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1.(a) Dipole moment due to a ring of radius r′, width dr′: d⃗p = 2πr′dr′Pẑ. Note that all points on this ring
are the same distance to a point on the z-axis

√
r′2 + z2 and they have the same value for (r⃗− r⃗′) · ẑ = z.

We then have dV = (1/4πϵo)d⃗p · (r⃗ − r⃗′)/|r⃗ − r⃗′|3 = (1/4πϵo)2πr
′dr′Pz/(r′2 + z2)3/2.

Integrating from 0 to R, we have V (z) =
∫ R2+z2

z2 (1/4πϵo)πduPz/u
3/2 where u = r′2+z2 so that du = 2r′dr′.

This gives V (z) = (1/4πϵo)2πPz
(
1/z − 1/

√
R2 + z2

)
(b) For large values of z we have 1/

√
R2 + z2 =

(
1/

√
1 + (R/z)2

)
/z ∼ (1/z)−R2/(2z3) + 3R4/(8z5)

so that V (z) ∼ (1/4πϵo) [πR
2P/z2 − 3πR4P/(4z4)].

Note that the first term is the potential of a point dipole of magnitude πR2P at the origin.
(c) Generalizing to a general point (r, θ), we have V (r, θ) ∼ (1/4πϵo) [P1(cos θ)πR

2P/r2 − P3(cos θ)3πR
4P/(4r4)].

2.(a) ρB = −∇ · P⃗ = −∇ · x̂xα = −α

(b) To find σB = P⃗ · ρ̂|ρ=R, we can express P⃗ in terms of the cylindrical variables:

x = ρ cosϕ and x̂ = ρ̂ cosϕ+ ϕ̂ sinϕ so that P⃗ = xx̂α = ρα(ρ̂ cos2 ϕ+ ϕ̂ cosϕ sinϕ)

This gives σB = P⃗ · ρ̂|ρ=R = Rα cos2 ϕ = Rα(1 + cos(2ϕ))/2

(c) Bound volume charge is uniform, the E-field due to it may be found easily using the Gauss’ Law:
L2πρEin = πρ2LρB/ϵo =⇒ Ein = −αρ/(2ϵo) and L2πρEout = πR2LρB/ϵo =⇒ Eout = −αR2/(2ϵoρ)

(d) Because of the form of the bound surface charge we will have only m = 0 and m = 2 terms in the
expansion with cos(mϕ) terms:

Vin = A+Bρ2 cos(2ϕ) Vout = C +D ln ρ+ E cos(2ϕ)/ρ2.
Since an arbitrary constant may be added to the potential, let us choose A = 0.

The m = 0 boundary conditions give 0 = C +D lnR −D/R = Rα/2
The m = 2 boundary conditions give BR2 = E/R2 2E/R3 + 2BR = Rα/2
These result in D = −R2α/2 C = (R2α/2) lnR E = αR4/8 B = α/8.

Vin = αρ2 cos(2ϕ)/8 Vout = −(R2α/2) ln(ρ/R) + αR4 cos(2ϕ)/(8ρ2)
Note that the logarithmic terms due to the volume and surface bound charges cancel, since the total net
bound charge adds up to zero.

3.(a) Due to the selenoidal geometry, we know that the magnetic field is zero for r > b. If we apply
Ampere’s Law using a rectangular loop of length L, with one side at r > b and and other side at radius r,
we have LB = µoIenc. Noticing Ienc = Qenc/∆t = Qencω/(2π) we get

r < a a < r < b r > b
Ampere’s Law: LB = µoρπ(b

2 − a2)Lω/(2π) LB = µoρπ(b
2 − r2)Lω/(2π) 0

B⃗ ẑµoρ(b
2 − a2)ω/2 ẑµoρ(b

2 − r2)ω/2 0

µoJ⃗ = ∇× B⃗ 0 −ϕ̂∂Bz

∂r
= ϕ̂µoρrω = µoρv⃗ 0


