ∼= S2m+1. This gives a

Z/2-action on X = Y/(Z/2) ∼= RP 2m+1. Since the Z/4-action on W is orientation



16 ERGÜN YALÇIN

preserving, the Z/2-action on the integral cohomology H2m+1(X,Z) is trivial. The
k-invariant of this action is α = x2, where H∗(Z/2;F2) ∼= F2[x].

By taking products of the group actions given above, we can construct a G =

(Z/2)k+2l action on X ∼=
∏k

i=1 RP 2mi+1 ×
∏l

i=1 RP 4mi+3 with trivial induced ac-

tion on integral cohomology. So the upper bound given in Theorem 1.2 is realizable

by some free action.

6. Free actions with nontrivial action on integral cohomology

We start with an example of a free (Z/2)r-action on a product of real projective

spaces with nontrivial action on integral cohomology such that the induced action

on the mod-2 cohomology is trivial.

Example 6.1. Consider the D8-action on S1 induced by the symmetries of a

square. We can explain this action as the D8-action on the unit sphere S(W ),

where W is the 2-dimensional irreducible real representation of D8. If we write

D8 = ⟨a, b | a2 = b2 = (ab)4 = 1⟩, then

ρW (a) =

[
1 0
0 −1

]
, ρW (b) =

[
0 1
1 0

]
.

Let m ≥ 0 and V = ⊕m+1W . Consider the D8-action on Y = S(V ) ∼= S2m+1. The

central element z = (ab)2 in D8 acts freely on Y with the antipodal action.

Let X = Y/⟨z⟩ ∼= RP 2m+1. Consider the induced G = D8/⟨z⟩ ∼= Z/2 × Z/2-
action on X. The G-action has no global fixed point, but the elements ā and b̄ each

have fixed points. Thus we can conclude that the k-invariant of this action is equal

to α = x1x2, where H∗(G;F2) ∼= F2[x1, x2]. Note that the determinants of ρV (a)

and ρV (b) are equal to (−1)m+1. Hence, when m is even, the induced a or b action

on H2m+1(X;Z) ∼= Z is nontrivial.

Let H = ⟨ab⟩. There is an isomorphism H2m+1(X;Z) ∼= Z̃H where

0 → Z → Z[G/H] → Z̃H → 0

is exact. The long exact cohomology sequence associated to this sequence gives

0 → H1(G, Z̃H)
δ−→ H2(G;Z) → H2(G;Z[G/H]) → · · ·

where H2(G;Z[G/H]) ∼= H2(H,Z) by Shapiro’s lemma. This gives that

H1(G; Z̃H) ∼= F2,

generated by uH := δ−1β0(x1 + x2).

We have β(x1x2) = x1x2(x1 + x2) = m2(u12), where u12 ∈ H3(G;Z) is the

generator introduced in Proposition 4.1. Hence β0(α) = u12 ̸= 0. Assume that m =

2m′ for some m′ ≥ 1. Then X ∼= RP 4m′+1. By the argument given in the proof of

Lemma 5.4, in the integral Serre spectral sequence for the Borel construction, there

is θ ∈ E1,4m′+1
2 such that d2(θ) = β0(α)s

2m′
= u12s

2m′
, where s = β0(t). Since

the product u12s
2m′

is nonzero, the element θ is nonzero. Note that E1,4m′+1
2

∼=
H1(G;H4m′+1(X;Z)) ∼= H1(G; Z̃H) ∼= F2, hence we can conclude that θ is equal

to uH under the isomorphism above.
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This example shows that there is a (Z/2)r-action on RP 4m+1 with nontrivial

action on the integral cohomology such that the k-invariant α is not a square and

β0(α) ̸= 0. This example also shows that the differential d2 : E1,4m+1
2 → E3,4m

2

may be nonzero when the action on the integral cohomology is nontrivial.

Example 6.2. In the example above the G = Z/2×Z/2-action on Y1 = RP 4m+1 is

not free. However by taking the product with another action of G on Y2 = RP 2l+1,

we can obtain a free action of G on X = Y1 ×Y2. To construct the G-CW-complex

Y2, consider the Z/4-action on S2l+1 defined by (z0, . . . , zl) → (iz0, . . . , izl). This

gives a free Z/2-action on RP 2l+1.

Let q : G → Z/2 denote the quotient map such that q(a) = q(b) = 1. Via

q, there is a induced G-action on Y2
∼= RP 2l+1 with kernel ⟨ab⟩ ∼= Z/2. The

G-action on X = Y1 × Y2 is free since ⟨ab⟩ acts freely on Y1. This gives a free

G = (Z/2)2 action on X ∼= RP 4m+1×RP 2l+1 where the k-invariants are α1 = x1x2

and α2 = (x1 + x2)
2. Note that as polynomials in x1 and x2, the k-invariants α1

and α2 have no nontrivial common zeros.

Remark 6.3. Note that in the example above, G = Z/2 × Z/2 acts freely on

X ≃ RP 4m+1 × RP 2l+1 with k-invariants α1 = x1x2 and α2 = (x1 + x2)
2, and

we have β(α1) = x1x2(x1 + x2) ̸= 0. This contradicts a conclusion we had in the

proof of [18, Lemma 8.1]. This lemma is correct only under the assumption that the

G-action on the integral cohomology of X is trivial. Because of this, the statement

of [18, Theorem 8.3] holds only under the same assumption. In the statements of

[18, Lemma 8.1] and [18, Theorem 8.3], the assumption that G acts trivially on

mod-2 cohomology should be replaced by the assumption that G acts trivially on the

integral cohomology.

Before we state the main result of this section, we need to prove some lemmas.

Lemma 6.4. Let G = (Z/2)r and α ∈ H2(G;F2) be a cohomology class. If β(α) =

γα for some γ ∈ H1(G;F2), then α = η(η + γ) for some η ∈ H1(G;F2).

Proof. If γ = 0, then β(α) = 0. Writing α as a quadratic polynomial, this implies

that the mixed terms vanish, hence α = η2 for some η ∈ H1(G;F2). Thus α =

η(η + γ).

So we can assume γ ̸= 0. Let H = ker γ, then β(resGHα) = resGH(β(α)) = 0.

This implies that resGHα = (u′)2 for some u′ ∈ H1(H;F2). Let u ∈ H1(G;F2) be a

1-dimensional class such that resGHu = u′. Then resGH(α+ u2) = 0 which gives that

α = u2 + γη for some η ∈ H1(G;F2). Applying the Bockstein operator to both

sides of the equality, we obtain γα = γη(γ + η). Since H∗(G;F2) ∼= F2[x1, . . . , xr]

is an integral domain and γ ̸= 0, we conclude α = η(γ + η). □

We also need the following:

Lemma 6.5. Let X be a finite-dimensional G-CW-complex homotopy equivalent

to
∏k

i=1 RPni such that the induced G-action on the mod-2 cohomology of X is

trivial. Let Hn(X;Z) = Mf ⊕ Mt be a decomposition as an abelian group where

Mf is a free subgroup and Mt is the torsion subgroup. Then both Mf and Mt are
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G-invariant, and the decomposition Hn(X;Z) = Mf ⊕ Mt is a decomposition of

ZG-modules.

Proof. Let M = Hn(X;Z) as a ZG-module, and let M = Mf ⊕Mt be a decompo-

sition as abelian groups. Since every element g ∈ G takes a torsion element to a

torsion element, Mt is a ZG-submodule of M .

Now we show that Mf is G-invariant. Let m ∈ Mf and g ∈ G. By (2), there is

a short exact sequence

0 → M/2M → Hn(X;F2) → Tn+1 → 0,

so M/2M is a trivial F2G-module. Since M = Mf ⊕Mt and Mt has exponent 2,

we have 2M = 2Mf . Since M/2M is a trivial F2G-module, we have gm − m ∈
2M = 2Mf . Since m ∈ Mf , it follows that gm ∈ Mf . Thus Mf is G-invariant.

Since both Mf and Mt are ZG-submodules of M , the decomposition M = Mf ⊕
Mt is a decomposition of ZG-modules. □

The main result of this section is the following:

Proposition 6.6. Let G = (Z/2)r and let X be a finite-dimensional free G-CW-

complex homotopy equivalent to
∏k

i=1 RPni , ni ≥ 2, with trivial action on mod-2

cohomology. Assume that there is a normalized basis

{t1, . . . , ts, t′s+1, . . . , t
′
k}

for H1(X;F2) which is irreducible. Then, for every i ∈ {1, . . . , s}, ni ≡ 3 (mod 4).

Proof. By Lemma 2.3, for all i such that ni is even, αi = 0. So for all i ≤ s, ni

must be odd. Hence it is enough to prove that there is no i ≤ s such that ni ≡ 1

(mod 4). Let i ≤ s be a fixed index such that ni = 2mi + 1 for some even mi ≥ 2.

We claim that in this case β(αi) = ℓiαi for some ℓi ∈ H1(G;F2).

Consider the Serre spectral sequence

Ep,q
2 (Z) = Hp(BG;Hq(X;Z)) ⇒ Hp+q(XG;Z)

in integral coefficients for the Borel construction X → XG → BG. Note that

Hp(BG;Hq(X;Z)) is isomorphic to the cohomology of the group G with coefficients

in the ZG-module Hq(X;Z). By Lemma 6.5, for every q ≥ 0, we have Hq(X;Z) ∼=
Hq(X;Z)f ⊕ Hq(X;Z)t as ZG-modules and G acts trivially on the torsion part

since it has exponent 2. Hence

Ep,q
2 (Z) ∼= Hp(G;Hq(X;Z)f )⊕Hp(G;Hq(X;Z)t)

where the second summand is isomorphic to Hp(G;F2)⊗Hq(X;Z)t.
The integral spectral sequence Ep,q

2 (Z) has a product structure given by the map

Hp(G;Hq(X;Z)⊗Hp′
(G;Hq′(X;Z)) → Hp+p′

(G;Hq(X;Z)⊗Hq′(X;Z))

→ Hp+p′
(G;Hq+q′(X;Z))

where the first map is defined by the cup product in the cohomology of G with non-

trivial coefficients, and the second map is induced by the cup product in H∗(X;Z).
Note that the products of the cohomology classes in the summandH∗(G;H∗(X;Z)t))



FREE ACTIONS ON PRODUCTS OF REAL PROJECTIVE SPACES 19

stays in this summand, and the Leibniz formula for the differentials holds for such

products.

Let sI , ∅ ̸= I ⊆ {1, . . . , k}, and vj , j = 1, . . . , k, be the generators of the

integral cohomology ring H∗(X;Z) subject to relations given in Proposition 4.3.

Since β0(ti) = si, by Corollary 3.3, si is transgressive and d3(si) = β0(αi). By

the relations in Proposition 4.3, we have smi+1
i = 0. Since si ∈ H2(X;Z)t, by the

remark above, we have

0 = d3(s
mi+1
i ) = (mi + 1)d3(si)s

mi
i = β(αi)s

mi
i

in E3,2mi

3 . Hence there is an element θi ∈ E1,2mi+1
2 (Z) such that d2(θi) = β(αi)s

mi
i .

Let m2 : E∗,∗
2 (Z) → E∗,∗

2 (F2) be the morphism of spectral sequences induced by

the mod-2 reduction map. The mod-2 reduction map m2 : Ep,q
2 (Z) → Ep,q

2 (F2) is

the composition

Ep,q
2 (Z) ∼= Hp(G;Hq(X;Z)f )⊕Hp(G;Hq(X;Z)t)

(m2,m2)−−−−−→
Hp(G;Hq(X;Z)f ⊗ F2)⊕Hp(G;Hq(X;Z)t) ↪→ Hp(G;Hq(X;F2)).

The F2-vector spaceH
q(X,F2) is generated by monomials ta1

1 · · · tak

k with
∑k

i=1 ai =

q. Since H∗(X,Z)f is generated by v1, . . . vk, the cohomology group Hq(X;Z)f is

generated by vI :=
∏

j∈I vj where I is a set of indices j such that nj is odd

and
∑

j∈I nj = q. Hence the image of the mod-2 reduction map is generated

by monomials tI :=
∏

j∈I t
nj

j where I is a set of indices with odd nj such that∑
j∈I nj = q.

The image of Hq(X;Z)t under the mod-2 reduction is generated by mod-2 re-

ductions of monomials of the form sb1j1 . . . s
bp
jp
sI where I = {i1, . . . , iq} with j1 <

· · · < jp, i1 < · · · < iq and jp < iq. Note that none of these give a monomial of the

form tI after mod-2 reduction. So, the monomials involved in the mod-2 reductions

of Hq(X;Z)f and Hq(X;Z)t are distinct.

Since m2 commutes with the differentials, we have

d2(m2(θi)) = m2(d2(θi)) = m2(β(αi)s
mi
i ) = β(αi)t

2mi
i

in E3,2mi

2 (F2). Let M := H2mi+1(X;Z) and M = Mf ⊕ Mt be a decomposition

of M as ZG-modules. We can write θi = (θfi , θ
t
i), where θfi ∈ H1(G;Mf ) and

θti ∈ H1(G;Mt). We have

d2(m2(θi)) = d2(m2(θ
f
i )) + d2(m2(θ

t
i)) = β(αi)t

2mi
i .

The image of

m2 : H1(G;Mf ) → H1(G;Mf/2Mf ) ∼= H1(G;F2)⊗Mf/2Mf

is generated by elements of the form ℓ⊗ y where ℓ ∈ H1(G;F2) and y ∈ Mf/2Mf .

Since Mf/2Mf is generated by monomials tI =
∏

j∈I t
nj

j , we can conclude that

m2(θ
f
i ) =

∑
I

ℓI ⊗ tI

for some ℓI ∈ H1(G;F2). Note that the sum above is over all sets of indices I such

that for all j, nj is odd, and
∑

j∈I nj = 2mi + 1. Applying d2 to this sum, we
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obtain

d2(m2(θ
f
i )) =

∑
I

∑
j∈I

ℓIαjt
2mj

j

∏
h∈I,h̸=j

tnh

h

where nj = 2mj + 1 for all j. Since mj ≥ 1 for all j, the only term that can

contribute to the t2mi
i -component has index I = {i}.

Note that the sum above for d2(m2(θ
f
i )) is the mod-2 reduction of

z =
∑
I

∑
j∈I

ℓIαjs
mj

j

( ∏
h∈I,h̸=j

vh

)
=
∑
I

∑
j∈I

ℓIαjs
mj−1
j sI

( ∏
h∈I,h̸=j

smh

h

)
The last equality follows from the relations given in Proposition 4.3. We can write

z = z′+ℓiαis
mi
i where ℓi = ℓ{i}. The equation d2(m2(θ

f
i ))+d2(m2(θ

t
i)) = β(αi)t

2mi
i

gives

m2(z
′ + ℓiαis

mi
i ) +m2(d2(θ

t
i)) = m2(β(αi)s

mi
i )

Since the mod-2 reductions of torsion basis monomials are linearly independent and

span a direct summand of Hq(X;F2), the induced map on Hp(G;−) is injective on

the torsion summand. Hence we can conclude that

z′ + d2(θ
t
i) = (ℓiαi + β(αi))s

mi
i .

As we did in the proof of Lemma 5.4, we can write θti as a sum u+ θ′i where

θ′i =
∑
p,q ̸=i

hpqsps
mi−2
i siq +

∑
p<q,i̸∈{p,q}

lpqs
mi−1
i spq +

∑
j ̸=i

ljs
mi−1
i sij

where d2(u) does not have any summand that involves smi−1
i or smi

i . We claim

that z′ has no summand involving either smi
i or wjs

mi−1
i . The summands of z are

indexed by sets I such that
∑

j∈I nj = ni. If i ∈ I, then we must have I = {i},
since all nj ≥ 2. This is precisely the term ℓiαis

mi
i , which has been separated off.

Hence every summand of z′ has i /∈ I, and therefore z′ contains no factor involving

si. In particular, z′ does not contribute to the coefficients of smi
i or wjs

mi−1
i .

Using the argument given in the proof of Lemma 5.4, the coefficient comparison

in the smi
i -terms gives

ℓiαi + β(αi) =
∑
j ̸=i

l′jα
′
j .

Applying Lemma 5.2, and comparing the coefficient of the smi−1
i -terms, we obtain

that l′j = 0 for all j ̸= i such that j ≤ s. Since α′
j = 0 for all j ≥ s+ 1, we obtain

ℓiαi + β(αi) = 0.

By Lemma 6.4, this implies that αi = ℓ′i(ℓ
′
i + ℓi) for some linear polynomial ℓ′i.

Since αi ̸= 0, we have ℓ′i ̸= 0. Taking H = ker(ℓ′i) we see that

dimF2

〈
resGH α1, . . . , res

G
H αs

〉
≤ s− 1.

This contradicts the assumption that the normalized basis is irreducible. Since ni

is already known to be odd for i ≤ s, it follows that ni ≡ 3 (mod 4) for every

i ≤ s. □
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7. Proof of the Main Theorem

We are ready to prove Theorem 1.2. We first observe that it is enough to prove

the theorem for the case ni ≥ 2 for all i.

Proposition 7.1. Suppose that Theorem 1.2 holds for every H = (Z/2)s and every

finite-dimensional free H-CW-complex X ≃
∏k

i=1 RPni with ni ≥ 2 for all i, and

with trivial H-action on mod-2 cohomology. Then Theorem 1.2 holds for every

G = (Z/2)r and every finite-dimensional free G-CW-complex X ≃
∏k′

i=1 RPn′
i with

trivial G-action on mod-2 cohomology.

Proof. Let G ∼= (Z/2)r and X be a finite-dimensional free G-CW-complex homo-

topy equivalent to
∏k′

i=1 RPn′
i , with trivial G-action on mod-2 cohomology. If for

all i, n′
i ≥ 2, then the conclusion follows from the hypothesis. Otherwise, after

reordering the factors, we can write X ≃ M × Y where

M = (S1)l and Y =

k∏
i=1

RPni ,

such that l ≥ 1 is the number of indices with n′
i = 1, and ni ≥ 2 for all i. If k = 0,

we take Y to be a point.

Note that M = (S1)l is a compact solvmanifold (see [12]) and Y is a finite-

dimensional CW-complex with a finite fundamental group. So we can use the

argument given by Jo and Lee in the proof of [12, Theorem 2.2].

We have π1(X,x0) ∼= Γ× F , where Γ ∼= Zl and F ∼= (Z/2)k. Since G acts freely

on X, there is a group extension

1 → π1(X,x0) → π1(X/G, x0) → G → 1.

Let π = π1(X/G, x0). Since F is the torsion subgroup of π1(X,x0), it is charac-

teristic in π1(X,x0), hence it is normal in π. This gives a commuting diagram of

groups

F

��

F

��
1 // π1(X,x0) //

��

π //

��

G // 1

1 // Γ // π/F // G // 1.

The 2-rank of a group K, denoted by rk2(K), is defined to be the largest r such

that (Z/2)r ≤ K. By [12, Theorem 1.3], we have

(5) rk2G ≤ rk2(π/F ) + l.
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The sequence 1 → Γ → π/F → G → 1 is associated to a sequence of covering

maps:

X ≃ M̃ × Y ≃ Y

/Γ

��
X ≃ M × Y

/G

��
X/G

where X is the Γ-cover of X, and M̃ ≃ Rl is the universal cover of M . To see these

homotopy equivalences, note that under the homotopy equivalence X ≃ M × Y ,

the subgroup Γ ≤ π1(X) corresponds to the subgroup π1(M) × 1 ≤ π1(M × Y ).

Hence the associated Γ-cover has homotopy type M̃ × Y ≃ Y .

Since X is a finite-dimensional free G-CW-complex, X is a finite-dimensional

free (π/F )-CW-complex (see [17, Statement (N)]). Let H ≤ π/F be a subgroup

isomorphic to (Z/2)s, where s = rk2(π/F ). The restriction of the (π/F )-action on

X to H is also a free action.

Now we will show that the induced H-action on mod-2 cohomology of X is

trivial. Since H ∩ Γ = 1, the composite H ≤ π/F → G is injective. Let p : X → X

be the covering map. Since p is H-equivariant (where H acts on X through the

injective homomorphism H ↪→ G), the induced map

p∗ : H∗(X;F2) −→ H∗(X;F2)

is H-equivariant. Under the homotopy equivalences

X ≃ M × Y and X ≃ M̃ × Y ≃ Y,

the map p∗ identifies with the map induced by the covering M̃ × Y → M × Y .

Since the projection

H∗(M ;F2)⊗H∗(Y ;F2) −→ H∗(Y ;F2)

is surjective, p∗ is also surjective. The G-action on H∗(X;F2) is trivial, hence the

induced H-action on H∗(X;F2) is also trivial.

If k = 0, then X is finite-dimensional and contractible. A nontrivial finite 2-

group cannot act freely on a finite-dimensional contractible CW-complex. Hence

we must have H = 1, and therefore s = 0. Thus s ≤
∑k

i=1 µ(ni) holds trivially.

If k > 0, then the hypothesis applied to the free H-CW-complex X ≃
∏k

i=1 RPni

gives

s ≤
k∑

i=1

µ(ni).

Combining this with (5), we obtain

r = rk2(G) ≤ s+ l ≤

(
k∑

i=1

µ(ni)

)
+ l =

k′∑
i=1

µ(n′
i).

This completes the proof of the proposition. □
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Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let G = (Z/2)r and X be a finite-dimensional free G-CW-

complex homotopy equivalent to
∏k

i=1 RPni such that the G-action on the mod-2

cohomology of X is trivial.

Let α1, . . . , αk be the k-invariants in the Serre spectral sequence in F2-coefficients.

Consider the F2-vector space V generated by the k-invariants, and assume that

the dimension of V is s. After reindexing the generators ti, we can assume that

{t1, . . . , ts} is such that α1, . . . , αs is a basis for V . We claim that under this setting

the inequality

r ≤
s∑

i=1

µ(ni)

holds. Note that this implies the inequality in the conclusion of the theorem. We

prove the claim by induction on r. The case r = 0 is immediate.

By Lemma 2.3, for each i where ni is even, we have αi = 0. So ni is odd for all

i ≤ s. By Proposition 7.1, it is enough to prove the theorem under the assumption

that ni ≥ 2 for all i. Hence, for i ≤ s, we can assume that ni = 2mi + 1 with some

integer mi ≥ 1.

If there is a subgroup H ≤ G with codimension n ≥ 1 such that the vector space

W generated by {resGHαi}si=1 has dimension ≤ s − n, then we can reduce the G-

action on X to the subgroup H. Then after reindexing, there is an integer t ≤ s−n

such that {resGHαi}ti=1 is a basis for W . Applying the induction hypothesis to the

free H-action on X gives r − n ≤
∑t

i=1 µ(ni). From this we obtain

r ≤ n+

t∑
i=1

µ(ni) ≤
s∑

i=1

µ(ni)

since µ(ni) ≥ 1 for all odd ni. Thus, whenever such a subgroup H exists, the

theorem follows from the induction hypothesis. Therefore we may assume that the

basis {α1, . . . , αs} is irreducible (see Definition 5.1).

If s = 0, then all k-invariants are zero. By Proposition 2.4, this is possible

only when r = 0, and the desired inequality holds. Hence assume that s ≥ 1. By

Proposition 6.6, for every i ≤ s, ni ≡ 3 (mod 4).

By Proposition 2.4, α1, . . . , αs have no nontrivial common zeros, hence by [7,

Proposition D], we have r ≤ 2s. Since ni ≡ 3 (mod 4) for all i ≤ s, this gives the

desired inequality r ≤
∑s

i=1 µ(ni). Hence the proof is complete. □

It is an open question whether the conclusion of Theorem 1.2 holds under the

weaker assumption that X has the mod-2 cohomology of
∏k

i=1 RPni , i.e. whether

Cusick’s conjecture holds in the way it is stated. It is also an interesting question

whether the conclusion of Theorem 1.2 still holds without the assumption that the

induced action on the mod-2 cohomology is trivial.
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[14] O. B. Okutan and E. Yalçın, Free actions on products of spheres at high dimensions, Algebr.

Geom. Topol. 13(4) (2013), 2087–2099.

[15] M. S. Osborne, Basic Homological Algebra, Graduate Texts in Mathematics 196, Springer,
2000.

[16] M. Singh, Free 2-rank of symmetry of products of Milnor manifolds, Homology Homotopy

Appl. 16(1) (2014), 65-81.
[17] J. H. C. Whitehead, Combinatorial homotopy I, Bull. Amer. Math. Soc. 55 (1949), 213-245.
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