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1)
a) First we find the solution of the corresponding homogenous D.E.

y' =2y =3y =0,
which has the C.E.
r?—2r—3=(r—3)(r+1)=0.

Hence
yn(x) = 1 + ce™®, ¢}, ¢y = constant,

and we assume
y, = Ae*”

for the particular solution. Thus ' = 24e?® and y” = 4Ae*® and substituting into the D.E. yields
4Ae* 4 2(2Ae*) — 3(Ae*) = 3e**

Thus —3A = 3 and A = —1, yielding
T 2x

y(x) = c1e® + e —e

b) Homogenous solution
yn(x) = 1 + cae™**, ¢,y = constant.

Initially we assume
yp = A+ By sin 2z + By cos 2.

However, since a constant is a homogenous solution of the D.E. we must modify y, by multiplying
the constant A by z and thus the correct form of y, is

yp = Az + By sin 2z + B, cos 2x.
If we take the derivatives if y, and substitute into D.E. the coefficients of the similar terms give
A=3/2, By=By=-1/2.
c) Homogenous solution

yn(x) = cre™® + care™™, ¢y, ¢y = constant.

Assume
Yp = AZEQG_QC,
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so that y, = 2Are™" — Az%e™® and Yy, =2Ae™" — 4dAze™" + Az%e~®. Substituting in the d.E. gives
(Az? — 4Ax +2A)e ™ + 2(—Az? + 2Ax)e " + Az?e ™ = 277,

Note that all terms on the left involving 22 add to zero and we left with 24 = 2 or A = 1. Hence

y=cre "+ coxe "+ x2e ™,

d) Assume that
yp = (Az + B)sin2z + (Cx + D) cos 2z
which is appropriate for both terms appearing in R(z). Since none of the term in y, is the homogenous

solution, we do not need to modify y,.

Ans.: y = ¢ cosT + cosinx — 2z cos2z — 2sin 2z, ¢, cs = constant.
3 9 ) )

e) C.E. of the corresponding homogenous equation is 7% + r + 4 = 0. Hence,

yn = e~ %%[cy cos(V15 £/2) + ey sin(vV15 2/2)], ¢1, co = constant.

By using the given hint, assume y, = Ae” + Be™. Since neither e” and e™* are solutions of the

homogenous equation, then there is no need to modify y,. Differentiating y, and substituting in the
D.E. yield
6Ae” +4Be " =" —e .

Hence, A =1/6 and B = —1/4. So the general solution is
y = e ?[c; cos(V15 1/2) + cosin(V15 2/2)] + (1/6)e® — (1/4)e™.

2)
a)

yn(x) = cre”* 4 cpe®, ¢y, o = constant,

so for the particular solution we assume y, = Ax + B. Since neither Az nor B are the solutions of
the homogenous equation it is not necessary to modify y,. Substituting y, in the D.E. we obtain

A—-2(Ax+B) =2
Then the coefficients of the similar terms give A = —1 and B = —1/2. The general solution is
yn(x) = cre™* 4 cpe” —x —1/2.

[.C. y(0) = 0 and ¢/(0) = 1 imply ¢; + ¢ — 1/2 = 0 and —2¢; + co — 1 = 1 respectively. Solving ¢;
and ¢y from above equations gives ¢; = —1/2 and ¢ = 1.

b) yn(z) = c16* + e ™, «¢1,co = constant. The particular solution is y, = (A = Bz)e*.
Substituting y, in the D.E. and equating the coefficients of the similar terms give A = —2/3, B = —1.
Initial conditions imply that c_1, ¢y = 2/3 Therefore the general solution of the given I.V.P is

y(x) = e +(2/3)e™ — [(2/3) + x]e**.

3)
a) yn(z) = cre73® + ¢y, c1,co = constant. After inspection of the right hand side of the D.E. R(x),
we assume

Yp = (Agz* + A1z® + Agx® + Asx + Ay) + (Box® + Biz + By)e ™ + C'sin3z + D cos 3z.



However, since e 3 and a constant are the homogenous solutions, we must multiply the coefficient

of e73* and the polynomial by z. The correct form is

yp = o(Agx" + A12® + Aga® + Azz + Ay) + 2(Box® + Bix + By)e ™ + C'sin 3z + D cos 3.

b) yn(x) = e *[cicosx + casinz], ¢y, co = constant. From R(x) we can assume
Y, = Ae™® + (Box® + Byx + Ba)e “ cosx + (Coz® 4+ Ciz + Co)e * sin z.

Since e ¥ cosx and e *sinz are the homogenous solutions of the D.E.; it is necessary to multiply
both of these terms by x. Hence the correct form of the y, is

Yy, = Ae™" + 2(Box® + Bix + Ba)e * cosx + 2(Cox® + Cra + Co)e “sinx.
c) yn(x) =e ey cos2x + cosin2zx], ¢y, co = constant. From R(z) we can assume
Y, = (Aox + Ay)e " cos 27 + (Box + By)e “sin 21 + (Cox + C1)e > cosz + (Dox + Dy)e ** sin x.

Since e”*cos2x and e ?sin2x are the homogenous solutions of the D.E., it is necessary to multiply
both of these terms by x. Hence the correct form of the y, is

Yy, = o(Aox + Ay)e " cos 2z + x(Byx + By)e “sin 2z + (Cox + Cy)e > cosz + (Doz + Dy )e ** sin .

4)
a) First solve the corresponding homogenous D.E. 3" — 3" —y/+y = 0. Its C.E.isr3 —r2—r+1 =0
with the roots r = —1, 1, 1. Hence,

yp = 1€ " + ce” + c3xe®, ¢y, ¢, c3 = constant

Using the superposition principal, we can write a particular solution as the sum of particular solutions
corresponding to ¥y —y” —y' +y =2e ", and y" —y" — ¢’ + y = 3. Therefore y,, = Ae™*, but e”*
is a homogenous solution so we should multiply by . Thus y,, = Aze™®. For the second equation
Yp, = B since the constant is not a homogenous solution there is no need to modify y,,. Therefore
a particular solution of the given D.E. is y, = y,, + yp, = Aze™™ + B. The constants A, B can
be determined by substituting y, into the D.E. and we obtain A = 1/2 and B = 3. Therefore the
general solution of the given non-homogenous equation is

T

y=cre "+ cee” + czxe” + (1/2)ze™ + 3

b) The C.E. of the corresponding homogenous equation y"” + 4y’ = 0 is 7> + 4r = 0 with roots
r =0, =4 2¢. Hence

Yn = €1 + Cco082x 4+ cgsin2x,  c¢1, Co, c3 = constant

A particular solution y, = Az + B, but since constant is a homogenous solution, we should multiply
Yp by x and assume y, = v(Ax + B). The constants A, B can be determined by substituting y, into
the D.E. and we obtain A = 1/8 and B = 0. Thus the general solution is

Yn = 1 + ¢y cos 27 + c3sin 2x + (1/8)z%.

Applying the I.C. we find ¢; = 3/16, ¢ = —3/16 and c3 = 0.
5)



a) The C.E. of the corresponding homogenous equation y” — 2y” + 14 = 0is 3 — 2r? + r = 0 with
roots r =0, 1, 1. Hence

Yn = c1 + e’ + c3xe®, 1, ¢, €3 = constant

A particular solution of ¢ — 2y” + v = 2% is y,, = Apx® + A12? + Asx + A; but since constant is a
homogenous solution, we should take

Yp, = .CU(A()SU?’ + A1x2 + AQI‘ + Ag)

A particular solution of ¥ — 2y" +y' = 2¢” is y,, = Be”, but since both e* and ze® are solutions of

the homogenous equation, we should multiply ¥,, by 2% to obtain y,, = Bz?e*. Then
Yp = Upy + Ypy = T(Aox® + Aj2? + Agx + A3) + Ba’e”.
b) The homogenous solution of the corresponding homogenous equation y® — ¢ — y" +y' =0
is
Yp = 1 + cae” + c3e” + cqwe®, ¢, c9, €3, ¢4 = constant

Consider y® — ¢ — 4" + 4/ = 22 + 4 and y¥W — ¢ — " + o/ = wsinx separately. A particular
solution of the first equation y,, = Agx?® + Ajx + Ay but this must be multiplied by x since constant
is a homogenous solution. Hence y,, = x(Agz? + A1z + As). For the second equation y,, = (Boz +
By)cosz + (Coz + Cy)sinz which does not need to be modified. By the superposition principal a
particular solution of the given D.E. is

Yp = Ypy + Upy = 2(Agz® + A1 + Ag) + (Box + By) cosz + (Cox + Cy) sin .
c) The homogenous solution of the corresponding homogenous equation y® + 4y =0 1is
Yp = €1 + 2« + c3sin 2z + ¢4 cos2x, 1, ca, c3, ¢4 = constant

A particular solutions

Yp, = (Arsin 2z + Aycos2z),  y,, = (Biz + Bo)e®,  yp, = C1a’.
By the superposition a particular solution of the given D.E. is

Yp = Ypy + Ups + Ypy = (A1 sin 22 + Ay cos 2z) + (Byz + By)e® + Cya?.
6)
a) The homogenous solution of the given D.E. is

Yn = 1 + c2e” + c3we”, c1, C9, C3 = constant

Since R(z) = 23 + 2%, 23 suggests that the root of the C.E. of g(D) is r = 0 with multiplicity
k = 4, and 2e” suggests that the root of the C.E. of g(D) is r = 1. Therefore, the C.E. of g(D) is
g(r) =7r3(r —1) =0, and hence

9(D)R(x) = D*(D — 1)R(x)

If we apply g(D) on both sides of the given D.E. f(D)y = R(x), we obtain the following homogenous
equation

g(D)f(D)y = 0.



The C.E. of the above D.E. is r(r — 1)(r* — 2r? + r = 0) = 0 with roots r = 0 with multiplicity
k =5 and r = 1 with multiplicity £ = 3. Hence

Yn = €1 + cot + c33? + c2® + st + cge” + crae® + cgrle”.

b) The homogenous solution of the corresponding homogenous equation is y, = ¢ + coe™® 4 cze” +
cyze®, 1, ¢a, c3, ¢4 = constant. Since R(x) = 2?44+ xsinz, the C.E. of the D.E. g(D)R(z) =0
is g(r) = r3(r —i)*(r +4)® = 0. Therefore g(D) = D3(D —4)*(D +4)?, and hence

where f(D) = D* — D® — D? + D. The C.E. of the above homogenous equation is 3(r — 4)%(r +
i)2(r* — r3 — r? + 1) = 0 with roots r = 0 with multiplicity ¥ = 4, r = 4 with multiplicity k = 2,
r =1 and r = —1 with multiplicity £ = 2. Hence

Y = c1 + cox + c31? + c42® + (5 + ce) sinx + (7 4 cgx) cos x + coe” + crpe” " + cywe "

¢) The homogenous solution of the corresponding homogenous equation is y;, = ¢; + cox + ¢3 sin 2z +
c4CO82x, ¢, Co, C3, ¢4 = constant. Since R(z) = sin 2z+xe”+4, the C.E. of the D.E. g(D)R(z) =0
is g(r) = (r — 24)(r + 2i)(r — 1)*>r = 0.Therefore g(D) = (D — 2i)(D + 2i)(D — 1)?D, and hence

where f(D) = D*+4D?. The C.E. of the above homogenous equation is (r —2i)(r+2i)(r—1)?r3(r?+
4) = 0 with roots r = £2i, r = 1 with multiplicity £ = 2 and r = 0 with multiplicity & = 3. Hence

y = (c1 + o) sin 20 + (3 + c47) cos 22 + (c5 + cex)e” + ¢7 + cax + cox?.



