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1.(a) The density matrix is ρ = |1 1⟩ 0.5 ⟨1 1|+ |↑↓⟩ 0.2 ⟨↑↓|+ |↓↑⟩ 0.2 ⟨↓↑|+ |1 − 1⟩ 0.1 ⟨1 − 1|

To find the matrix elements of ρ and Sx in the total angular momentum basis, we find the elements

⟨ui| ρ |uj⟩, and ⟨ui|Sx |uj⟩ = ⟨ui| (S+ + S−) |uj⟩.

Using the order |uo⟩ = |0 0⟩, |u1⟩ = |1 1⟩, |u2⟩ = |1 0⟩, |u3⟩ = |1 − 1⟩, we get
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Note that Tr(ρ) = 1 and [Sx] = Tr(ρSx) so that
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2. Remembering that J2 = (L⃗+ S⃗)2 = L2 + S2 + 2L⃗ · S⃗ so that L⃗ · S⃗ = (J2 − L2 − S2)/2.

This means L⃗ · S⃗, commutes with, and therefore shares the same eigenvectors with J2, L2, and S2. We

will have, for l = 1, total angular momentum j = 3/2 or j = 1/2. The possible states and their energies

are then
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3. Let’s choose ψvar = A exp(−a|x|). Normalization will give A2/2a = 1.

⟨d2/dx2⟩ =
∫∞
−∞ ψ∗d2ψ/dx2 dx = −

∫∞
−∞ dψ∗/dx dψ/dx dx = −2

∫∞
o

|dψ/dx|2 dx = −A2
∫∞
o
a2 exp(−2ax)

= −2a · a2 · (1/2a) = −a2 so that
〈
−(h̄2/2m)d2/dx2

〉
= a2h̄2/2m

⟨V ⟩ =
∫∞
−∞ ψ∗k|x|3ψ dx = 2A2

∫∞
o
kx3 exp(−2ax) dx = 2(2a)k(3!)/(2a)4 = 3k/(4a3).

Finding the extremum ∂
∂a

[
a2h̄2/2m+ 3k/(4a3)

]
= ah̄2/m− 9k/(4a4) = 0 =⇒ a =
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)1/5
Substituting, Eest =

(
9mk/4h̄2

)2/5
h̄2/2m+

(
9mk/4h̄2

)−3/5
3k/4 = h̄−6/5k2/5m−3/5

[
(9/4)2/5/2+3(4/9)3/5/4

]


