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1 Introduction

These are the lecture notes (Part 2) for the Graduate Course Math 626 Cohomology of
Groups, offered in Spring 2024 at Bilkent University. I thank all the students that took the
course for taking the course and for the feedbacks and corrections.

These lecture notes are based on some well-known books on Group Cohomology where
the author learned the material from. We list some of these books here:

1. Kenneth S. Brown, Cohomology of Groups, Springer-Verlag, 1994.

2. A. Adem and R. J. Milgram, Cohomology of Finite Groups, Springer-Verlag, 2004.

3. D. Benson, Representations and Cohomology I, II, Cambridge University Press, 1998.
4. J. Carlson, et al, Cohomology Rings of Finite Groups, Springer, 2003.

5. A. Weibel, Introduction to Homological Algebra, Cambridge University Press, 1994.

6. J. J. Rotman, An Introduction to Homological Algebra, Second Edition, Springer, 2009.

Conventions: Throughout these notes when we say G is a group we also mean G is
a discrete group. The topological groups only appear in Section [3| and there we explicitly
say G is a topological group. All R-modules are left R-modules unless it is explicitly stated
otherwise. In these every ring R is associative and unital unless otherwise is stated. For the
composition of two morphisms f and g, we write fg instead of fog.

2 Homology of Groups

2.1 Tensor Products
Let R be an associative unital ring.

Definition 1. Let M be a right R-module and N be a left R-module. Let F' := Z[M x N
be the free abelian group with basis M x N. Let J be the subgroup of F' generated by the
elements

(my + mo,n) — (my1,n) — (me,n), where my,ms € M,n € N,
(m,n1 4+ na2) — (m,n1) — (m,n2), where m € M,ni,ny € N,
(mr,n) — (m,rn), where m € M,n € N,r € R.

The tensor product of M and N, denoted by M ®g N, is defined to be the quotient group
F/J. For every m € M and n € N, the element (m,n)+ J in M ®g N is denoted by m ® n.

The tensor product M ®gr N has a university property that can be explained in terms of
R-balanced maps.



Definition 2. Let M be a right R-module, N be a left R-module, and A be an abelian
group. A map f: M x N — A is R-balanced if

flmy +ma,n) = f(my,n) + f(ma,n), for all my,me € M,n € N,
flm,ni +n2) = f(m,n1) + f(m,ng), for all m € M,ny,ne € N,
flmr,n) = f(m,rn), for alm € M,n € N,r € R.

Note that the map t : M x N = M ®p N defined by t(m,n) = m ® n is an R-balanced
map. It is universal in the following sense.

Proposition 3. Let M be a right R-module and N be a left R-module. For every abelian
group A and every R-balanced map f: M x N — A, there is a unique abelian group homo-
morphism f: M @r N — A such that the following diagram commutes:

MxN—1-4

tl 2

M®RN

Proof. Let F' = Z|M x N] denote the free Z-module with basis M x N. Let i : M x N — F
be the inclusion map and ¢ : FF — F/J = M ®r N denote the quotient map. Since F
is a free abelian group with basis M x N, the map f uniquely extends an abelian group
homomorphism f : F' — A such that f oi = f. This gives a diagram where the small triangle
commutes:

MxN—1-4

M®pN
By the definition of R-balanced map, the subgroup J in the definition of tensor product is

in the kernel of f By isomorphism theorems, the homomorphism J?illduces a unique group
homomorphism f: M ®r N — A. Since t = goi, the homomorphism f satisfiestof = f. O

Remark 4. The tensor product M ®r N can also be defined as the unique abelian group
satisfying the universal property with respect to the above extension property with respect
to R-balanced maps. Then the tensor product is unique and the existence can be proved
using the construction given in Definition 2| and using the argument in Proposition

Lemma 5. Let M be a S-R-bimodule and N be an R-T-bimodule. Then the tensor product
M ®pr N is an S-T-bimodule with products defined by s(m ® n)t = sm ® nt for all s € S,
teT, meM, andn € N.

Proof. We need to verify that if u € J, then sut € J. This can be easily checked by verifying
it on the generators of J. For example for the last generator we have

s[(mr,n) — (m,rn)|t = (smr,nt) — (sm,rnt) € J.



Note that the ring R is an R-R-bimodule with left and right multiplication. Then for a
right R-module M, the tensor product M ®p R is a right R-module. Similarly if IV is a left
R-module, then R ®p N is a left R-module.

Lemma 6.
1. Let M be a right R-module. Then there is an isomorphism of right R-modules

M®p R M.

2. Let N be a left R-module, then there is an isomorphism of left R-modules
R®r N = N.

Proof. (1) Let M be a right R-module. Consider the function f : M x R — M defined
by f(m,r) = mr. The map f is R-balanced, so it extends to an R-module homomorphism
f:M®rR — M defined by f(m®r) = mr. There is an inverse to f defined by m — m®1.
Hence f : M @z R — M is an isomorphism. It is clear from definition that f is an R-module
homomorphism (of right R-modules). The proof of (2) can be done in a similar way. O

Proposition 7.

1. Let {M;}ier be a collection of right R-modules and N be a left R-module. Then

(@ Mi) ©r N = P(M; @r N).

iel iel
2. Let M be a right R-module and {N;};cr be a collection of left R-modules. Then

Mon (P N) =M 2r V).

iel el

Proof. (1) Define
fr (@M) x N = @ (M; ®x N)
i€R iel
by f(>2; miri),n) =, (m;r; ®n). It is easy to check that f is R-balanced, so it induces an
abelian group homomorphism

IE (@Mz> ®r N — @(Mi ®@gr N).
i€l icl

The inverse of f is defined by 9(>_;(m; ®n;)) = >2;(ij(m;) ®n). This completes the proof.

(2) This can be proved in a similar way. O

Lemma 8. Let f : M — M’ be a morphism of right R-modules and g : N — N’ be a
morphism of left R-modules. Then there is a unique abelian group homomorphism f ® g :
M ®@r N — M' ®@r N’ such that

(f@g)(men) = f(m)®g(n).



Proof. Let fxg: M x N — M'®grN' be the map defined by (f X g)(m,n) = f(m)®g(n) for
every m € M andn € N. It is easy to see that f x g is R-balanced. Then by the universality of
the tensor product there is a unique abelian group homomorphism f®g: MQrN — M'@grN’
with desired property. O

Exercise 9. Show that (f'®@ ¢ )o(f®g)=(f"of)® (¢ ®g).

Applying tensor product from left or right defines an additive functor which is a right
exact functor.

Proposition 10.

1. Let0 > K% M S L — 0 be a short evact sequence of right R-modules and N be a
left R-module, then the sequence

Kop N2 yrop NI 1o N 50

15 exact.

2. Let M be a right R-module and 0 — K NI L — 0 be a short exact sequence of left
R-modules, then the sequence

Mop K MO prgn N MET Aro L 50

15 exact.

Proof. (1) It is easy to see that (7 ® idy) o (i ® idy) = (7w 0i) ® idy = 0. The surjectivity of
7 ® idy follows from the surjectivity of m. So it remains to show that the extension is exact
at M @pr N.

Let u = }_;(m;j ® n;) be an element of ker(r ® idy). Then >, m(m;) ® n; = 0. This
means ) ;(m(m;),n;) € Z[L x N] is in the kernel of ¢, : Z[L x N] = L @g N. This kernel is
generated by elements of the form

r1 = (I1 +la,n) — (I1,n) — (l2,n), where l1,ly € L,n € N,
(I,n1 +n2) — (I,n1) — (I,n2), where l € L,nj,ng € N,
(Ir,n) — (I,rn), wherel € L,n € N,r € R.

T2

T3

Since m : M — L is surjective, for each [ € M, we can find 1€ M such that 7T(ZA) = [. This
means that each of the generators r; listed above can be lifted to an element 7; € Z[M x N|
of the form

?1 = (li\lmn) - (2\1777‘) - (2\27,”)7 Where/l\laz\lel/—i_\lQ € Man € N7

(Z\,nl +ng) — (/l\, ny) — (T,ng), where [ € M,ny,ne € N,

)

<

2
T3 (lAr,n) - (lA,rn), where l?“,lAE M,ne N,reR

such that (7 x idy)(7;) = 7; for i = 1,2,3. Note that the element 72 is already in ker qp.
Since w(l1 + l2) = w(l; + l2), there is an element kj 2 € K such that i(k;2) =11 + 1o — o — [5.
Thus we can write 7, = s1 + (i(k12),n) where

s1 = (b +l2,n) — (I1,n) — (Iz, n).



Since s1 € ker gy, we have 71 € U := im (i X idy) + ker ¢py. By a similar argument we can
show that 73 € U = im (i x idy) + ker gas.
Consider the commuting diagram

iXidN TI'XidN

0——=Z[K x N] 2 7[M x N|Z=E Z[L x N] ——=0

qu lqM iqL
0——=K®grN M ®r N L®r N——0.

1®id N T®id N

Note that the top sequence is exact because the kernel of 7 x idy : Z[M x N|] — Z[L x N]
is generated by (m,n) — (m/,n) with m(m) = w(m'). Since kerm = imi, we obtain that
(m,n) — (m/,n) € im (i x idy). Hence the top sequence is exact.

Let u' =3 (mj,n;) € Z[M x N] be an element such that ga(u') = u. Since (7®idy)(u) =
0, we have v’ = (7 x idy)(v') € ker q;,. We showed above that then «” can be written as a
linear combination of elements of the form 71,79, r3. Let us denote this linear combination
by v. As we showed above that each r; lifts to an element 7; in Z[M x N]. Thus the linear
combination v will lift to an element v which is a linear combination of elements of the form
T1,72,73. We have v/ — 7 € ker(m x idy) = im (i x idy). Since by the above argument each
7; lies in the submodule U = im (i x idy) + ker gps, we obtain that v’ € U. We conclude that
u=qp(u') € im (¢ ® idy). This completes the proof of (1). A proof for (2) can be given in
a similar way. O

The functors — ®z N and M ®pi — are not exact in geperal. The lack of exactness is
source of the left derived functors called the Tor-groups Tor%, (M, N).

Example 11. Consider the short exact sequence of abelian groups

0225725 7/2 0.

Applying the functor — ®yz Z/2 to this sequence, we obtain a sequence of the form
0-2/2257/2 % 7/2 0

since Z ®z 2/2 = 7/2 and Z/2 @7 7/2 = 7 /2. The map Z/2 REN Z/2 is not injective, hence
the sequence above is not exact.

Definition 12. A right R-module M is flat if the functor M ®g — is exact. A left R-module
N is flat if the functor — ®z N is exact.

Exercise 13. Prove that a projective module is flat.

Exercise 14. Let p be a prime number and Z,) = {a/b € Q|a,b € Z, (p,b) = 1} denote the
ring of p-local integers. Show that Z, is flat over Z.

Another way to prove the right exactness of tensor product functor is to use adjointness
of tensor product and Hom-functors. We show this in Section in Corollary



2.2 Homology of a Chain Complex with Coefficients

In this section we will be using tensor products over a ring R. For the definition and properties
of tensor products, we refer the reader to Section [2.1

Let C be a chain complex of right R-modules. Given a left R-module M, we can consider
the chain complex Cy, ® g M of abelian groups where for each n € Z, the chain groups are
defined by (Cyx ®r M),, = C,, ®g M, and for n > 1 the boundary maps

dp:Crh,Qr M — Cr_1 Qr M
are defined by d,,(z ® m) = d,,(z) ® m for every z € C,, and m € M.

Definition 15. Let C be a chain complex of right R-modules and M a left R-module. Then
the n-th homology of C, with coefficients in M is defined to be the homology group
H,(Cy ®r M).

Example 16. If X is a simplicial complex (or a topological space) and C,(X) is the simplicial
chain complex of X (or the singular chain complex of X), then for every abelian group A,
the homology group H,(Cy(X) ®z A) is called the n-th homology group of X with
coefficients in A, and denoted by H,(X; A).

In some special cases, there is an isomorphism H,(Cyx ® g M) = H,(Cy) ® g M. However
in general this isomorphism does not hold and it is an interesting question how these two
groups are related.

Example 17. Let
C,: 07257 22%7/2 50
be the chain complex of abelian groups where Cy = Cy = Z and Cy = Z/2. Note that C, is

acyclic, i.e. Hy(Cy) =0 for all n € Z. Take M be the abelian group Z/2. Then the complex
Cy ®z 7 is of the form

id
0—>Z®32/2—2>7 05 72)2 ~27/2 9, 7/2 —0

Z)2 Z)2 7)2

Note that Ho(Cy ®7 Z/2) = 7/2, hence
HQ(C* K7z Z/Q) ’\7&0 HQ(C*) X7, Z/Q.

In general, the relation between H,(Cy) ® g M and H, (Cy ®g M) can be quite compli-
cated, however when R is a principle ideal domain (PID), the following theorem explains the
relationship between these two groups in terms of Tor-groups.

Theorem 18 (Universal Coefficient Theorem for Homology). Let R be a PID. Suppose that
Cy is a chain complex of free R-modules C and M is an R-module M. Then for everyn € Z,
there is a short exact sequence of R-modules

0 — Ho(C)) @p M 5 H, (Cy @p M) % Torf(H,_1(CL), M) = 0

where p([z] @ m) = [z@m] for every [z] € H,(Cy) and m € M. The sequence is natural with
respect to C and M, and it splits, but the splitting is not natural.



Here Tor!® denotes the Tor-group which is defined in standard textbooks on Homological
Algebra. We discuss Theorem in more detail in Section Since the ring of integers
Z is a PID, the above theorem holds for abelian groups and it is used for calculating the
cohomology groups H,(X; A) of a space X with coefficients in an abelian group A.

For rings R which are not PID, the relationship between H,(C, ®r M) and H,(Cy) ®@r M
can not be explained by just one Tor-proup involving only one homology group H,_1(Cx).
To illustrate this we given an example below where R is the group ring ZCs.

Example 19. Let G = C3 = (g | g?> = 1) be the group with two elements. Consider is a
chain complex of ZG-modules:

o720 % 76 2% 76 9% 76 2% 16 S 0

where all the maps are defined by the multiplication with the element written on the arrow.
Recall that if we add the augmentation map ZG — Z to the right hand-side, we get an exact
sequence. So, the homology of the complex Cj is given by

Z ifn=0

H,(C,) =
(G) {O ifn>0

The chain complex C, ®za Z has chain groups ZG ®zaZ = 7 for every n > 0. Calculating
the maps induced by 0, we obtain that C, ®zq Z is a chain complex of the form

nz3z%723572%7 50

The homology groups of this chain complex is given by

Z ifn=0
H,(Cy ®z¢Z) = Z/2 ifnisodd
0 if n is even.

Observe that in this case there is no bound on the dimensions where the homology is
nonzero. So a theorem similar to the universal coefficient theorem above does not hold in
this case. Tensoring an acyclic chain complex over a group ring ZG can create homology
groups at infinitely many dimensions. In the next section we define the homology of a group
G using the homology groups created by tensoring a free resolution F, with a ZG-module M
over ZG.

Exercise 20. Show that the isomorphism H,, (C, ®r M) = H,(C,) ®r M holds if M is a free
R-module. Conclude that this isomorphism holds for every chain complex of vector spaces
over a field .

Exercise 21. Generalize Example [19|to the group C), = (g|¢g? = 1) for any prime p.

2.3 Definition of Group Homology

Let G be a group and k be a commutative ring. Consider the augmentation map € : kG — k
which sends deG agg to Y geG Og- The augmentation map e is surjective. Let Is denote
the kernel of . We have a short exact sequence of kG-modules

0> Io = kGS k—0.



Since € is a ring homomorphism, I is an ideal, called the augmentation ideal of G.

Lemma 22. The augmentation ideal Ig is free as a k-module with basis given by the set
Y={g—-1|1+#g¢€G}.

Proof. Let Gy denote the set of all nontrivial elements in G. If u =

>_gec ag = 0. This gives
w=3 agg =3 aglg—1)
geG g€Go

geG g9 1s in Ig, then

Hence Y spans I as a k-module.

Now assume that there exists element {a,}¢ec, in k such that > ; ag(9—1) = 0. Then
D agg+ (> g1 =0
9€Go 9€Go

Since G is a basis for kG as k-module, we have a, = 0 for all g € Go. Hence Y is a basis for
Iq. O]

Definition 23. For a ZG-module M, the group of coinvariants is defined by
Mg =M/{gm—m |me M, g e q).

Note that Mg = M/IgM where I is the augmentation ideal. The functor (—)g :
kG-Modules — k-Modules is an additive functor. Note that (—)¢ is not an exact functor.

Example 24. Let G = C5 and k = 9 be the field with two elements. Consider the short
exact sequence of kG-modules
0=kLEGS k=0

where € is the augmentation map and 7n(1) = 1+ ¢g. Applying the functor (—)¢ to this short
exact sequence, we obtain a sequence of k-modules of the form

0k kM1 o

This sequence is not exact. So the functor (—)¢ is not an exact functor.

Lack of exactness here is similar to the lack of exactness of taking tensor products. In fact
coinvariants of a kG-module can be described in terms of tensor products as follows: Given a
kG-module M, we can consider M as a right kG-module via the multiplication mg = g~'m
for every ¢ € G and m € M. Then for kG-modules M and N, we can define the tensor
product M ®ic N by considering M as a right kG-module. Note that for M and N, the

tensor product M ®j N is a kG-module with G-action given by g(m ® n) = (gm ® gn).

Lemma 25. For kG-modules M and N, there is an isomorphism
M @pg N = (M @ N)a

where the G-action on M ®j N is defined by g(m @ n) = gn ® gn.



Proof. By definition of tensor products, M ®ic N is isomorphic to the quotient k-module
(M ®y, N)/L where L is the submodule generated by mg®mn —m ® gn where m € M, n € N,
and ¢ € G. Since the right action on M is defined by mg = ¢~ 'm, the submodule L is
generated by g 'm ®@n —m ® gn = g 1(m ® gn) — (m ® gn). Every element in M ®; N
can be uniquely written as ) |, m; ® gn;, hence the submodule L is equal to the submodule
I¢(M ® N) where I is the augmentation ideal and G acts on M ®j N with diagonal action
g(m ®n) = gm ® gn. This completes the proof. O

As a direct consequence of the above lemma, we have the following:

Lemma 26. Let G be a group and k be a commutative ring. For every kG-module M, we

have
k@kgM%MG

where Mg == M/IgM = M/(gm —m|g € G,m € M). Similarly if M is a right ZG-module,
then M ®pq k = Mg where Mg := M/MIg.
Now we are ready to define the homology of a group.

Definition 27. Let G be a group and k be a commutative ring. Let

an+ 1 Bn an —1 62 81

(Py,e) - P, P, 0

be a projective resolution of the trivial module k as a kG-module. For every kG-module M,
and for n > 0, the n-th homology of G with coefficients in M is defined by

Hn(G, M) = Hn(P* kG M)

Example 28. (Homology of Cyclic groups) Let n be a positive integer and G = (g | ¢" = 1)
denote the cyclic group of order n. Consider the free resolution of Z as a ZG-module

Ng Ng

(Fy,e)- ZG 76 2= 76 726 216 -1 0

constructed earlier in Part I. Let M be a ZG-module. Then F, ®zg M is of the form

YA Yy Y SN Y ey 0.
From this we conclude that for every n > 0,
H,(G;M)={ M%/NgM if n = odd

ker{ M RN M}/(g—1)M if n=even >0

When M = Z is the trivial ZG-module, we have

Z ifn=0
H,(G;Z) = Z/n ifnisodd
0 if n is even.

10



Note that for M = Z, the n-homology group H,(G;Z) the homology group of the chain
caomplex

(Fg: - — (ZG)a — "= (ZG)g —= (ZG)g —= (ZG)g —— (ZG)c — 0
where (ZG)g = Z.

At low dimensions it is possible to calculate the homology group of G in terms of the
structure of the group.

Lemma 29. Let G be a group and M be a ZG-module. Then Hy(G; M) = M.

Proof. Recall that for an arbitrary group the projective resolution P, of a module is con-
structed by an inductive argument. For the trivial ZG-module Z, we can start the resolution
with the augmentation map ZG = Z. We take Py = ZG. The kernel of the augmentation

map is the augmentation ideal Iz. Then P; is the projective module such that P, — I is
surjective. This gives the first two steps of the projective resolution as follows:

Pl\:/ZG :
N

Applying the tensor product — ®zc M to this sequence, we get

02

P Z 0

~~—>P1®Z(;'MM>M—>O.

Observe that since the tensor product functor is right exact, the map
P M — Ig Qzc M
is surjectve. This gives that
im (01 ®id) = im{lg ®zg M — ZG Qzc M}

the image on the right becomes im {IzM — M} under the isomorphism ZG ®zc M = M.
hence, Ho(G; M) = M/IcM = Mg. O

11



3 Topological Definition of Group (Co)homology

3.1 Classifying Space of a Group

Definition 30. Let G be a discrete group. The classifying space for G is a connected
CW-complex BG which satisfies the condition

G ifn=1
T (BG, xg) =
n(BG.20) {0 ifn > 1
The universal cover of BG is a contractible space which admits a free action of G. A
contractible CW-complex which admits a free action of G is called a universal space for
G and it is denoted by EG. Note that the orbit space EG/G of EG is the classifying space
for G.

Proposition 31. The universal space EG is unique up to G-homotopy equivalence. The
classifying space BG is unique up to homotopy.

Proof. By equivariant obstruction theory, if X is a free G-CW-complex, then any two G-maps
f,9: X — EG are G-homotopic. If X is another model for a universal space for GG, then we
can construct maps f : X — FEG and f' : EG — X such that the compositions f’ o f and
f o f’ are homotopic to the corresponding identity maps. This gives that EG is unique up to
G-homotopy.

If Y is another space satisfying the conditions for the classifying space BG then there
is a G-homotopy equivalence f : Y — EG. This gives an homotopy equivalence f : Y —
EG/G = BG. O

Remark 32. Note that the classifying space BG is unique only up to homotopy. A space X
which has the homotopy type of BG, is called a model for BG.

To prove the existence of classifying spaces for an arbitrary G, there are two different
constructions given in the literature. The first one is by Milnor where he constructs the
classifying space BG as a realization of a simplicial complex. The second model due to Segal
which is defined using simplicial sets (as a special case of the classifying space BC for a small
category C).

Milnor defines BG as the orbit space EG/G where EG is defined as the infinite join

EG=G+xGxGx---.

In the join the group G is considered as a discrete topological space. To describe Milnor’s
model for EG in more detail, we need to introduce more definitions.

G-simplicial complexes

Definition 33. A simplicial complex X is a G-simplicial complex if G acts on the vertex
set V of X in such a way that if o = {vg,...,v,} is a simplex of X, then go = {gvy, ..., gv,}
is also a simplex in X.

12



The realization |X| of a G-simplicial complex X is a G-space, i.e. a topological space
with a continuous G-action G x X — X. Recall that the realization of a simplicial complex
is defined to be the identification space

x| = (T II fo} x a")/ ~

n>00eXy,

where (o, d't) ~ (d;o,t) for every o € X,, and t € A" 1. For every g € G, the action on |X|
is defined by g[(o,t)] = [(go, t)].

Example 34. Let G = (g|g*> = 1) = Cy. Consider the 1-dimensional simplicial complex
X whose vertex set is V' = {%a, £b} and whose 1-simplices are the subsets {a, b}, {a, —b},
{—a,b}, and {—a,—b}. Let g € G act on V by ga = —a and gb = —b. It is easy to see
that with this action, X is a G-simplicial complex. The realization of X is a square with
corners given by vertices of X and edges are given by the 1-simplices. Note that |X| is G-
homeomorphic to G-space S! with the antipodal action. The antipodal action of G = C3 on
the sphere 5™, n > 0, is the action defined by gx = —=x.

An alternative way to define realization of a simplicial complex X is to define it as a
subcomplex of a simplex. Suppose that X is a finite simplicial complex and let |V|=n + 1.
Consider the Euclidean space R[V] = R"*! whose basis is given by the vertex set V. Let AY
be the n-simplex defined by

n
AVZ{toU0+"'+tnvn‘tiZo’ztizl}
=0

Support of a point t € AV is the set of vertices support(t) = {vi,,...,v; } such that in the
expression ¢ = {gvg + - -+ + t,v, the corresponding coefficients ¢;; are nonzero. We define
the realization | X| of the simplicial complex X to the subcomplex of AV formed by points
t € AV whose support is a simplex in X.

Note that this construction easily extends to simplicial complexes with infinitely many
vertices. In this case we can take R[V] to be the infinite dimensional vector space with basis
given by V and AV as the subspace consists of formal sums Y, t;v; in R[V] with ¢; > 0,
>, ti = 1. Note that in the sum there are only finitely many nonzero coefficients ¢; which are
different than zero. One can define the support of a point in AV a similar way as above and
define | X| as the subspace of R[V] formed by points whose support is a simplex in X. Note
that the topology on |X| will be induced from the usual metric topology on R[V]. Note that
these constructions also extend to G-spaces and gives us a G-spaces.

We say that a G-simplicial complex is admissible if for every g € G and for every simplex
o= {vg,...,vp} in X, go = o implies that gv; = v; for every i € {0,...,n}. An admisible
G-simplical complex is called regular if it satisfies the following condition for every subgroup
H < G: If hg,h1,...,h, € H and {vg,...,v,} and {hgvo, ..., hyv,} are both simplices of K,
then there exists an element h of G such that hv; = h;v; for all ¢. If a G-simplicial complex
X is admissible then for every H < G, the set of simplices

XH ={oe€ X|ho=ocforall he H}
is a subcomplex of X. If X is regular, then the set X/G of orbits o] = {go|g € G} of

simplices in X is a simplicial complex (see [I] for more details).
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If X is a simplicial complex, then the set of simplices of X is a partially ordered set
under the relation defined by one being a face of the other. Every partially ordered set P
has a order complex A(X) defined as the simplicial complex whose faces are the strict chains
in P. The face relation is defined by a chain being a subchain of another chain. Given a
simplicial complex X the order complex of its poset of simplices is called the subdivision of
X and denoted by X. If X is a G-simplicial complex then the subdivision complex sd(X)
is admissible, and the second subdivision sd?(X) is a regular G-simplicial complex for every
given G-simplicial complex.

Exercise 35. Prove that if X is a G-simplicial complex, then sd(X) is admissible. Also show
that if X is a G-simplicial complex, then sd?(X) is regular.

Join of simplicial complexes

Definition 36. Let X = (V7,51) and Y = (V2,.52) be two simplicial complexes. The join of
X and Y is the simplicial complex X * Y whose set of vertices is V = V; II V5 and whose set
of simplices is given by the set

S1USsU{oUT|0o € S, T € S}

Recall that the join of two topological spaces is defined as follows:

Definition 37. Let X and Y be two topological spaces. Then the join of X and Y is the
identification space

X+Y =(XxY x][0,1])/ ~
where the identifications are given by (z,y,0) ~ (2/,y,0) and (z,y,1) ~ (z,9,1) for all
z,2’ € X and y,y/ €Y.

We have the following result that links these two join constructions:

Lemma 38. If X and Y are two simplicial complexes, then there is a homeomorphism
| X Y| |X]| Y]

Proof. We write the argument for finite simplicial complexes. It extends easily to infinite
simplicial complexes. Let X and Y be finite simplicial complexes with vertex set V and W.
Suppose that |V]| =n+ 1 and |W| = m + 1. Then X can be realized as a subcomplex of a
simplex AV 2 A" sitting inside R[V], and Y can be realized as a subcomplex of AW = A™
sitting inside R[W]. Consider the simplex AVIW = Antm+l gitting inside R[V 11 W]. The
realization of the join complex X Y can be considered as the subcomplex of AVIW consisting
of the points
t=tovo + -+ 4 tyUy + thwo + - + Wi

whose support is a simplex in X Y, i.e., whose support is either a simplex in X or Y, or it
is a union of simplices in X and Y. All such points can be written as

t=s-tx+(1—s) ty

where s € [0,1], tx € |X|, ty € |Y]. The set of points of the form ¢t = s-tx + (1 —s) - ty can
be identified with points in | X|*|Y| = |X| x |Y| x [0,1]/ ~ by senting t = s-tx + (1 —s) - ty
to [(tx,ty, s)]. This identification gives the desired homeomorphism. O
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If X and Y are two G-simplicial complexes, then the join X Y is a G-simplicial complex.
If X and Y are two G-spaces, then X Y is a G-space with the G-action given by g[(z,y,t)] =
[(gz,gy,t)] for z € X,y € Y and t € [0,1]. It is easy to see that if X and Y are G-simplicial
complexes, then the homeomorphism in Lemma [38]is a G-homeomorphism.

The construction of join defined above can be extended recursively to a join of a finite set
of simplices X1,...,X,. In this case one can consider the points of X7 ... .- x X, as set of
tuples

(tla:l, NN ,tn.%'n)
where x; € X;, t; € [0,1] such that ), ¢; = 1. If each X; is a subspace of some R™ then we
can topologize the join with subspace topology. In general the topology on the join is defined
as the finest topology such that the maps

ti s Xyx---x X, — [0,1] andxi:tifl(O,l}%Xi

are continuous.

If there is a infinite sequence of topological spaces {X;}i>o, then we can define *;>¢X; to
be the set of infinite sequences

(tlxl, c. ,tna;n, s )
where z; € X;, t; € [0,1] such that ), ¢; = 1. Again if each X; is a subspace of some R™
then we can topologize the join with subspace topology in R*°. In general the topology on
the join is defined as the finest topology such that the maps

ti: Xy x X, — [0,1] andxi:tgl(o,l}—)Xi

are continuous. This topology also coincides with the colimit topology (or weak topology)
coming from considering infinite join *;°;X; as the colimit of finite joins *} ; Xj.

Exercise 39. Verify the statements above about different topologies on joins of spaces.

Classifying Space

If we apply the infinite join construction to the sequence of spaces {X;} where X; = G
considered as a 0-dimensional G-simplicial complex, then we obtain a sequence of G-simplicial
complexes {EG), }n>0 where EGy = G and £G,, = EG,,—1+G for every n > 1. The topological
realization of these G-simplicial complexes gives a sequence of G-spaces {EG,, }n>0 where
EG, = |EG,|. Note that we have |[EGy| = G and |EG,,| = |[EGp—1| * G for all n > 1. From
the definition of join, we see that £G,_1 is a subcomplex of £G,, for all n > 1. This gives a
directed system

EGy % EG1 S .- = EGp ™ EGpiq — -

where the maps 7; are the inclusions of subcomplexes. Let FG denote the space defined by
EG := colim EG,,
n>0

with the colimit topology, i.e. U C EG is open if U N EG,, is open in EG, for all n > 0.
Then
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Note that EG is the realization of a infinite dimensional simplicial complex
EG = colim EG,
n>0

which is the union of all simplicial complexes £G,,. To explain the simplices of £G, we add
a point, say p, to the set G and write G = G IT {p}. Then the simplices of £G are in 1-1

correspondence with the sequences o = (go, g1, - -, gn, - -- ) such that g; € Gt for i > 0 such
that there is at least one g; # p, and g; is different that p for only finitely many g;’s. The
dimension of a simplex o = (g0, 91, -+, Gn,-..) is the number of entries g; such that g; # p.

Faces of a simplex are the simplices obtained by replacing one of the g;’s different than p
with p.

Proposition 40. For a discrete group G, the space EG defined above is the universal G-
space for G. The orbit space BG = EG/G is a classifying space for G. The space BG is the
realization of a simplicial complez.

Proof. This follows from the fact that taking joins increase connectivity. For n > 1, we say
a topological space X is n-connected if 7;(X,z¢) = 1 for i < n. By convention a nonempty
set is —1-connected, and a path connected space is 0-connected. By a standard result in
algebraic topology, if X is an (n — 1)-connected space and Y is an (m — 1)-connected space,
then X =Y is (n + m)-connected. Since G is —1-connected, EG, = G * - - - * G which is the
join of (n+1)-copies of G is (n—1)-connected. This shows that the infinite join EG is weakly
contractible, i.e. EG is connected and m;( EG, ep) = 1 for all ¢ > 1. Since G is a realization of
a simplicial complex, it is CW-complex. Then by Whitehead theorem we can conclude that
FEG is contractible.

Note that EG is the realization of the simplicial complex £G. By taking the barycentric
subdivision of £G, we can assume that EG is the realization of a regular G-simplicial complex
X. Then

BG = EG/G = |X|/G = |X/qG|.

Hence in Milnor’s model BG is the realization of a simplicial complex. O

Example 41. An interesting example to discuss is the case where G = (g|g¢? = 1) = Cs.
In this case EGg = G is the set vy where vg is the unit vector in R. The group G acts on
EGy by gug = —vg. The (geometric) simplicial complex EG is the square sitting in R? with
corners {4vg, +v1 } where vy and vy are the unit vectors in R2. Tt is easy to see that EGy will
be an octahedron sitting inside R® with corners {4wvg, +v1, +v2}. Note that for n = 0,1, 2,
EG, is a G-simplicial complex homeomorphic to S™ with antipodal action. This generalizes
to all n easily, so we can show that EG,, is G-homeomorphic to S™ with antipodal action.
One can view the universal space FECs as the infinite dimensional sphere

S = colim S™
n>0

with antipodal action. The classifying space BCy is the orbit space S°°/ ~ which is the
infinite dimensional real projective space

RP*>® = colimRP".
n>0
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For a specific G, there could be models for EG simpler than the model described above.

Example 42. Let G = Z be the group of integers. Then we can take the space of real numbers
R as a model for the universal space EG. Since G = Z acts freely on R by translations and
since R is contractible, FG = R is universal space for G = Z. Then the classifying space
BG for G is EG/G = R/7Z = S'. Note that in this case the classifying space BG is finite
dimensional. We will show later that when G has a torsion element (i.e. has a cyclic subgroup
with finite order), then BG can be finite dimensional.

Another example of a specific model for EG is the following:

Example 43. Let p be an odd prime and G = (g | g’ = 1) = C), be the cyclic group of order
p. Then G acts freely on a circle X = S* defined by rotation with 27 /p degrees. Then taking
the join of X with itself infinitely many times, we obtain an infinite dimensional G-space
EG = x2,S! where G-acts freely on EG and EG is contractible. So EG is a universal space
for G = C,.

Note that in this case EGy = St, EG; = S' + S' = 83, and EG,, = S?"*! for n > 0. For
each n > 0, to describe the free G = C, action on EG,, = §?""! we consider X = 5?"! as a
subspace of C", as the n-tuple of complex numbers (z1, ..., z,) satisfying |z1|+ - +|2zn| = 1.
The g € G action on X is defined by

211 21 21
g (z1,29,...,2,) = (€ Py, 2Py e /pzn).

We conclude this section with an observation on classifying spaces.

Lemma 44. Let G and H be two groups. Then EG x EH is a universal space for G x H
with a free G x H-action defined by (g, h)(e1,e2) = (ge1, hea). For classifying spaces, we have

B(G x H) = BG x BH.

Proof. 1t is clear that the diagonal G x H-action on EG x EH is free and FG x EH is
contractible. So we have a G x H-homotopy equivalence E(G x H) — EG x EH. Taking
orbits this gives a homotopy equivalence

B(GxH)=E(GxH)/(Gx H)=EG/Gx EH/H = BG x BH.

3.2 Topological Definition of Group Cohomology

Let G be a discrete group and k be a commutative ring. For a simplicial complex X the
simplicial chain complex of X with coefficients in & is a chain complex C,(X;k) with the
n-chain module Cp,(X;k) defined as free k-module whose basis is given by n-dimensional
simplices in X. The n-th cohomology group of X with coefficients in a k-module A is defined
to be the cohomology of the cochain complex Homy (Cy(X); A).

If X is a G-simplicial complex, G-permutes the simplices in X. Since the basis for
C(X; k) is permutes by G, we can consider C),(X; k) as a permutation kG-module with the

G-action defined by
93 Xo) = 3 Aolgo).
O‘EXn UGXn
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Note that this action commutes with the boundary maps, so Ci(X;k) is a chain complex
of permutation kG-modules. Moreover if the G-action on X is free, then the chain complex
Cy(X; k) is a chain complex of free kG-modules.

Let A be a k-module. If we calculate the homology of the chain complex C,(X;k)®i A, we
obtain homology groups H,(X; A) which are kG-modules. Similarly, the cohomology groups
H"(X;A) = H"(Homy(Cy(X; k), A)) are also kG-modules with the G-action induced by the
G-action on Cy(X; k).

We have another (co)homology definition for X when the coefficients are actually kG-
modules.

Definition 45. Let X be a G-simplicial complex and M be a kG-module.
1. The G-homology of X with coefficient in M is the homology of the chain complex

Ci( X5 k) @ra M.

2. The cohomology of X with coefficient in M is the cohomology of the cochain complex

HomkG(C*(X; k)) M)

Unfortunately there is no agreed terminology and notation for these (co)homology groups.
In some papers these (co)homology groups are denoted by HS(X; M) and HZ(X; M). We
will use this notation too. Note that we have the following:

Lemma 46. Let k denote the trivial kG-module. Then we have isomorphisms
HY(X:;k)= H,(X/G;k) and HA(X; k)= H"(X/G;k).
Proof. For every G-simplicial complex X, we have
Cu( X5 k) @ra k = Cu(X/Gs k).
Similarly we have Homyq(C*(X; k), k) = Homy (C(X/G; k), k) = C*(X/G; k). O

The (co)homology group definitions above extends to the singular homology in a similar
way. If X is an arbitrary topological space, then its universal cover X has a free G-action
where G = 71 (X, xo) is the fundamental group of X. the orbit space of the G-action on X is
homeomorphic to X.

Definition 47. Let X be a topological space and G = 71 (X, zg). Then for every kG-module
M,

1. the homology of X with local coefficients in M is defined by
H*(X5 M) = Ho(Cu(X; k) @1 M),
2. the cohomology of X with local coefficients M is defined by

H'(X; M) := H"(Homy(Cy(X; k), M)).
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Note that when M is the trivial kG-module k, then the local (co)homology coincides with
the ordinary (co)homology since in this case

Hy (X3 k) := H" (Homyg(C(X: k), k) = H"(C*(X; k).

Similar argument holds for homology.

Now we are ready to give the topological definition of group (co)homology.

Definition 48. (Topological definition of group (co)homology) Let G be a discrete group
and M be a kG-module. Then,

1. The homology of G with coefficients in M is defined by
H,(G; M) := H°(BG; M) = H"(C.(EG; k) ®xg M),

2. The cohomology of G with coefficients is M is defined by
H"(G;M) := H}} .(BG; M) = H"(Homyq(C«(EG; k), M))

Proposition 49. The topological definition of group (co)homology coincides with the alge-
braic definition.

Proof. The topological definition of group cohomology is given by
H (G5 M) = H"(Homyq(C.(EG; k), k).

Since G acts freely on EG, the chain complex Cy(EG;k) is a chain complex of free kG-
modules. Since EG is contractible, the augmented complex

CAEG;k) -+ — Co(BEG; k) 2% C_{(EG3E) — - — CL(EG, k) 25 Co(BEG, k) S k — 0

is exact. Hence this gives a free resolution of k£ as a kG-module. Since the group cohomolgoy
was defined as the cohomology of the cochain complex Homyg (Fy, M) for some free resolution
F. — k. We also showed that the definition is independent from the chosen free resolution.
Hence we can conclude that topological and algebraic definitions coincide. The argument for
homology is similar. OJ

Note that if M is the trivial kG-module k, then by the arguments above, we have
H,(G;k) =2 H,(BG;k) and H"(G;k) = H"(BG;k).

This says that (co)homology of a group G is the (co)homology of its classifying space BG.

3.3 Classifying Space of a Small Category

Another approach to constructing models for classifying space BG for a group G is using
simplicial sets and construct BG it as a special case of the classifying space BC of a small
category C. We now describe this approach.

The simplex category A is the category whose objects are the ordered finite sets [n] =
{0,1,...,n} for all n > 0. Morphisms in A are given by order preserving functions ¢ : [m] —
[n], i.e., function that satisfy that if z < y then ¢(z) < ¢(y). The opposite category of A is
denoted by A°P.
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Definition 50. A simplicial set X is a functor X : A°’? — Sets. For each n > 0, we denote
X([n]) by X,, and call it the set of n-simplices in X. For each ¢ : [m] — [n], we denote the
induced map X(¢) : X([n]) = X([m]) by ¢* : X;, = X, A morphism f: X — Y between
two simplicial complexes is a natural transformation between the functors X, Y : A°? — Sets.

One of the important observations on the simplex category is that the morphisms in
A are generated by certain type of morphisms called face and degeneracy maps. For each
0<i<mn,letd :[n—1] — [n] be the injective monotone map that skips the element i € [n)].
The induced map d; := (d")* : X,, — X,_1 is called the i-th face map of X. For each
0<i<mn,lets’:[n+1] — [n] be the monotone surjective function that sends i and i + 1 to
i. The induced map s; := (s")* : X, = X, 41 is called the i-th degeneracy map of X.

To define the realization of a simplicial set, we use geometric n-simplex
A" = {(to, ... tn) ER™[t; >0, t; =1} TR,

Note that in this section we denote the geometric n-simplex by |A”"| instead of A". In
simplicial set theory A™ denotes the simplicial set with k-simplices given by Mora ([k], [n]).

We consider the points of |A™| as linear conbinations ). t;e; where e; is the i-th unit
vector in R"™!. For each morphism ¢ : [m] — [n] in A, we define @, : |[A™| — |A"| to be the

map defined by
P (Z tiei) = Z Li€y(s)-
i=0 i=0

Definition 51. Let X be a simplicial set. The geometric realization of X is defined as

the identification space
x| = (IT LT tet x1a7)/ ~

n>00€eX,

where (¢*(0),t) ~ (0, p«(t)) for every morphism ¢ : [m] — [n] in A.

Given a small category C, the nerve NC of C is defined as the simplicial set such that
NC,, is the set of all chains

aq a2 Qn
g.:Cp—>C —>»C—> " —>Cp

of composable morphisms in C. We can consider each such chain as a functor o : [n] — C.
Then for each morphism ¢ : [m] — [n], we define the induced map ¢*(o) as the composition

(e

cgop:[ml LS cC.

In particular, for 0 <7 < n, we have

(0% (6% (07 . .
=g = e, ifi=20
o751 g @ @ Q105 « . .
difco =1 — - =5 ) =R¢C) = -+ =Gl ——Ciy1 = e, fO0<i<n
a1 a2 Qn—1 o -
o= - e if i =n.

For i € {0,...,n}, the degeneracy map s; : NC,, = NCp41 is defined by
aq a9 Qn aq (o7} idCl‘ Q41 (e 7%)
sifco—c1 —= - = cp)=(cg — - = ¢ — ¢ — - —> Cp).
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It is a standard result in simplicial set theory that the realization |X| of the simplicial
complex X is a CW-complex where cells of | X | are in 1-1 correspondence with the nondegen-
erate simplices in X (a simplex X is nondegenerate if it is not in the image of the degeneracy
map s; for some 7).

Definition 52. The classifying space BC of a small category C is defined to be the realization
of the nerve NC of C.

If F:C — D is a functor between two small categories, then it induces a simplicial
map NC — ND which gives a continuous map BF : BC — BD. A natural transformation
n: F = F’' between to functors F, F' : C — D induces a functor C x {0 — 1}D where {0 < 1}
is the poset category with two objects 0 and 1 satisfying the order relation 0 < 1. This gives
a continuous map

H:BCx|[0,1] - BD

such that H(z,0) = BF(x) anad H(z,1) = BF’'(x). This defines a homotopy between BF
and BF'.

Lemma 53. An object cog € ObC is called an initial object if for every ¢ € ObC there is a
unique morphism f :co — c in C. If C has an initial object then BC is a contractible space.

Proof. Let Cy denote the subcategory of C with one object ¢y and with only one morphism
which is the identity morphism of ¢y. Let const., : C — Co denote the functor that takes very
object in C to ¢y and every morphism to the identity morphism of ¢o. Let inc., : Co — C
denote the functor defined by the inclusion map. It is clear that the composition const.,oinc,,
is the identity functor of the category Cp. The composition F' := inc., o const,, is not equal
to the identity functor, however there is a natural transformation n : F' = id¢ defined by
Ne = a : cg — ¢ where « : ¢y — ¢ is the unique morphism in C from the initial element ¢q to
c. We conclude that the maps idge : BC — BC and F : BC — BC are homotopic. Since F
is the constant map, we conclude that BC is contractible. O

Example 54. A poset P can be considered as a category whose objects are the elements of
P with a single morphism z — y if x < y. Then the nerve of P as a category is the simplicial
complex NP whose n-simplices are given by chains ¢ = (zg < 21 < -+ < ) of elements
in P. The degeneracy map is given by doubling an element, so nondegenerate simplices of
NP are the strict chains of elements of P. The classifying space BP is homeomorphic to the
order complex A(P). If P has a minimum, i.e., an element xy € P such that xo < x for all
x € P, then P has an initial element as a category, so BP is contractible in this case.

Let G be a group. Consider the category with one object * and with morphisms given
by group elements g € G. The composition of two morphisms g, h € G is defined by group
multiplication gh. We denote this category by G. Note that the nerve N'G is the simplicial
complex whose n-simplices are given by n-tuples (gi,...,9,) to denote the chain of maps
w2 w % xin the category BG. Then the boundary maps d; : BG, — BG,_1
are given by

(92)937"'7977,) lf’lZO
di(g1,---59n) = (91, -+, GiGit15-- - 9n) HO<i<n
(91, -+ 9n—1) ifi =n
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Note the similarity between this formula and the formula for the boundary maps in the bar
notation. We explain this relation later in the section.

For ¢ € {0,...,n}, the degeneracy map s; : BG,, = BG4 is given by

Si(gla ce. ,gn) = (gla e g9i-1, ]-ag’ia “e. agn)

The classifying space BG is a CW-complex whose n-cells are in 1-1 correspondence with
n-tuples (g1, ..., 9gn) where g; # 1 for all 4.

We will show below that the classifying space of this category is a model for BG and its
chain complex gives the normalized bar complex. To prove this we need to introduce another
category.

Definition 55. Let G be a group. Consider the category £ whose objects are the elements
g € G and for every g, h € G, there is a single morphism g — h.

The category Eg is an example of a G-category. A category C is called a G-category if
there is an action of G on the set of objects and on the set of morphisms such that if for
every morphism ¢ : z — y in C, gy is a morphism gz — gy in C. A G-category C can be
considered as a functor Fp : G — Cat where Fg(x) = C. Here Cat denotes the category of
small categories. Note that if C is a G-category then N'C is a G-simplicial set. A G-simplicial
set is defined as a simplicial set X with a G-action on its set of simplices X,, for n > 0 such
that the G-action of simplices commutes with the boundary and degeneracy maps. If C is a
G-category, then the realization BC = |NC| is a G-CW-complex.

Lemma 56. The classifying space BEg = |NEg| is a model for the universal G-space EG
for G.

Proof. BEg is a G-CW-complex whose cells are in 1-1 correspondence with the nondegenerate
simplices in X = N&q;. A simplex 0 = (g0 — g1 — -+ — ¢n) in X,, is nondegenerate if
gi # giy1 for all i. The G-action on o is defined by go = (990 — 991 — -+ — ggn). It is
clear that go = o only when g = 1. So the G-action on N&g is free, hence BEg is a free
G-CW-complex. To see that BEg is contractible, observe that in &g every object is an initial
object (also terminal) since there is a unique morphism between any two objects. Hence BEg
is a model for the universal G-space for G. O

For a G-simplicial set X, the orbit simplicial complex X/G is the simplicial complex
whose n-simplices are given by the G-orbits of n-simplices of X. This the boundary and
degeneracy maps commutes with the G-action, they induce boundary and degeneracy maps
for the orbit simplicial set X/G.

Proposition 57. There is a simplicial isomorphism between (NEg)/G and N'G. Therefore,
BE&q/G is homeomorphic to BG, and BG is a model for BG.

Proof. Consider the simplicial map ¢ : Nég — NG that sends g9 — g1 — -+ — g, to the
tuple (go_lgl, gl_lgg, e ,g;,llgn)- Note that this map if G-equivariant because

5(9(907 gi,. .- 7971)) = g(gg()a 991, ... 7ggn) == ((ggﬂ)ilggl) ey (ggn—l)ilggn)
= (961917 .. aggilgn) = 5(905 e )gn)
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Hence ¢ induces a simplicial map £ : (N€g)/G — N'G. The inverse map to £ is given by
(91,92,---,9n) = (L = g1 — g192 — -+ — g1---gn). It is clear that these simplicial maps
are inverse to each other and ¢ is a simplicial isomorphism.

If X is a G-simplicial set, then |X/G| is homeomorphic to the orbit space |X|/G. This
gives that there is a homeomorphism BEg/G = (N&q|/G = |(NEg)/G|. By the simplicial
isomorphism we just proved, we obtain BE;/G = NG| = BG. Since BEq is a model for
universal G-space, we conclude that BG is a model for classifying space bG. OJ

Cellular chain complex of CW-complex X is a chain complex C.(X;k) whose n-chain
module C,,(X; k) is the free k-module whose basis is the set of n-dimensional cells in X. The
boundary maps are defined by using attaching maps. for more details we refer the reader to 7.
The cellular cohomology of X with coefficients in a k-module A is defined by the cohomology
of the cochain complex Homy (Cy(X; k), A). If X is a G-CW-complex, then the cellular chain
complex Cy(X;k) is a chain complex of kG-modules. For a kG-module M, we defined the
cohomology groups H@(X; M) to the cohomology groups of the cochain complex

CH(X; M) := Homyq(Cu (X5 k), M).

We proved above that BEg is a free G-CW-complex which is contractible. Then the
augmented cellular chain complex C(BEg; k) — k gives a free resolution of k as a kG-module.
Note that the k-basis for C),(BEg; k) is given by the set of all chains (g9 — g1 — - — gn)
such that g; # g;+1 for all i. The boundary map d; is given by

di(go = g1 =+ = gn) =(go = =+ > Gi = = = gn)-

This shows that the free resolution Cy(BEg; k) — k is the normalized standard resolution.

The CW-complex BG has a cellular chain complex C,(BG; k) where the n-chain module
Cn(BG; k) is a free k-module with basis given by tuples (g1,...,9n). Since the boundary
maps d; are defined in s similar way to the boundary maps in the bar resolution we see that
the chain complex gives the chain complex for bar resolution for homology. The cohomology
version can also be seen as the cochain complex with coefficients in a local coefficient systems.

Example 58. Let G = (g|g? = 1). Then the nondegenerate n-simplices of N'€g are chains
of morphisms gg — g1 — -+ — g, Where g; # g;—1 for all ¢. There are only two chain of this
fomo=(1—-9g—>1—---—gy)andgo=(g—>1—>9g— - — ggn) where g, =l or g
depending on whether n is odd or even. For n = 0, where have ¢° = (1) and go° = (g). For
n =1, we have o' = (1,g) and go' = (g,1). Note that d°(c!) = go¥ and d*(sigma') = o°.
From this we see that the one skeleton of BE; is a circle S' obtained by two 1-cells to two
0-cells around the boundaries so that the G-action swaps these 0-cells and 1-cels. In the
2-skeleton we will have two new 2-discs will be attached to this circle, again G will act on
these two new cells by swapping them. It is not hard to see that 2-skeleton will be a 2-sphere
S? with antipodal action. In general the n-skeleton will be the n-sphere S™ with antipodal
action. Then B&g is the infinite sphere S* = colim,>¢ S™ with antipodal action. Note that
B&q is not a G-simplicial complex it is G-CW-complex.

The nondegenerate simplices of BG are the sequences of (go,...,gn) where non of the
entries are equal to one. Then there is only one simplex at each dimension 7" = (g¢,¢,...,9).
Note that d*(t™) is degenerate if 0 < i < n and d*(7") = 7"~ ! when i = 0,n. The 0-skeleton
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will be a point {x(}, the 1-skeleton will be a circle S obtained by attaching a 1-simplex by
gluing both ends to {xg}. The 2-skeleton is be obtained by attaching a 2-simplex by gluing
do(0,1,2) = (1,2) and d2(0,1,2) = (0,1) to the l-skeleton S* and dy(0,1,2) = (0,2) to the
point {x¢}. This will give an RP2. Continuing this way we see that the n-skeleton of BG is
homeomorphic to RP™ and BG is RP*°.
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4 Restriction, Transfer, and Cartan-Eilenberg Theorem

4.1 Restriction and Transfer on the Cochain Level

Throughout this section let G be a group and H be a subgroup of G. As before, k denotes a
commutative ring and kH and kG denote the corresponding group rings.

We can view kH as a subring of kG and consider a kG-module M as a kH-module via
restriction. We denote this kH-module by Res% M. Another common notation for restriction
is M ¢§ which we will not be using.

For M = kG, we have the following isomorphism of kH-modules:

Res$ (kG) = @ kH.
gHeG/H

This gives in particular that Resg(kG) is a free kH-module. As a consequence we observe
the following:

Lemma 59. If F, — k is a free kG-resolution of k, then Reng* — k is a free kH -resolution
of k.

Proof. Every free kG-module F is isomorphic to @;crkG for some indexing set I, hence
Reng is isomorphic to ©;cskH. Thus for every free kG-resolution Fy — k, Rengn is a
free kH-module for every n > 0. Since the restriction functor does not change the homology
of a chain complex, the complex Reng* — k is a free resolution of k. UJ

Given a kG-module homomorphism f : M’ — M, we can view it as a kH-module homo-
morphism Resg f: Reng " — Reng by restricting the kG-module structure on M’ and
M to kH. This gives a k-module homomorphism

Res$ : Homyg(M', M) — Homy(Res% M’ ResG M).

Proposition 60. If F, — k is a free kG-resolution of k, and M is a kG-module, then there
is a chain map
Res$ : Homyg(F., M) — Homyp (Res$ Fy, Res$ M).

The induced homomorphism
Res% : H"(G; M) — H™(H,Res$ M)
is called the restriction map for group cohomology.
Proof. This follows from Proposition O

Now we will define a map in the other direction called transfer map. For this we need to
assume that the index |G : H| is finite. As before we first define the transfer homomorphism
on the chain complex level.
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Let M’ and M be kG-modules, and f : Res§; M’ — Res$ M be a kH-module homomor-
phism. Let us fix a set of coset representatives G/H = {q1H,...,g9xH} where k = |G : H|.
Consider the k-module homomorphism Trg f: M' — M defined by

(Ter Z gz

for every m € M’.

Lemma 61. The map Trgf : M" — M does not depend on the coset representatives that are
chosen, and it defines a kG-module homomorphism.

Proof. Let G/H = {g1H,...,g,H} be another set of coset representatives. Then for each
i€ {1,...,k}, there is an element h; € H such that g, = g;h;. We have

k k k
Zggf(géilm) =Y gihif(h; g m) =Y gif(g;
i=1 i=1 i=1

This shows that transfer map Trg f does not depend on the coset representatives that are
chosen.

For every g € G and m € M’, we have

k
(TxG ) (gm) Zgz gm):g(Zg_lgif(gflgm))
=1

Since the set {g 'g1H,...,g 'gLH} is another set of coset representatives, the sum in the
last expression is equal to Trg f. This shows that Tr% f is a kG-module homomorphism. [J

The map that sends each kH-homomorphism f : Res§G M’ — ResG M to TrG f = M — M
is k-linear, so it defines a k-module homomorphism

Tr$ : Homy g (Res% M’ Res% M) — Homyq(M', M).
This construction extends to cochain complexes:

Proposition 62. Let F, — k be a free kG-resolution of k, and M is a kG-module. Then the
map that sends each homomorphism f € HomkH(Rengn, Reng) to Trgf € Homyg (F,, M)
defines a chain map

Tr$ : Homy g (Res% Fy, M) — Homyg (F,, M).
The induced homomorphism
TS : H"(H;Res$ M) — H™(G, M)

s called the transfer map for group cohomology.
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Proof. Given a kG-module homomorphism ¢ : M’ — M"”| there is a commuting diagram

G

Tr
Homy g (ResG M”, Res% M) —2~ Homy,g(M", M)
l(Resgso)* lso*
G

Tr
Homy, g (Res$ M’ Res$G M) —> Homyg(M', M)

because for every f : Res$M” — Res$ M and for every m € M’, we have

(Trf o (ResF)*( Zgz (fop)( Zgz = (¢* o TxG () (m).

This shows in particular that the transfer maps commute with the boundary maps 9, : F,, —
F,,_1. Hence
Tr$ - Homyp (Res% (F), ResG M) — Homyg (Fy, M).

is a chain map. O

The composition of restriction and transfer maps is very computable when H has a finite
index in G.

Proposition 63. Let H be a subgroup of G with finite index. Then for every kG-module M,
the composition

H (G M) S5 (i, ResG M) S HR (G M)
is equal to the homomorphism defined by u — |G : H|u.

Proof. We prove this in the cochain level. For f € Homkg(F*7 M), we have

k
(Tr§iRes f)(w) = > gi(Res ) (g Z fl@
i=1

So the composition Tr% o Res$ is equal to the homomorphism defined by f — kf. Hence
the same is true for the induced maps on cohomology. O

There are some interesting consequences of this result.

Proposition 64. Let G be a finite group and M be a kG-module. Then |G|- H*(G; M) =0
for everyn > 1.

Proof. First observe that if G = 1, then k is a free kG-module. So 0 — k = k — 0 is a free
resolution of k£ as a kG-module. From this we obtain that

M ifn=0
H'{1}, M) =
({1} M) {O ifn>1

This gives that the composition
Resfl) {1}
H'(G;M) —— H"({1}; M) — H"(G; M)

is equal to 0 when n > 1. By Proposition we conclude that |G| - H"(G, M) = 0 for
n > 1. ]
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Corollary 65. Let G be a finite group. Assume that |G| is invertible in k. Then for every
kG-module M, H"(G; M) =0 forn > 1.

Example 66. Let GG be a finite group. If k is a characteristic zero field such as R or C, then
for every kG-module M,

MCE ifn=0

0 ifn>1.

H"(G;M) = {

Another example of vanishing group cohomology is the following: Let k& be a field with
characteristic p. Then for every finite group G with order coprime to p, we have H"(G; k) =0
for n > 1. For example, H"(C3;F3) = 0 for n > 1.

Now we will describe a decomposition theorem for group cohomology over integral group
ring. The cohomology of a finite group G with coefficients in a ZG-module M is defined by

H™G; M) = H™(Homgze(F., M))

where F, — Z is a free resolution of Z as a ZG-module. The free resolution F, — Z can be
taken as the standard resolution. In this case for each n > 0, F), is a finitely generated free
ZG-module. If M is also finitely generated, then we conclude that the group Homyg(F,, Z) is
a finitely generated abelian group. This gives that H"(Homgzg(Fy,Z)) is a finitely generated
abelian group.

Now we are ready to state a result which gives a decomposition for group cohomology.
For a finite abelian abelian group A, the abelian group A(,) is the direct sum of summands
of A whose exponent is a power of p.

D)

Proposition 67. Let G be a finite group and M be a finitely generated Z.G-module. Then
for n > 1, the cohomology group H™(G; M) is a finite abelian group with exponent dividing
the order of G. Hence we can write

H™(G; M) = €P H™(G; M),
p||G]|

Proof. By the above discussion H™(G; M) is a finitely generated abelian group. By Corollary
|G| - H"(G; M) = 0, for n > 1. Hence H"(G; M) is a finite abelian group with exponent
dividing the order of G. Every finite abelian group with these properties has a decomposition
as above. O

By the properties of tensor product, we have A,y = A®zZ,) where Z ) denotes the ring
of p-local integers. For each summand in the above decomposition, we have the following:

Proposition 68. Let G be a group, M be a ZG-module, and p be a prime number. Then for
every n > 0, we have

Hn(G, M)(p) = Hn(G, M ®7, Z(p))
Proof. Since Z,) is flat over Z, we have

H" (G, M)(p) ~ H"(G; M) 4 Z(p) = H"(Hong(F*, M) &z, Z(p)).
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We also have
Homyg(Fy, M) ®7 Z(p) = Homz(p)g(F* 7z Z(p), M ®yz Z(p)).

So we conclude that

Hn(G; M)(p) = Hn(G, M ®7, Z(p))

where the cohomology group on the right is the cohomology of G with coefficients in a Z,) G-
module. O

Remark 69. Let k£ be a commutative ring. Given a kG-module we defined n-cohomology of
G with coefficients in M by

H"(G; M) = H"(Homyg (P, M))

where P, is a projective resolution of k as a kG-module. Note that any kG-module is an
abelian group, so it can be considered in natural way as a ZG-module. The cohomology of
G with coefficient in M considered as a ZG-module is isomorphic to the cohomology when
M is considered as a kG-module. This is because if F, — Z is a free resolution of Z as a
ZG-module, then F, ®z k — k is a free resolution of k£ as a kG-module, and there is an
isomorphism

Hong(F*, ZM) = Homkg(F* Qg7 k, M)

of cochain complexes. So their cohomology groups are isomorphic.

Restriction and Transfer for Homology

Let G be a group and H < G be a subgroup of G with finite index. Suppose that k is a
commutative ring and M is a (left) kG-module. Given a free resolution F, — k of k as a
kG-module, Reng* is a free resolution of k as a kH-module. By Lemma we have

F, ®pa M = (F, @, M)g and Res%F, @y Res$yM = (Res$ F, @, Res$ M) .

Recall that to define the tensor product Fy ®rc M, we consider F as a right kG-module via
the right action given by g = g~ 'z for z € F,,. The G-action on F, ®j M is taken to be the
diagonal action g(x ® m) = gr ® gm.

Since Iy C Ig, for every kG-module N, there is a k-module homomorphism Ngy =
N/IgN — Ng = N/IgN. This gives an abelian group homomorphism

Resg’} : Resg’}Fn Rk Reng — F, Qra M
for each n > 0. By the naturality of this homomorphism, we obtain the following;:

Proposition 70. Let H < G be a subgroup of finite index and M be a kG-module. Then
there is a chain map

Resfl : Res%F* QrH Res%M — F, Qg M.
The induced map on homology
Res% : H,(H;Res% M) — H,(G; M)

1s called the restriction map for group homology.
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To construct a map on the other direction we need to show that for every kG-module N,
there is a homomorphism Tr% : No¢ — Ng. Let H\G = {Hgu,...,Hgi} be a set of coset
representatives. For every n € N, let Trg : No¢ — Ny be the map defined by

TG ([n]g) = [i gin} =

We need to show that this map is well-defined. Let H\G = {Hygj, ..., Hg,} be another set
of coset representatives. Then for every 4, there is an element h; € H such that g} = h;g;.
This gives

k k i . )

So the definition of Tr%([n]g) does not depend on the chosen set of coset representatives.
Now we will show that Tr%([n]g) does not depend on the representative n € N. Note that
if n=(1— g)n’ for some g € G and n’ € N, then

k k Kk k
dogn=> gll—gn'=> gn' = ggn’
=1 =1 =1 i=1

Since {Hg¢19,...,Hggy} is another set of coset representatives, we obtain that Zle gin lies
in Iz. This show that Trg : Ng — Ny is well-defined.

Applying the transfer map constructed above to Fy, ®rg M = (Fy @, M), we obtain:

Proposition 71. Let H < G be a subgroup of finite index and M be a kG-module. Then
there is a chain map
Trg cFy Qg M — Reng* Rkl RestM.

The induced map on homology
TS : H,(G; M) — H,(H;Res% M)
1s called the transfer map for group homology.
Exercise 72. Show that the composition
Res@Tr$ : H, (G; M) — H,(H;Res$) — H,(G; M)
is equal to the map v — |G : H|u. Conclude that if G is a finite group, then for every n > 1,
|G| - H,(G, M) = 0.

4.2 Functoriality of Group (Co)homology
Functoriality of Group Cohomology

Let k& be a commutative ring and f : H — G be a group homomorphism. Every kG-module
M can be viewed as a kH-module via the H-action defined by h-m = f(h)m for all h € H
and m € M. We denote this kH-module by Res;M.

In this section we use the notation H*(G; M) for cohomology of G with coefficients in a
kG-module M. H*(G; M) denotes the direct sum ;> ; H"(G; M) as a graded k-module.
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Proposition 73. Let f : H — G be a group homomorphism. Then for every kG-module M ,
the homomorphism f induces a graded k-module homomorphism

f*+H*(G;M) — H*(H;ResfM).

Proof. Let P, — k be an kG-projective resolution of k, and Q. — k be an kH-projective
resolution of k. Since 5 5
—2> ResfPl —1> ResfPO —k—0

is an exact sequence of kH-modules (not necessarily a kH-projective resolution), there is a
chain map pi, : Q+ — Resy P, covering the identity map on k. This gives a chain map

p* : Hompg (Py, M) — Homyp (Q«, Resy M)

defined by p* () = Resgy o, for every ¢ : P, = M. The induced map on cohomology gives
the desired homomorphism f*: H*(G; M) — H*(H;Resy). O

In the special case where f : H — G is an inclusion of a subgroup, then the induced map
f* coincides with the restriction map Res% : H*(G; M) — H*(H;Res$M).

Proposition 74. If ¢ : M — M’ is a kG-module homomorphism, then for every kG-
projective resolution P, — k, there is a induced homomorphism

Homy,g (Px, M) — Homyg(Ps, M)

defined by composition with . This induces a homomorphism &, : H*(G; M) — H*(G; M)
of graded k-modules.

It is possible to combine the above induced maps to establish the group cohomology
H*(G; M) as a functor from a category of pairs to the category of graded k-modules. Let
D be the category whose objects are the pairs (G, M) where G is a group and M is a kG-
module. A morphism (G, M) — (G', M') in D is given by a pair (f,{) where f: G — G’ is
a group homomorphism and & : ResyM’ — M is a kG-module homomorphism. The group
cohomology H*(G; M) defines a contravariant functor from the category D to the category
of graded k-modules. For each morphism (f,¢) : (G, M) — (G', M’), the homomorphism
H*(f,&): H*(G'; M) — H*(G; M) is defined to be the composition

(G, M) L B (G Res M) &5 H* (G M).

Conjugation Map for Group Cohomology

An important example of a homomorphism in group cohomology is the conjugation map. Let
H < G be a subgroup of G and g € G be an element. The sets

9H = {ghg ' € G|h € H} and HY = {g 'hg|h € H}
are subgroups of G with usual multiplication in G. Consider the group homomorphism

Cg7H2H—>gH
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defined by ¢y (k) = ghg™'. We call the homomorphism ¢, the homomorphism induced
by conjugation. For every k[9 H|-module M, the conjugation map induces a graded k-module
homomorphism

Corr P H*(H; M) — H*(H;Res, , M).

Let M be a kG-module. Then the group homomorphism c,-1 95 : YH — H gives a
homomorphism
iy gpy o H*(H; ResfpM) — H*(9H; M)
where M = Resc_1’gHReng is the k[9 H]-module with the 9 H-action defined by (ghg™!)m =

hm for all h € H and m € M. Consider the k-module homomorphism &, : M" — RengM
defined by &4(m) = gm for all m € M. For every h € H, we have

&((ghg™")m) = &(hm) = ghm = (ghg™")¢(m).

So, &4 is a k[9H]-module homomorphism. This gives a homomorphism of graded k-modules

H*OH; M) S 19 1 ResGy M),

Definition 75. Let H < G be a subgroup of G and g € G. For every kG-module M, the
composition

c*
Cyp - H*(H;ResS M) 5y o 1, M) 2% 1 (91, ResG, M),
is called the conjugation map in group cohomology.

In Brown [2], for every u € H*(H;res M), the element C, (u) is denoted by gu. Note
that the pair (c,-144,&,) defines a morphism

(cg-1.0m:&g) + (PH,ResGyy M) — (H,Res§ M)

in the category D, and the homomorphism Cy f is the homomorphism induced by this mor-
phism in D. On the chain level the homomorphism induced by the pair (c,-1 457, &,) has much
more simpler formula. We now explain this formula.

Let P, — k be a kG-projective resolution of & and M be a kG-module. For every H < G

and g € G, let Q. — k denote the k[9 H]-projective resolution obtained as Rescg HRes%P*.
There is chain map of k[ H]-modules f, : ResfHP* — @ covering the identity map on k. We
can take this chain map (up to chain homotopy) as the chain map defined by p.(z) = ¢ ‘o
for every x € P.. Note that u.((ghg~")z) = hg~ 'z = (ghg™') - u«(z) for every h € H and
x € Py, s0 [ is a chain map of k[9H]-modules.

71’g

Lemma 76. Consider the chain map induced by the pair (cy—1 9p,&g)

Homy, s (Res% P, M) Soton, Homy o f) (ResSr Py, M') — Homk[gH](Resg;HP*, M)

where the first map is defined by p*(p) = Rese, , ,, (¢) o px for every ¢ : ResG P, — M,
and the second map is given by composition with £, : M' — M. Then for every kH-module
homomorphism o : ResgP* — M and for x € Py, we have

(cg-1,0m,&9)" (9)(2) = g9 "y).
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Proof. This is clear from the definitions given above. O

We will use Lemmal[76]later in the proof of Mackey formula for group cohomology. Another
consequence is the following:

Proposition 77. Let H < G be a subgroup and M be a ZG-module. Then for every h € H,
the homomorphism
Chpr : H*(H;ves$ M) — H*(H;Res$ M)

s equal to the identity map.

Proof. We will show this on the chain level. By Lemma for every kH-module homomor-
phism ¢ : ResgP* — M and for z € P,, we have

(cn=1,1,6n)" () () = hop(h™ z).

Since ¢ is a kH-module homomorphism, the last expression is equal to x. This gives
(ch—l,vah)*(@) == id, hence Ch,H =id. [l

The following observation is useful for calculations involving the conjugation map.
Lemma 78. Let L < H < G be subgroups of G and g € G. Then for every kG-module M,
the following diagram commutes:

H*(H;Res% M) ot H*(9H; ResShy M)
iResf lResgf
H*(L; Res§ M) 2% H*(9L; ResC, M),

Proof. This follows from Lemma [76] O

Functoriality of Group Homology

Functoriality of group homology is defined in a similar way. Let f : H — G be a group
homomorphism. For every kG-module M, let ResyM denote the kH-module defined by
h-m = f(h)m for all h € H and m € M. H,(G; M) denotes the direct sum ;> , H,(G; M)
as a graded k-module.

Proposition 79. Let f : H — G be a group homomorphism. Then for every kG-module M,
the homomorphism f induces a graded k-module homomorphism

fo: Ho(H;Resp M) — H.(G; M).

Proof. Let P, — k be a projective resolution of k£ as a right kG-module, and Q. — k be a
projective resolution of k as a right kH-module. Let p, : @« — ResyP; be the chain map
covering the identity map on k. This gives a chain map

Qx Rk ResfM — ResfP* QkrH ResfM — P, ®Qra M
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defined by
[z @mla — [pe(2) @ Mg = [p(z) © mlg
for every x € P, and m € M. The induced map on cohomology gives the desired homomor-

phism f, : H.(H;ResyM) — H,(G; M). O

If £: M — M’ is a kG-module homomorphism, then for every kG-projective resolution
P. — k, there is a induced homomorphism

P, @k M — P, Qe M’

defined by composition with £. This induces a homomorphism &, : H*(G; M) — H*(G; M)
of graded k-modules.

As in the case of cohomology it is possible to combine the above induced maps. Let C
be the category of pairs whose objects are the pairs (G, M) where G is a group and M is a
kG-module. A morphism (G, M) — (G', M’) in C is given by a pair (f,§) where f: G — G’
is a group homomorphism and £ : M — ResyM’ is a kG-module homomorphism. The
group homology H.(G; M) defines a covariant functor from the category C to the category
of graded k-modules. For every morphism (f,¢) : (G,M) — (G', M’), the homomorphism
H.(f,&): H(G; M) — H.(G'; M) is defined to be the composition

H,(G, M) £ H*(GyRes; M) L5 H*(G' : M),
Exercise 80. Define conjugation maps for group homology. State and prove an analogue of
Lemma [76] and Proposition [77] for group homology.
4.3 Shapiro’s Lemma
Shapiro’s Lemma for Cohomology

Let G be a group and H < G be a subgroup of G. The group ring kG can be considered as
a kH-kG-bimodule with left and right multiplication.

Definition 81. For every kH-module M, the kG-module
Coind% M := Homyy (kG, M)

is called the coinduced module. The additive functor Coind%(—) : RH—Mod — RG—Mod
is called the coinduction functor.

By adjointness of tensor and Hom-functors, for every kG-module N and kH-module M,
we have

Homygg (N, CoindgyGM) = Homygg (N, Homg g (G, M)) = Homg g (N Qka kG, M)

where in the last expression, N Qg kG is considered as a left kH-module via the H-action
defined by h(n ® z) = n ® xh™!. Since N g kG = N as k-modules, this kH-module is
RGS%N . We obtain the following:
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Proposition 82. The Coinduction functor Coind%(—) s right adjoint to the induction func-
tor Resg(—), i.e., there is a natural isomorphism

Homy ;7 (Res% N, M) 22 Homyg (N, Coind% M).

Now we are ready to prove Shapiro’s lemma.

Theorem 83 (Shapiro’s Lemma for Group Cohomology). Let G be a group and H be a
subgroup of G. For every kH-module M, there is an isomorphism

& : H"(G; Coind$; M) = H™(H; M).

Proof. Let F, — k be a free resolution of k as a kG-module. Then by Proposition there
is an isomorphism of chain complexes

s : Homyg(Fy, Coind$ M) = Homy,y (Res$ Fy; M).

Since Res$ F, is a free resolution of k as a kH-module, the cohomology groups of the right
hand side is isomorphic to H"(H; M). So the isomorphism above gives the desired isomor-
phism on cohomology groups. O

The isomorphism in Shapiro’s lemma is connected to the restriction map on cohomology.

Proposition 84. Let M be a kG-module and p : M — CoindGResG M be the kG-module
homomorphism defined by pu(m)(g) = gm form € M and g € G. Then there is a commuting
diagram

P

H™(G; Coind%ResG M) H™(H;ResG M)

H™(G; M)
where iy 18 the homomorphism induced by p.

Proof. We will show that there is a similar commuting diagram on the cochain level. Let
F. — k be a free kG-resolution of k. Consider the diagram

Homyg (Fy, Coind§Res$ M) Homyz (Res$ Fy, Res$ M)
\ %
Homyg (Fy, M)

where i, is defined by composition with . Let f : F, — M be a kG-module homomorphism.
Then for x € F,,, we have

(¢s 0 ) (f) (@) = [pu(p o ))(@) = (u(f(2))(1) = f(z).
Hence the diagram commutes and the proof is complete. O

As a corollary of Shapiro’s lemma we obtain the following:
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Proposition 85. Let P be a projective kG-module. Then H"(G; P) =0 forn > 0.

Proof. 1t is enough to prove this for P = kG since group cohomology respects direct sums,
ie., if M = @, M;, then H"(G; M) = @, H"(G; M;). Note that kG = Indf}yk. Then by
Shapiro’s lemma we have

H"(G;kG) =2 H"({1};k) =0

for n > 1. O

Shapiro’s Lemma for Homology

There is a Shapiro’s isomorphims for group homology similar to the one for cohomology. For
this isomoprhism we used induced modules instead of coinduced modules.

Let G be a group and H < G be a subgroup of G. The group ring kG can be considered
as a kG-kH-bimodule with left and right multiplication.

Definition 86. For every kH-module M, the kG-module
md$ M = kG @y M

is called the induced module. The additive functor Ind%(—) : RH — Mod — RG — Mod is
called the induction functor.

Note that Ind%M is considered as a left kG-module with the G-action given by g(¢'®@m) =
99’ @ m. In the Shapiro’s lemma for cohomology we use the adjointness property of tensor
and Hom-functors. For homology we will be using the following lemma:

Lemma 87. Let N be a kG-module and M be a kH-module. Then there is an isomorphism
N Qe IndG M = ResG N @pp M.

Proof. Consider the homomorphism 60 : N Qg (kG Qg M) — Resf[N ®rg M defined by
[n® g ®m] — [ng ® M]. The inverse of 6 is given by [n ® m] — [n ® 1 ® m], so # is an
isomorphism. O

Now we are ready to state Shapiro’s lemma for homology.

Theorem 88 (Shapiro’s Lemma for Homology). Let G be a group and H be a subgroup of
G. For every kH-module M, there is an isomorphism

& : Hy(G;Ind$ M) S H, (H; M).

Proof. Let F, — k be a free resolution of k as a kG-module. Then by Lemma [87] there is an
isomorphism of chain complexes

¢y F, @pc IndG M = ResG F, @pp M.

Since Reng* is a free resolution of k as a kH-module, the homology groups of the right
hand side is isomorphic to H,(H; M). So the chain map ¢, induces the desired isomorphism
on homology groups. O
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As in the cohomology case, Shapiro’s isomorphism is related to the restriction map on
homology.

Proposition 89. Let M be a kG-module and n : IndGRes§GM — M be the kG-module
homomorphism defined by n(g®@m) = gm for m € M and g € G. Then there is a commuting
diagram

P

H,(G;Ind%Res$ M) H,(H;Res% M)

x 4

H, (G5 M)

where 1y is the homomorphism induced by 7.

Proof. As in the cohomology case, we will show that there is a similar commuting diagram
on the chain complex level. Let F, — k be a free kG-resolution of k. Consider the diagram

F, @1 Ind%ResG M Res$ F, ®pp Res M
\ %
Fy, Qg M

where 7, is defined by composition with 7. For = € F}, and m € M, we have
(Resfy 0 ¢.)(z @ (g @m)) =zg @m =z © gm =z ® (g ©@m).

Hence the diagram commutes and the proof is complete. O

We have the following corollary of Shapiro’s lemma.

Proposition 90. Let P be a projective kG-module. Then H,(G;P) =0 forn > 0.

Proof. Proof is similar to the cohomology case. O

4.4 Cartan-Eilenberg Theorem

Let G be a finite group and M be a ZG-module. We have seen in Section that for every
n >0,
H"(G,M) = @ H™(G, M ®z Z,).
plIG|

This reduces the computation of the cohomology of GG to the computation of H"(G; M ©7Z )
for all the primes p dividing the order of G. Because of this in this section we assume k is
a commutative ring such that all the integers coprime to p are invertible in k. We call such
a ring a p-local ring. Examples of a p-local ring are p-local integers Z,) or a field F with
p-elements.

Lemma 91. Let H be a subgroup of G such that |G : H| is coprime to p. Assume that k is
a p-local ring. Then for every kG-module M, the restriction map

Res$ : H(G; M) — H"(H;Res% M)

is a monomorphism.
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Proof. Let u € H™(G; M) such that Res%u = 0. By Proposition |63} we have
|G : H|u = Tr§Res$ (u) = 0.
Since |G : H| is coprime to p, it is invertible in k. Hence u = |G : H|7!|G : H|u = 0. O

If S is a Sylow p-subgroup of G, then Res§ : H"(G; M) — H™(S;Resg M) is a monomor-
phism. Cartan-Eilenberg theorem identifies the image of the restriction map to the subgroup
of stable elements. Before we introduce the Cartan-Eilenberg theorem, we need to prove
another important formula for restriction and transfer maps.

Proposition 92.
1. For every K < H < G such that |G : K| is finite, we have

Rest o Resg = Res?( and Trg oTril = Tr?{.
2. For every H, K < G with |G : H| finite, we have

g9
Res% o Tr§y = Z Trk e o Resiiho gy 0 Oyt
HgKeH\G/K

where H\G /K s the set of double cosets {HgK |g € G} of H and K in G.

Proof. (1) The equation for restriction follows easily from the definitions. For the equation
for transfer, observe that if G/H = {¢1H,...,grH} and H/K = {h K, ..., hy, K} are sets of
cosets representatives, then a set of coset representatives for G/K can be take as {g;h; K |i =
1,...,k,j=1,...,m}. Then for every homomorphism f, € Hoka(Res?(F*, Res?(M), and
x € F,, we have

(M5 F) (@) = 3 gihi f(h5 g7 @) = D2 g Trif) (g7 2) = (TG f) (@),

i7j
(2) The subgroup K acts on G/H = {q1H,...,grH}, and as a K-set we have

Reso(G/H)= [ K/(Kn9H).
KgHeK\G/H

We can interpret this formula as follows: Without loss of generality, we can assume that
{Kgq:1H,...,Kgy,H} are the set of double coset representatives for some m < k. Then

m
G=|[KgH
=1

as a K-H-biset. For each ¢ € {1,...,m}, the stabilizer of g;H as a K-set is
Staby (g:;H) = {k € K |kg;iH = g;H} ={k € K | g; 'kg; € H} = K N9 H.
So, for each i =1,...,m, Kg;H = K/(K NY%H) as K-sets. For each i =1,...,m, let

Ji = {ki(K N9 H),... ky,(KN9%H)}
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be the set of coset representatives of K N9 H in K.

Let P, — k be a kG-projective resolution of k. For every kH-homomorphism ¢ :
ResgP* — Reng , and for every = € Py, we have

k m
Res@ Thdh () (2) = > giplg;”! ZZ kigiolg; kL)
=1 =1 G

m
= Z TrgmgiHReSiéggiH(giS@gfl)(fE)-
=1

By Lemma [76] for each i = 1,...,m, we have
gz‘PQZ_I = (Cglfl’giHaggi)*“O)'

So the induced map on cohomology satisfies the desired equality.
O

Definition 93. Let H < G be a subgroup of G, and M be a kG-module. An element
u € H"(H; M) is called G-stable if for every g € G,

Res%%gH o Cgu(u) = RengﬂH(“)-
The set of stable elements forms a group. We denote this group by H®(G; Reng )G-Stab,

Now we are ready to state and prove the Cartan-Eilenberg Theroem.

Theorem 94 (Cartan-Eilenberg Theorem). Let G be a finite group and P be a Sylow p-
subgroup of G. Assume that k is a p-local ring. Then for every kG-module M, the restriction
map induces an isomorphism

Res§ : H*(G; M) =N H"(P; Res$ M )C-5tab,

Proof. By Lemma the restriction map Res% : H*(G; M) — H*(P;Res%M) is a monomor-
phism. For every u € H*(G; M), we claim that Res%(u) is G-stable. We have

(Resihy p 0 Cy.p) (Res§ () = Resihyp o (Cy.p o Res) (1)
— Resilp o (ResCp 0 Cy ) (1)
= ReSJGDmgP o Cg.c(u)
where the second equality follows Lemma [78| and last equality follows from Proposition
By Proposition Cy.¢ = idg=(a;nm), so the right hand side becomes Resgmgp which is equal

to Resb, p o Res®(u). From this we conclude that Res%(u) is G-stable.

Now assume that u € H*(P;Res$M) is G-stable. Let w = Tr%(u). By Proposition
we have

ResGw = Res$ o TrG(u) = Z Trhrep o Resiigp 0 Cy p(u).
PgPeP\G/P
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Since u is G-stable, the RHS becomes

Z Trbnep o Resbrgp(u) = Z |P:PNIP|u
PgPeP\G/P PgPeP\G/P

Note that Res%(G/P) = L p\g/p(P/PNIP), so we have
I[ 1p/PnoP|=G: P|
P\G/P

This gives
ResGu = Z |P: PNYPJu=|G: Plu.
PgPeP\G/P

Hence Res% (|G : P|"'w) = u. We conclude that the image of the restriction map Res% is
equal to H*(P : Res&M)G-Stab, O

Remark 95. For H < G and g € GG, consider the diagram

CQ,H

H*(H;Res% M) H*(9H;Resqy M)
Resggﬁ ResgmgH
Resfig
el Cg,HgﬁH el
H*(H9N H;ResgyngM) H*(HN9H;ResfregM)
By Lemma the outer square in the above diagram commutes, i.e., the equality
Cy,HonH © ResggmH = Resiﬁng o Co,n
holds. This allows us to define the stability condition for u € H*(H,; ResﬁM ) by the equation

H H
Cg,HgﬂH o ReSHgnH = ReSngH(U).

This version is especially used to define the G-stability in terms of the fusion system Fp(G)
defined on a Sylow p-subgroup P induced by G.

5 Product Structure on Group Cohomology

5.1 Diagonal Approximation and Cup Product

Let G and G’ be two groups and k be a commutative ring. If M is a kG-module and M’ is a
kG'-module then the tensor product M ®j M’ is a k[G x G']-module with the G x G’-action
given by (g,¢)(m@m’) = gm @ ¢'m’. If M = kX is a free kG-module with basis X and
M’ = kX' is a free kG'-module with basis X', then M @, M’ = kX @, kX' is a free k[G x G']-
module with basis X x X’. From this it is also easy to see that if P, is a projective kG-module
and kG’ is a projective kG’'-module, then P, ®j P, is a projective k[G x G']-module.

If P, — k is a kG-projective resolution of k and P, — k is a kG'-projective resolution
of k, then P, ®; P, — k ®x k = k is a projective k[G x G’']-resolution of k. Recall that
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the tensor product of two resolutions C, and D, is the chain complex C, ®; D, where
(Cyx @k Dy)n = ®itj=nC; ®j D; with boundary map defined by

om(r@y)=0ix@y+ (—1)'z®dy

for every z € C; and y € D;. The fact that P, ® P, — k is a resolution follows from the
Kiinneth Theorem. Note that we identify k®y k with k via the homomorphism u : k®rk — k
defined by A @ X' — AN,

Lemma 96. If P, = k and P! Yk are kG-projective resolutions of k then the tensor product
resolution )
Poop P 25 kopk Bk

s a kG-projective resolution of k when it is considered as a chain complex of kG-modules via
the diagonal map G — G x G defined by g — (g,9).

Proof. For each i, j the product P; ®, P; is a projective k[G x G]-module. Since the diagonal
map G — G X G is injective, its restriction via the diagonal map is still projective. Hence
P. ® P, — k is a kG-projective resolution. The sequence P, ®j P, — k is exact by Kiinneth
theorem. O

Note that since any two kG-projective resolutions of k are chain homotopy equivalent, for
a kG-projective resolution P, — k, there is a chain homotopy equivalence

covering the identity map on k. Such a map is called a diagonal approximation if its
compositions with the canonical maps

are equal to the identity map idp,. Diagonal approximations are important for computa-
tions when we are calculating cup products. For standard resolution we have the following
well-known diagonal approximation which is a special case of Alexandre-Whitney diagonal
approximation.

Lemma 97. Let F, — k be the standard kG-free resolution for k. Then the chain map
A: F, — F, Q Fy defined by

n

A(gos--19n) =Y (905> 9p) @ (Gps - -, In)
p=0

s a diagonal approximation.

Proof. By direct calculation one can show that A is a chain map. It is also easy to check
that its composition with m; and w9 are equal to the identity map idp,. O
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Now we will define the cup product for group cohomology. Let P, — k be a kG-projective
resolution of k£ and A : P, — P, ® P, be a diagonal approximation covering the identity map
on k. For kG-modules M and N, consider the composition

Homyg (Py, M) @ Homyg(Px, N) ﬂ Homyg (P ®p Py, M @ N) A% Homyg (P, M ®j N)
where the first map ¢ is defined by

V(1 ® fo)(z1 @ w9) = (—1)4BF2T1 £ (31) @ fo(2)

and the second map is defined by A*(f)(z) = f(A(x)). These chain maps induces a homo-
morphism of cohomology modules

H"(A* o) : H"(Homyg(Py, M) @i Homyg(Py, N)) — H"(Hompg(Pi, M @ N)).

Recall that by standard properties of tensor product of chain complexes, we have an homo-
morphism

0 : Hp(HOInk(;(P*, M)) Sk Hq(Homkg(P*,N)) — Hp+q(HOInk(;(P*, M) Rk Homkg(P*, N))
defined by [f1] ® [fo] = [/1 ® fa.
Definition 98. For every p, ¢ > 0, the cup product
U: HP(G; M) @, HY(G; N) — HP™(G, M ®) N)

is defined to be the composition § o H™(A* o). To shorten the notation we write uv for the
cup product u U v.

The cup product satisfies many nice properties. For example it is natural with respect
to homomorphisms M — M’ and N — N’ between the coefficient modules and with respect
to group homomorphisms f : G — H. The cup product also commutes with connecting
homomorphisms induced by the short exact sequences of kG-modules. We also have

Proposition 99.
1. For every u; € H"(G; M;) fori=1,2,3, we have
(uug)us = u(ugu3)
in H™MF72H03(G; My @y Mo @y Ms).

2. Let M, N be kG-modules andt: N®p M — M ®; N be the kG-module homomorphism
defined by t(m @ n) =n ® m. For any u € HP(G; M) and v € HY(G; N), we have

wv = (—=1)Pt, (vu)
in HPT9(G; M @y N).

There is also a Frobenius reciprocity formula for the transfer map.
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Proposition 100. Let H < G be a subgroup of G with finite index. Then for any u €
HP(G; M) and v e HY(H; N), we have

e (Res% (u) - v) = u - Tr&o.

Proof. Let u = [f1] where f; € Homyg(F,, M) and v = [fo] where fo € Homgp(Res$ Fy, N).
Then for z ® y € F, ®y, Fy, we have

T (ResG /1 @ fo)(x@y) = > (- (L © f)lg 'z@g™'y)

gHeG/H
= Y (1) fi(g ) @ gfa(g )
gHeG/H
= > (1)PMf@) ®@gfg"y)
gHeG/H
= (L@ TeG fo)(z @ y).
This proves the desired equality once we apply A* and pass to the cohomology. O

If both M and N are equal to the trivial module we can combine the cup product with
the multiplication map k ®; k — k and obtain a product

HP(G; k) @ HY(G; k) — HPTY(G; k)
for p, ¢ > 0. Note that this induces a product
H*(G;k) @, H*(G; k) — H*(G; k)
on the graded k-module H*(G; k) = 3.5 H(G; k).

Proposition 101. For every group G and commutative ring k, the cup product defined a
graded ring structure on H*(G; k). Moreover the cup product is graded commutative, i.e. for
every u € HP(G; k) and v € H1(G; k) we have uv = (—1)PTu.

Proof. We proved the associativity and graded commutativity in Proposition 09 Note that
HY(G;k) =2 k¢ = k. The unit element is 1 € k& = HO(G;k). It is easy to check that
u-1=1-u=u for every u € HP(G; k). O

For cyclic groups for calculating the group cohomology it is more practical to use the
periodic resolution. So for calculating cup product for cyclic groups it is useful to have a
diagonal approximation for the periodic resolution for cyclic groups.

Proposition 102 (pg 108 in [2]). Let G = (g | g” = 1) be a finite cyclic group of order p. Let
F, — k be the periodic free resolution of Z as a ZG-module, where F,, = ZG for all n > 0.
Then the map A : Fy — F, Qi F. defined by

1®1 if p is even
Apg(l)=<1®g if p is odd, q is even
20§i<j§p—1 gz (= g‘7 ’lfp 18 Odd, q 18 Odd

s a diagonal approximation.
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Exercise 103. Write a proof for the above proposition.

Exercise 104. Using the diagonal approximation given in the proposition calculate the ring
structure of H*(G; k) when G is a cyclic group of order n.

6 More Homological Algebra

6.1 Snake Lemma and Five Lemma
One of the most important tools in homological algebra is the Snake lemma.

Lemma 105 (Snake Lemma). Given a diagram of R-modules

A-t.p 9. ¢ 0
SO
(J— (A TR Ao

there is an R-module homomorphism O : ker v — coker «, called connecting homomorphism,
such that the sequence

0 — ker f Y kera L ker 3 ker y 9, cokera L5 coker 8 L5 coker ~y 2, coker g’ — 0
s exact, where i is an inclusion map and p is the projection map induced by the diagram.

Proof. We first describe how the connecting homomorphism is defined. Let ¢ € ker~. Since
g is an epimorphism, there is a b € B such that g(b) = ¢. We have ¢'5(b) = vg(b) = y(c) = 0.
This gives

B(b) € kerg’ = im f'.
Hence there is an a € A’ such that f'(a) = f(b). We define 0 : kery — coker a to be the
R-module homomorphism which sends ¢ € kerv to @ = a + im « in coker a.

This homomorphism is well-defined because if we choose another element b’ € B such
that g(b') = ¢, then g(b' —b) = 0. This means b’ — b € kerg = im f. So there is a (unique)
u € A such that ¥’ — b= f(u). If ’ € A such that f(a’) = S(V), then

fla(u) = Bf(u) = B’ —b) = BI) = B(b) = f(a') = f(a) = f(d’ — a).

This gives a(u) = a’ — a. Hence a/ = a.

If a € ker f, then f'a(a) = Bf(a) = 0. Since f’ is a monomorphism, «(a) = 0. So
ker f C ker . So the first map ¢ : ker f — ker « is inclusion map and the sequence is exact
at both ker f and ker a.

It is clear that the composition gf : kera — ker+~ is zero. If b € ker g is such that
g(b) = 0, then there is an a € A such that f(a) =b. We have f'a(a) = 8f(a) = 5(b) = 0. So
a(a) = 0. Hence a € ker a and f(a) = b. This shows that the sequence is exact at ker f3.

If ¢ € ker~ such that ¢ = g(b) for some b € ker 8. Then S(b) = 0, so a € A’ such that
f'(a) = B(b) can be taken as 0. So d(c) = 0 in coker a. Hence dg = 0. Let ¢ € cokery such
that 9(c) = 0. Then thereisab € B and a € A’ such that g(b) = cand f’(a) = B(b). Moreover
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since [a] = 0 in coker o, there is a u € A such that a(u) = a. This gives 8f(u) = f'(a) = B(b).
Hence b’ = b — f(u)ker 8 and g(b') = c¢. Hence the sequence is exact at ker 7.

For ¢ € kerwy, we have d(c¢) = @ such that there is a b € B satisfying g(b) = ¢ and
f'(a) = B(b). Then f'(a) € im B3, hence f'(@) = 0 in coker . This gives that f'0 = 0. Let
@ € coker a such that f/(@) = 0 in coker . This means there is a b € B such that f'(a) = 5(b).
We have vg(b) = ¢’8(b) = ¢'f'(a) = 0. So, ¢ = g(b) ker~, and 9(c) = a. Hence the sequence
is exact at coker av.

The composition ¢'f’ : coker & — coker+y is zero since ¢'f’ : A’ — C’ is the zero map.
Take b € coker 3 such that ¢’ = 0 in cokery. This means ¢’(b) = v(c) for some ¢ € C. Since g
is an epimorphism, there is y € B such that g(y) = ¢. We have ¢'8(y) = vg(y) = v(c) = ¢'(b).
So there is an a € A’ such that f'(a) = b — B(y). This gives b = f’(a), hence b € im f'. We
conclude that the sequence is exact at coker 5.

Let ¢ € im~. Then ¢ = (x) for some x € C. Since g is surjective, there is an element
b € B such that g(b) = . We have ¢’5(b) = vg(b) = vy(z) = ¢. So, ¢ € img’. This shows that
im~ C img’. This induces a surjective homomorphism p : coker v — coker ¢’. The kernel of
p is equal to the quotient module im ¢’/im~y. From this it is clear that the composition pg’
is equal to zero and the sequence is exact at coker~y. O

The connecting homomorphism in the Snake lemma is natural in a suitable sense.

Lemma 106. The connecting homomorphism constructed in [105 is natural with respect to a
morphism of such diagrams.

Proof. Suppose that there are two diagrams

AL B o0

.
fl /

0—— A} —'> B]

2 1

for i = 1,2 with homomorphisms j : Ay — Ag, k: By — By, 1 : C1 — Ca, and j' : A] — A},
k' : B} — B, ' : C] — C% that commutes with all the maps in the diagrams for ¢ = 1, 2.
We claim that if 9; : C; — Al for i = 1,2 is the connecting homomorphism for each diagram,
then the following diagram commutes:

0
ker 1 —Ls coker aq

T

0
ker o — 25 coker an

where [ : kery; — ker~y, and j/ : coker a; — coker ap are the maps induced by the maps
l:Cy — Cyand j : A] — A,

Let ¢ € kery; and b € By and a € A} are such that g1 (b) = c and f{(a) = $1(b). This gives
that J1(c) = a. Note that go2k(b) = lg1(b) = l(c), and fij'(a) = K f{(a) = k'B1(b) = B2k(D).
From these we obtain that Oxl(c) = j'(a) = j'(@) = j'01(c). Hence the diagram above
commutes. O




Another important lemma in homological algebra is the Five Lemma.

Lemma 107 (Five Lemma). Consider the following commutative diagram

Py T Ry T Sy . Sy
lfl if2 if:& J{f&; lfs
BB, B " B ¥ B

where both of the horizontal sequences are exact.
1. If f1 is surjective, and fo, f4 are injective, then fs is injective.
2. If f5 is injective, and if fo, fa are surjective, then fs is surjective.
As a consequence, if f1, fo, fa, f5 are all isomorphisms, then fs is an isomorphism.

Proof. (1) Assume that = € As such that f3(z) = 0. Then fih(z) = h/f3(x) = 0. Since
fa is injective, we obtain h(z) = 0. By the exactness of the top horizontal sequence, there
is an element y € Ay such that g(y) = z. We have ¢ f2(y) = f39(y) = f3(x) = 0. Thus
f2(y) € kerg’. By the exactness of the bottom sequence, there is an element z € B; such
that f'(z) = fa(y). Since f1 is surjective, there is w € A; such that fi(w) = 2. We
have fof (w) = f'fi(w) = f'(z) = fa(y). Since fo is injective, this gives y = f(w). Thus
x=g(y) = gf(w) = 0. Hence f3 is injective.

(2) Take x € Bs. Since f4 is surjective, there is y € Ay such that fy(y) = h'(x). We
have f5k(y) = K fa(y) = K'h/(x) = 0. Since f5 is injective, k(y) = 0. Since the top horizontal
sequence is exact, there is an element z € As such that h(z) = y. We have 1/ f3(2) = f4h(z2) =
fa(y) = K'(x). Thus = — f3(2) is in ker ’. By the exactness of the bottom sequence, there is
an element w € By such that ¢'(w) = x — f3(2). Since fo is surjective, there is an element
u € Ag such that fo(u) = w. We have

f3(z 4+ g(uw) = f3(2) + fag(u) = f3(2) + ¢ fa(u) = f3(2) + g'(w) = f3(2) + = — f3(2) = .
Hence = € im f3. We conclude that fs is surjective. O

Lemma 108 (3 x 3-Lemma). Consider the following commuting diagram of R-modules:

0 0 0
0—=A, — B, Cy—0
0—=A — B Ch——0
0— Al — Bl — ) ——0

0 0 0



1. If all the vertical lines are exact sequences and either top two horizontal lines or bottom
two horizontal lines are exact, then the third horizontal line is exact.

2. If all the horizontal lines are exact sequences and either left two vertical lines or right
two vertical lines are exact, then the third vertical line is exact.

Exercise 109. Prove the 3 x 3-lemma using the Snake lemma.

Exercise 110. For any homomorphisms o : A — B and §: B — C, show that there is an
exact sequence

0 — ker o — ker o — ker 8 — coker o — coker Sa — coker 5 — 0.

6.2 Long Exact Sequences for Chain Complexes

Definition 111. A chain complex B, is a subcomplex of C, if for each n € Z, B, is a
submodule of C,, and the inclusion maps i, : B,, — C,, gives a chain map i, : By, — Ci.

Exercise 112. Consider the following chain complexes:

B.: —27s 2527 % . %97 %070 ...
C'*Z“-—>ng—4>ZSX—4>...X—4>Z8X—4>ZS—>'”

Here B, is a subcomplex of C,. Note that H,(B) = 2Zg = Z/4 for alln € Z and H,(Cy) = Zo
for n € Z. So the inclusion map i, : B, — Cy of a subcomplex does not induce an injective
R-module homomorphism on homology.

To understand the relationship between homology groups of B, and C, we need to consider
the homology groups of the quotient complex.

Definition 113. If B, is a subcomplex of C, then we can define the quotient complex C. /B
to be the chain complex

e — Cn+1/Bn+1 Cl"—+l>Cn/Bn d—”) Cn—l/Bn—l — ...

where d,,(z + B,) = dS(x) + B,_1 for all n € Z. Note that this defines a well-defined
R-module homomorphism because dg (Bn) € Bp—1.

Note that if B, is a subcomplex of C,, then there is a chain map ¢, : Cx — C,/B, which
is defined on each group as the R-module homomorphism g, : C,, — C,,/B,, which is define
by gn(z) =z + By.

Definition 114. Given a chain map f,. : Cix — D,, the kernel chain map ker f is the chain
complex with chain groups (ker f,), = ker f,, with boundary maps induced by the boundary
maps of C.. The image of f, is the subcomplex of D, with chain groups (im f.), = im f,.
The cokernel of f, is defined to be the quotient complex D, /im f,.
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For chain complexes, the monomorphisms and epimorphisms are defined in a similar
way to R-modules. A chain map f, : Cix — D, is a epimorphism if coker f, = 0, and a
monomorphism if ker f, = 0.

Definition 115. A sequence of chain complexes
O—>A*f—*>B*g—*>C*—>O

is a short exact sequence if for every n € Z, the sequence
O—>Anf—”>Bng—”>Cn—>0

is exact.

The main result of this section is the following:

Theorem 116. For every short exact sequence of chain complexes

0—>A*f—*>B*g—*>C*—>0

there is a homomorphism 0, : Hp(Cy) — Hp_1(As), called the connecting homomor-
phism, such that the sequence

T (O 2 1L (A D Ha(BY) 2 HA(C) 2 H (AL

is exact. Moreover the connecting homomorphism is natural with respect to the morphism of
short exact sequences.

Proof. Fix an n € Z. Consider the diagram

0 A, B, —" ., 0
e e e
0 - An_l fn—l Bn_l gn—1 Cn_l . 0

By Snake Lemma, there is an exact sequence

0 = Zn(AL) =Zn(Bs) — Zn(C) S

Anfl/anl(A*) - anl/anl(B*) - Cnfl/anl(C*) — 0.

Taking the first three terms of this sequence with a dimension shift by —1, and the last three
terms of the sequence with a dimension shift by +1, we obtain a diagram of the form:

Ay /Bn(Ay) — B, /B, (B,) — C,,/B,(Cy) —=0

ek

0—— anl(A*) anl(B*) anl(c*)

Applying the Snake lemma to this diagram, we obtain an exact sequence
On
H,(A,) = Hy(By) = H,(Cy) = Hp—1(As) = Hy—1(By) = Hp—1(Cy).

Since we have such an exact sequence for every n € Z, the long exact homology sequence given
in the statement of the theorem is exact. The naturality of the connecting homomorphism
follows from Lemma [106] O
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Example 117. Let C, be a chain complex of projective R-modules. Given a short exact
sequence of R-modules

0 NSMI L0,

when apply the Hom-functor Homp(C, —) to this exact sequence. Since C,, is projective for
all n € Z, this gives a short exact sequence of chain complexes

0 — Homp(Cy, N) - Hompg(Cyx, M) — Hompg(Cy, L) — 0.
By Theorem [116| we obtain a long exact sequence
Tx _ n—1 In T n i
ST N, L) 2 HYC,, N) B B (O M) T B, L) 2 HYPH(CL N)

Example 118. In the above example if we take R = ZG and let C, to be a projective
resolution of Z as a ZG-module, then for every sequence of ZG-modules

0=NSMIL L0
we obtain a long exact sequence for group cohomology
I NG L) 25D HY(GEN) B HYG M) I HYG L) S HUPNGN) B

Example 119. (Bockstein Homomorphism) In the first example above if we take C, to be
the singular chain complex of a topological space X or the simplicial chain complex of a
simplicial complex X, then applying Theorem to the short exact sequence

022375 7/20,
we obtain a long exact sequence
M2 gl x.709) S B Z,7) 2B BN (X Z) TS  HY(X2/2) O BHXGZ) X

In this case the connecting homomorphism 6" : H"(X;Z/2) — H""1(X;Z) is called the
integral Bockstein homomorphism, denoted by Sp.

If we apply Theorem to the short exact sequence
0—>%Z/2—-7Z/4—7Z/2—0

then the connecting homomorphism 6" : H"(X;7Z/2) — H""(X;Z/2) for this sequence is
called the Bockstein homomorphism, denoted by 8. Note that by the naturality of connecting
homomorphisms we have § = mofp.

Exercise 120. Write the details of the argument to prove that § = mofy.
As a corollary of Theorem we have the following:

Proposition 121. Consider the commuting diagram of chain complezes

0 A, Lo, . ¢, 0
-,k
0 AL o 0.

If any two of the three chain maps ax, By, and v« induces isomorphism on all homology
modules, then the third one also does.
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Proof. By Snake lemma there is a commuting diagram of long exact homology sequences:

l% l lﬁ* l% i

If a and 4 both induces isomorphism on homology, then by Five lemma, S, also induces
isomorphism on homology. The same argument also proves the other two possibilities. O

Exercise 122. Consider the following commutative diagram of chain complexes with exact
rows

0 Ao p ! 0

Prove that if hy, : Hy,(Cx) — Hy(CY) is an isomorphism for all n € Z, then there is an exact
sequence

(fn—lain—l)

fryin
SULLA Hoa (A I

i — -1
Hy(AL) & Hy(B,) 222 H,,(B) 22tn 2

Hy(Ay)

6.3 Universal Coefficient Theorems and Kiinneth Theorem

When R is a commutative ring which is a principle ideal domain (PID), there is a theorem
which explains the relationship between H, (Cx ® g M) and H,,(Cy) ®r M.

Theorem 123. Suppose that R is a PID, C, is a chain complex of free R-modules C,, and
M is a R-module M. Then for every n € Z, there is a short exact sequence of abelian groups

0= Ho(C) @r M 2 Ho(Cy @ M) % Torf(H,_1(C,), M) — 0

where p([z] @ m) = [z@m] for every [z] € Hy(Cy) and m € M. The sequence is natural with
respect to Cy and M, and it splits but the splitting is not natural.

Proof. Let

On On o) o
Coiooo = Cppl — 5 Cp 5 Crey — -+ 2015 Cy— 0

be a chain complex of free R-modules. For each n € Z, let Z,, = ker0,, and B,, = im 0, 41.
Since R is a PID and C,, is free R-module, both Z, and B,, are free R-modules. By definition
of cohomology groups, for each n € Z, there is a short exact sequence of R-modules

0— By 2% Z, L H,(C,) — 0.

Taking the tensor product with M over R gives a sequence

0 — Torf(H,_1(C.), M) = Bn®r M 222y 7 @n M — H,(C,) @r M — 0.
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From this we obtain that
ker(j, ® idps) = Tor{%(Hn_l(C*), M) and coker (j, ®idy) = H,(Cy) @ M.
For each n € Z, there is a sequence of R-modules
0= Zp 2 Cp & B,y — 0.

Let Z, be the chain complex with zero differentials and such that (Z.), = Z,. Similarly let
Y B, be the chain complex with zero differentials and such that (XBy), = B,—1. We can
think of ¥ B, as the chain complex B, which is shifted towards the positive dimension by one
degree. The short exact sequence above gives a short exact sequence of chain complexes

0 Z, 0, 4 vB, - 0.

Since B, is a cochain complex of free R-modules, taking tensor product with M over R gives
an exact sequence of chain complexes

0= Z, 0p M =W o oL pp LM S o0 M s 0.

By Theorem there is a long exact sequence of homology modules

. G®ldy, Hpi1(SB, ®p M) Ont1, H,(Z, @ M) LS, H,(Cx ®r M)

d«®id pp 1. ®id g

Ho(SB. @ M) 2 Hy ((Z, ©p M) 2291,

where 0,, denotes the connecting homomorphism of the long exact sequence.

Note that since the differentials of Z, and X.B, are zero, we have Hy,(Z, @ M) = Z, @ M
and H,11(XB.®r M) = B, ®@p M. We claim that 9,11 is equal to the map j, ®r M : B, ®p
M — Z,@rM. To see this take b@m € B, @r M. Let x € C),41 such that d,z = b. Applying
d, ®idps to x x m gives an element in C,,_1 ®p M such that (d,—1 ® idy,)(dp(z) @ m) = 0.
So, dn(x) ® m € i, ®idys. Since i, is just the inclusion map, by the definition of connecting
homomorphism we obtain 9,,11(b ® m) = dp(z) ® m. Since d,(xr) = b, we obtain that
Ont1 = jn @1dp.

The long exact sequence above gives a short exact sequence

0 — coker (Op+1) = H,(Cy @ M) — ker 9, — 0.

Since Op+1 = jn ® idps, by our earlier calculations for the kernel and cokernel of these
homomorphisms, we obtain a short exact sequence

0= Ho(CL) @ M & Ho(Cy @ M) % Torf(H,_1(C.), M) — 0.

It is easy to see from the arguments above that the first map is given by [z] ® m — [z ® m].

To see that why the sequence splits, note that for each n € Z, the sequence

0= 2, o, B |50
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splits because B,_1 is R-free. This means that there is a homomorphism ¢, : C, — Z,
such that ¢, o4, = idg,. Given u = [}, xp ® mi] € Hp(Cy ®r M) with z, € C,, and
my € M, we see that ), tn(xy) ® my € Z, ®gr M. A splitting for ¢ can be defined by
t'(u) =Y [tn(zk)] ® mi. Note that

(t" o @) ([2] @ m) = t'([in(2) ® m]) = [tnin(2)] @ m = [2] @ m.

There is also a Universal Coefficient Theorem for cohomology.

Theorem 124. Let R be a PID ring. If Cy is a chain complex of free R-modules and M is
an R-module, then for every n € Z, there is a short exact sequence of abelian groups

0 — Exth(Hp_1(CL), M) % H™(Homp(C,, M)) £ Homp(H,(Cy), M) — 0

where o([f])([2]) = f(2) for every f € Hompg(C,,, M) and z € kerd,,. The sequence is natural
with respect to Cy and M, and it splits but splitting is not natural.

Proof. The argument is similar to the argument given for the Universal Coefficient Theorem
for Homology. Let C, be a cahin complex of free R-modules and M be an R-module. Consider
the sequence

0— B, 2 Z, ™% H,(C,) — 0

where Z,, = kerd,, and B, = imd,, for every n € Z. Since R is a PID, both Z,, and B,, are
R-free. Applying the Hom-functor Hompg(—; M), we obtain a sequence

0 — Homp(Hy(C,), M) — Homp(Bn, M) 2% Homp(Zn, M) — Extg(Ha(Cy), M) — 0.
This gives that
ker j» = Homp(H,(Cy), M) and coker j, = Extr(H,(Cy), M).
Now consider the sequence of chain complexes
0= Z. = C & 5B, -0
where Z, and ¥ B, has zero boundary maps. Applying Homp(—, M) we get
0 — Homp(EB., M) % Homp(Cy, M) 2 Homp(Z., M) — 0.

Note that these sequences are split exact sequences at each chain group (does not split as
sequence of chain complexes). Consider the associated long exact sequence of cohomology
groups

677.—1

oo — H" Y(Hompg(Z,, M)) *— H"(Hompg(X By, M)) i H"(Homp(Cy, M))

2y H™(Homp(Zy, M)) 2 H™ ™ (Homp(EB,, M)) L -
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Since the differentials on Z, and ¥ B, are zero maps, we have H" (Homp(Z,, M)) = Hompg(Z,, M)
and H""(Hompg (X By, M)) = Hompg(B,, M). By an argumant similar to the one given for
homology, we can show that the connecting homomorphism 6" coincides with the homomor-
phism j = Hompg(Z,, M) — Hompg(B,, M). The long exact sequence above gives a short

exact sequence
0 — coker 6" ' — H"(Hompg(Cy, M)) — ker 6™ — 0.

By using our earlier observations for the kernel and cokernel of j;, we obtain the short exact
sequence

0 — Exth(H,_1(Cy), M) 2 H"(Homp(C,, M)) 2 Homp(H,(Cy), M) — 0.

From the construction we have ¢([f])([z]) = f(2) for every f € Homg(C), M) and z € kerd,,.
The fact that the sequence splits can be proved using the fact that the sequence 0 — 7, —
C, — B,_1 — 0 splits. O

There are two more Universal Coeflicients theorems but these theorems require more
conditions to holds.

Theorem 125 (Theorem 2.33 in [3]). Let R be a PID. If M is a finitely generated R-module
and C, is a chain complex of free R-modules, then there is a split short exact sequence

H™(C.) ®r M — H"(Cy ®p M) — Torf'(H"™(Cy), M).
Proof. See [?, pg. 246] for a proof. O

We also have the following;:

Theorem 126 (Theorem 2.36 in [3]). Let R be a PID. Suppose that Cy is a chain complex of
free R-modules such that H,(C\) is finitely generated for each n. Then for every R-module
M, there is a natural short exact sequence

0 — BExth(H"™(C,), M) = H,(C, ®r M) — Hom(H"(C,), M) — 0
which splits (non-naturally).

We conclude this section with the statement of the Kiinneth’s theorem.

Theorem 127. Let R be a PID. Suppose that C, and D, are chain complexes of R-modules
where Cy, is a free R-module for every n € Z. Then there is a natural exact sequence

0— @ Hi(C.)®r Hj(D.) = Hy(Cy @5 D.) — @ Torf(Hi(C.), Hj—1(Ds) = 0
it+j=n it+j=n

which splits (non-naturally).

Proof. See pg. 53 in [3] O
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A Background on Algebra and Topology

A.1 Abelian Categories
In this section we follow the definitions from [4].

Definition 128. A category & is called an Ab-category if every hom-set Hom (x,y) in
&/ has the structure of an abelian group in such a way that composition distributes over
addition, i.e. given f € Homy (z,y), 9,9 € Homy(y,z2), and h € Hom(z,t), we have

h(g+9)f =hgf+hg'f.

Example 129. The category of R-modules for every ring R is an Ab-category. For every
fyg € Homp_pr0q4(M, N), we can define f + g to the the R-module homomorphism defined
by (f + g)(m) = f(m) + g(m) for every m € M. It is easy to see that this addition of two
homomorphisms distributes over the composition of homomorphisms.

Definition 130. An additive functor F' : &/ — % between two Ab-categories is a functor
such that for each A, A" € Ob(</), the map

Hom,/ (A, A’) — Homg(F(A), F(A"))
that sends f: A — A’ to F(f): F(A) — F(A’) is an abelian group homomorphism.

Definition 131. An initial object (respectively, a terminal object) in a category C is
an object x such that for every y € ODb(C), there is exactly one morphism from z to y
(respectively, from y to x). An object x € C is called a zero object if it is both initial and
terminal object in . Zero object is unique up to unique isomorphism.

Example 132. In the category of R-modules the zero object is the zero module.

Recall that for a given set of objects {y; : i € I} in a category C the product in C is
an object [[y; € C together with maps 7; : [[y; — y; such that for every € C and for
el icl
every family of morphisms {«a; : * — y;}ics, there is a unique morphism « : x — []y; such
i€l
that mja = «a; for every j € I. Products may not exist in a category. When they exist,
there maybe more than one product but they are unique up to unique isomorphism. Using

the dual picture we define the coproduct [[y; as an object in C together with morphisms

i€l
ij : y; — [lyi such that for every family of morphisms {o; : y; — z}icr, there is a unique
i€l
morphism o : [[y; — z such that ai; = a; for all j € 1.
i€l

Definition 133. An Ab-category . is called an additive category if it has a zero object
and has a product A x B for every pair A, B of objects in <.

Example 134. The category of R-modules is an additive category. The product is defined
as the direct sum of two modules M @& N which is the product of abelian groups M x N as
an abelian group where the action of the ring R is given by

r(m,n) = (rm,rn) for all r € R,m € M,n € N.
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Exercise 135. Show that in an additive category 7, all finite products and coproducts
exists and they are isomorphic (i.e. a product is also a coproduct)

Exercise 136. Show that in an additive category 7, the zero morphisms B — 0 — C is
equal to 0 € Homy (B, C).

Before we define abelian categories, we recall some definitions from category theory.

Definition 137. 1. A morphism f:x — y in a category C is monic if for every distinct
morphisms gj,g2 : 2 — = in C we have fg; # fga (or we can say fg1 = fgo implies
91 = 92).

2. A morphism f : x — y in a category C is epi if for every distinct morphisms g1, g2 : y — ¢
in C we have g1 f # gof.

3. If C is a category with zero object, the morphism z — 0 — y is called the zero
morphism in Hom(z,y). The zero morphisms is denoted by 0 : x — y.

4. The kernel of a morphism f : x — y is a morphism ¢ : z — x such that fi = 0 and
satisfies the following universal property: Every morphism 4’ : 2/ — x, factors through
i, such that ¢/ f = 0, i.e. there is a unique morphism j : 2z’ — 2z such that 5 = ¢’

5. The cokernel of a morphism f : x — y is a morphism p : y — t such that pf =0
and satisfies the following property: For every morphism p’ : y — t/ such that ¢f = 0
there is a unique ¢ : t — t/ such that p’ = gp.

Example 138. In the category of R-modules, the kernel of a morphism f : B — C' is the
inclusion homomorphism i : ker f < B where ker f = {b € B| f(b) = 0}. Show that the
cokernel of f is the quotient homomorphism

p:C — C/im f
where im f = {f(b)|b€ B} C C.
Exercise 139 (Weibel [4]). Prove the following statements.

1. If i1 : A1 — B and i3 : As — B are two kernels of a morphism f : B — C, then
A; = As in a category €.

2. The kernel i : A — B of a morphism f: B — C is monic.
3. Let o7 be an Ab-category and f : B — C' a morphism. Show that

(a) f is monic if and only if for every nonzero e : A — B, fe # 0.

(b) f is an epi if and only if for every nonzero g : C' — D, gf # 0.
4. In an abelian category

(a) f: B — C is monic if and only if ker f is zero morphism.

(b) f: B — Cisepiif and only if coker f is zero morphism.

Now we are ready to give the definition of an abelian category.
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Definition 140. An abelian category is an additive category &/ such that
AB1 Every map in & has a kernel and cokernel.
AB2 Every monic in &7 is the kernel of its cokernel.

AB3 Every epi in & is the cokernel of its kernel.

Exercise 141. Prove the following statements.
1. R-module homomorphism f : M — N is monic iff it is injective i.e. ker f = 0.

2. R-module homomorphism f : M — N is epi iff it is surjective i.e. coker f = 0.

Proposition 142. For any ring R, the category of R-modules is an abelian category.

Proof. We have already observed that R-Mod is an additive category with zero object the
zero module. Now observe that the condition is clear. [AB2] every monic f: M — N
is an injective map. The quotient map N — N/im (f) is the cokernel of f. The kernel of
N — N/im (f) is equal to im (f) < N. Since M = im(f) as R-module we can conclude
that f : M — N is the kernel of its cokernel. Note that kernel and cokernel of morphisms
are unique up to isomorphism, so called something “the kernel” is a little bit misleading. We

can show in a similar way. O

Another important example of abelian categories is the category of chain complexes over
an abelian category. We first consider the chain complexes over a ring.

Let R be a ring with unity. Consider the category of all chain complexes over R with
morphisms given by the chain maps. The category of chain complexes is an Ab-category
where the addition of two chain maps

is defined by (g« + g.)n = gn + g, for all n € Z. In category of chain complexes, there is
a zero object which is the zero complex (i.e. the complex with C,, = 0 for all n). We have
the following: The category of chain complexes over R, denoted by Ch(R), is an additive
category where the product is defined by (Cy & D.), = C, & D,, with boundary maps
dn(z,y) = dS(z) + d? (y) for every z € C,, and y € D,,. In fact the category Ch(R) is an
abelian category where the kernel of a chain map f, : Ax — B, is defined by the incluson of
the subcomplex ker f. — A, and the cokernel is defined as the quotient map B, — B, /im f,.

Exercise 143. Write the details of the proof that C'h(R) is an abelian category.

We will now extend the definition of chain complexes over R-modules to chain complexes
over any abelian category. Given an abelian category o, we can define chain complexes and
chain maps in &/. Any chain complex in &7 is a sequence of morphisms.

dn—
CotviomCn 0y 5 Cg—

such that C, € Ob(«) and d, € Homy(C,,C,_1) for all n satisfying d,—1d, = 0 in
Hom/ (Cy, Cp—2). We have the following:

Theorem 144. The category Ch(</) of chain complezes in an abelian category < is an
abelian category.

Proof. See Theorem 1.2.3 in [4]. O
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A.2 Adjoint Pairs

Definition 145. Let L : & — % and R : 8 — o be two additive functors. We say (L, R)
is an adjoint pair if there is a natural isomorphism

Homy(L(A), B) = Hom,, (A, R(B)).
When (L, R) is an adjoint pair we say L is left adjoint to R and R is right adjoint to L.

The most important adjoint pair for additive functors is the tensor and Hom-functor pair.
Let R and S be two rings, and B be an R-S-bimodule. Then for every right R-module A, the
tensor product A ®p B is a right S-module with the S-action given by (a ® b)s = (a ® bs).
This defines an additive functor — ® g B from right R-modules to right S-modules. Similarly,
for every right S-module C, the Hom-set Homg(B, C') has a right R-module structure given
by the action (fr)(b) = f(rb) for every r € R, b € B. This defines an additive functor
Homg(B, —) from right S-modules to right R-modules.

Proposition 146. Let R and S be two rings and B be an R-S-bimodule. Then the functor
Homg (B, —) is right adjoint to the functor — @gr B. That is for every right R-module A and
right S-module C' there is natural isomorphism

¢ : Homg(A ®p B, C) = Homp(A, Homg(B, C).

Proof. For every S-homomorphism f: A®r B — C, let ¥(f) be equal to the homomorphism
g: A — Homg(B, () defined by g(a)(b) = f(a ®b). For every s € S, we have

g9(a)(bs) = fla®@bs) = fla®b)s) = fla®b)s = g(a)(b)s.
So, g(a) is an S-homomorphism. For every r € R, we have
g(ar)(b) = far @ b) = f(a ® rb) = g(a)(rb) = (g(a)r)(b)

This shows that ¢ is a right R-module homomorphism.

The inverse of ¢»~! is defined as the homomorphism that takes g : A — Homg (B, C) to
f:A®r B — C where for every a € A and b € B, f(a®b) = g(a)(b). It is easy to check
that f is well defined and it is an S-module homomorphism. By definition v and ¢ ~! are
inverse to each other. Naturality is also easy to show. O

For adjoint pairs we have the following property:

Theorem 147. Let L : of — % be an additive functor which is left adjoint to the functor
R:% — &. Then L is right exact and R is left exact.

Proof. See Theorem 2.6.1 in [4] O

As a corollary we obtain the following:

Corollary 148. For every R-S-bimodule B, the tensor product functor
— ®pr B : R-mod — S-mod

s right exact.
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