Wwé 3

&ma,énd/hg An eguu/ﬁ,énce relation X on a set A
S a r&/M/m thot s re;f /exive, \Sé//nﬂz&inc and |
trarsdtrve. ,

guwﬁ»/énce fﬂ/a/z‘/ans and /?Lr‘iz tons

De-ﬁrwé/on For a geven set 76’ et ] bt an cndex set,
>Acf} Sfor all cel “and A #ﬁjfora,//LeI Then

{f’zj /s called a /Oﬂrt/z‘/m of A /7£
Ca’) 74 UAL p)

(b) A /’A Q/ —’fbfa,// Ldé..[ W/Z&fe b#/

E,emg/e', CA=1442,3455 |
) Ar=4425 Ay= {5, Vf]'/.sa, partition of A,
2} 741" 133, Az=423, 4’} As=4{7 5Jis a partition of A,

Daﬁ/wbon A—M cubset A en a /oaf-bz‘zon 2’74}
s called  a block o,/—tﬁ_e Pafﬁf/on

£

élu&af/on Houw &?’()/Oaf*hf/mg‘ come //pto/a/aﬁ witl
eguwaf&nce r&/a;bons 7 |

‘M/mf/m Let R be an e@wcm/(enca relation on a set A
For each xef, the eguivalence ctass of =, a/efwffa/
LT, /15 d#fﬂéﬂ/ ég,
[2cT= Z/e/i /:Cg)f'Q}

Example. A=Z, R={(x,y): 3divdes (x )}
For AhLs ngafeﬂce /‘ega/ﬁm 7

[o]= 13k: reZ § = 31 [3]= {g 3- y=3m; cmeZi =

L11 = {3k+1: ke Z5, ={3(mt)s meZj=
[2] = €3k+g; ,eelf = 37.

@



| &m&u% ‘we can shonw “that
[47=C17 C5)=r27,.... Mest mfvrz’zz/n"
roj c17, £273 /jrawa’ez a pactition DfZ

Theorem. let R be an eguum/{énce relation on a set A,
- and a:ye/l 7Then

) xe [xT,

6 &,y)e : f and only of LacJ‘-LyJ

() [x]“[g? or [:cjﬂ[g] o,

7?*003[

@) Since Bis refleive +then [, ac)e/? f‘ace—/} and/
hence  ocelT. |

(b) — Let (x,y)e R. Ther, far teli] we have

Gc,t) and (4,5¢) 66/0/7 Z flm,nsufm of R,
(—t,y)g— R and by < R, g,i—)é/‘? /0{6?
h e that an&ﬂ/f ef [T be/ ang

*io[(y] Le. [acJt:[gJ J’/m//af(/7 wz can Show

Li g] clz]. Therefore [T —[('7] ~

— Lot [xT= /’7 Since xcelX], Then xelisd

Ht means {yx)é R and tence [xgjeﬁ
ce) ‘5%,5 +hat Awo c/we_c are &iﬁer 1dention, or
are &//Sdabﬂ/i

A e that [x]#[yj A&t us S/LOM/'ZﬁG/{' then
[ac]/)[y] &.
M rxanty1# & then there exsis telxInty ]
Henee |, “rx,+) e Rand [y, tJER. We bave
/’I{)éﬁ and /%y/ex? B(y transtvity of £,

lt g JE R Bg part (b), 7t Afollows a2 &J—LJ]

Example. A={1,2,34F, R={17)(22)(33) (49) (3,4)¢3)
fere [11=413 [2]=425 ([37=13,4}=[¥] |




Week 5,

Theorem. Jet # be a set. Then
(a) arny W'm&na relation R on A sndeeces a-
/Dﬂf‘f/'boﬂ of ﬁlj |

‘./Droof. - |
&) het R bt an eguivatence relation X onA.
B parts (a) and [c) %/{fm /@TM/M' Theoresn
| éZ&& element of A bélongs’ to erac ore
- Cclass of eguentence . These c/nsses of eguiva -
Jd ™ |
[/)) Aet 7/745]561_ be a,/om—é/'ﬁ'on of A. ﬁef/'ﬂe
rebaton R on A as follows :

R= {(:x,g).‘ x and -Ae/oﬂgfo—h& same.
‘block o partition %[‘Aj
we have: - | |
— Yoce A Fiel st e A Then (X, ) e L.
Hence R /s reflessve.
- Au",[.:r,OL/)&rQ => x and y belong o A forsome
d'=7 / and o b,'o/on(7' A => Cylzjélg
Hence R s o el C | '

(’éo 7@ ﬁfsome /o /f&m:e Vs and 2 5@/0/75 %

- . : re, x and 2 be fon
“+to e samme :{/ Menee /;7?/&/@, Lo, B 'ﬁzzﬂsﬁ/j're.

Note that — R=@pAI A A )0..... Uy A,) =
= U (7415 )(7'4; ) | 5
cel

€D



Week £

fom//ar?. For Mﬁ set A, there /'s a one-t>-one
BorrespondeﬂCe betlween the sei |

elads , T of ZWVQ/MQ,»
relations on A and the set 07[ partitions ef A. |
froblem . Let ’4¢¢, BcA . Let Rbe a bin relatsor
on the set of all subsels 07[74, denoted PHA), swch that
| [X,l’)é R rf XY A and BrAX=BnY.
| @A) Show that R /s an egaJVa&nCe re/at’on on PA)
() If #A=4423) and B= 442}, fird the partition
- of PA) indaced by R.
Cc) If A=4423455 and B= 44,2,3] pndd [XT5 1f
X=44357 -
W ) For A= 5423455 and B=442,37, how 7212y
- €quavatence classeS aqre in he pertifion
/“ﬁiZCed by R. . o
Soletion. - |
(a) a,Xjép s/nce BAX=BX => Rss /"egqer'(/'l/—e_
(X r)eR => BAX=BNY => BOY=£/X => ¥ X)eRr=>
R s ch |
foy)eR, (K2R = BaX=BnY=BNZ =2 (X, Z)eR =
/ g Ris transitive.
(5) Pra)= 4415, 125,435 142} 42,33 4435 44233 2}
[473] = [{4 337
L435] = £42,33]
1337 = [&]

L4251 = [%42,35] ;
fartition of PH) jnduced by RS

A =f415, 443%), As=142] 1257 fls=/f3£,?f/,‘ﬂy:{ fzzif/,zéi

(b) X=443 55 e AA) |
XI=A{YeRH): (xx)e RI=1YeTSH): XNB=rNBj =
—4yePA): Yniya3f= 44355=>

11,35, {139, {1356} 11345) e [X].

@




| WeekS
Frodect and Swm of Fartit/ons. o

[et T, and ftg be ﬁvD /oar'l‘/‘t/'oos of a set A. Let
R and Ry be the ,cornﬁspoﬂc//‘/z?_ ggm*yafeﬂcg relations.
D@fr‘m‘ﬁm. Wwe fay that T, /s @ r‘%[/'ﬂ,gﬂygnz‘ 9(,/22)
q’eﬂm‘e&/ ,fsz/ £, of Rchy. //7 other word, of 2y
o et o o e sty ey el ot
same block of . ek 07[52’ must afo be in the
Lrample. A=4a,bc,defl Let - |
Jy=1{1a,bJ, (e, de] f]5 and H=11ta, 4,43 {c,d,ers
be two partitions of A. We have < Ty, |
Lot cen 7:,-,,;/ equivalence  relations R, and Ry
correspondn > Iy and . we have »
8= 1 a,2), %), (b2), (5,8 (67} (c,c) (©E @o), @),
f Be), o) (6,86, Ef)F |
/?,z = {[Q,a/)/ (@, 4), [Q/jf), [5/‘.7’}/ (4 b)/ (Z/fj/ 6(/4)/ g/ 6)/ g’fJJ
(orc) (6d) ©e), (dc), Gd), (@e), (6c),Ed), lee)]
We see that K, C'Ql.‘. | | -

- Deppition. The product of tuo Pa/'b tions T, and Ay

7o sot A, denoted T, T, 1's the partition A
7 ? e %’V@/eﬂce, fe/a,é/ o A’,%ﬁ[/%

 orresporching to the Z
/n atéf Sords, JbeJg 1's The /oafbboo of 7

such that two elements a and b are s The S@M€

block of J,oTp of a and b are /nthe <arme block
07[<7Z/ Mﬁ/ also” o the same block ef 779

A=44234 53 F,=1 5195, 12,35 153,
Jp=f492%, 13577.

T = {149) 123, 433, {577 |

8= 1000,094059 0403 8263, B

Bo- 104040013, 149, (9%, 161 &%) (32, 158 860

RAR=4Ct4), (19) (41,4 9), (23 (3,3) (55F
The partition corres onding to RANRy /s C/m,/é/ 7,0 Ty .

Exam, ple.

5



Week 5.

To defrne the swem @f two /an,r-h‘vi-/'on, we need
one additiono/ definition. | .
Detfinition. Let R be a b/‘/?ﬂ/‘f reletion on A. Tke
tnsitive ettepsion of B Cdenoted &, /sa &N
rolation on A such that Rck and moreoves
f (2, b)eR and (4 c)eR then (a,cleky. |

M' A= 7/4/ b¢, ‘/j

Rlglbleld] Rlal bl cld
ad ¥ _?:_,,,,LD_{V‘
'S P B %4 p| |V VIV
c | A C/L’y’4

1) /V;@- that _l?i /s not necessar ‘ Ws‘éﬁt/e.
2) Note that f R /s tmnsitive then R=F,.

Definition. Let Ry denote the +transitive extensipn

| 07£’@ and i'n ?mzf‘a,/) /&f ,P W A
/. ) ; [-/-/ %& m i7' .
 denoted R /s VR . | sure f =,

Example. et A and R be the same as o the previow

example.
/% o b\/ \C/i/ Since ;@ /58 W&LZ‘?VQ Then
_b—_ \/ — V/ )?3 ::,P-Z/ Pf/:@/ vy ,e?:&~ ‘Vﬂzz.
el Tade]  Thercpre R'-Ruk =R,

Defrnition. W swm of oy and Jo, denotes/ T, +T |
/s the parktion aorres/oona&% o The eguivelence
 relation (,Q/ UR )* - ‘

@



