Final Exam Solutions Bilkent University
Fall 2024 Phys 315

1.(a) Dipole moment due to a ring of radius 7/, width dr’: d}) = 2nr’'dr'PZ. Note that all points on this ring
are the same distance to a point on the z-axis v/r’2 + z2 and they have the same value for (©—7") -2 = z.

We then have dV = (1/4xe,)dp - (F — 7) /|7 — 7|3 = (1/4me,)2mr'dr'Pz ) (172 4 22)3/2,

Integrating from 0 to R, we have V (z) = [+ (1/4me,)mduPz/u/? where u = 12+ 22 so that du = 2r'dr’.
This gives V (2) = (1/4me,)2mPz (1/2 — 1/\/R27—|—z?)

(b) For large values of z we have 1/y/R? + 22 = (U\/W) [z~ (1/2) — R?/(22%) + 3R*/(82°)

so that V(z2) ~ (1/4we,) [TR?P/2? — 3n RP/(42%)].

Note that the first term is the potential of a point dipole of magnitude 7w R?P at the origin.
(c) Generalizing to a general point (r, 8), we have V (r,0) ~ (1/4xe,) [P (cos 0)mR?P /r* — Ps(cos 0)37 R*P/(4r1)].

2.(a) pp = -V -P=-V - iza=—a

(b) To find o5 = P. plp=r, We can express P in terms of the cylindrical variables:
x=pcos¢ and T = pcos ¢ + qgsingb so that P = zda = pa(pcos® ¢ + gzgcosgbsinqb)
This gives o = P - p|,—r = Racos® ¢ = Ra(1 + cos(2¢))/2

(c¢) Bound volume charge is uniform, the E-field due to it may be found easily using the Gauss’ Law:
L2npE;, = np°Lpg/¢o = Ei, = —ap/(2¢,) and L2npEy; = nR*Lpp/e¢; = Eou = —aR?/(2¢,p)

(d) Because of the form of the bound surface charge we will have only m = 0 and m = 2 terms in the
expansion with cos(me) terms:

Vin = A+ Bp? cos(29) Vout = C + D1Inp + E cos(2¢)/p*.
Since an arbitrary constant may be added to the potential, let us choose A = 0.

The m = 0 boundary conditions give 0 = C' + DIn R — D/R = Ra/2
The m = 2 boundary conditions give BR?* = E/R? 2E/R?®+ 2BR = Ra/2
These result in D = —R?a/2 C = (R*a/2)InR E =aR'/8 B = a/8.

Vin = ap®cos(29)/8  Vou = —(R?a/2) In(p/R) + aR cos(2¢)/(8p°)
Note that the logarithmic terms due to the volume and surface bound charges cancel, since the total net
bound charge adds up to zero.

3.(a) Due to the selenoidal geometry, we know that the magnetic field is zero for r > b. If we apply
Ampere’s Law using a rectangular loop of length L, with one side at » > b and and other side at radius r,
we have LB = piylen.. Noticing Iope = Qene/ At = Qencw/(27) we get

r<a a<r<b r>b
Ampere’s Law: LB = p,pr(b* — a®)Lw/(27) LB = popm(b* — r?)Lw/(2m) 0
B Zpop(b* — a?)w /2 2pop(b* — 1%)w/2 0
pod =V x B 0 — %L = fpoprw = popt 0



