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1)
a) Substituting y = €™ into the D.E., we get the C.E. r*> — 2r + 1 = 0 which gives r; = ry = 1.
Then two L.I. solutions y; = e* and y; = we®. So the general solution is y(z) = c1e® + coxe®.

Or, we can use the method of reduction of order if y; = e*, then the second L.I. solution is of the
form y, = yyv(x) = e"v(x). D.E yields v" = 0. Solving the D.E. for v gives v(x) = ¢; + oz, ¢1,00 =
constant. The general solution of the given D.E. can be obtained from y = e"v(z) .

b) Substituting y = " into the D.E. we get the C.E. 25r? — 20r + 4 = 0 which may be written as
(5r — 2)> = 0. The roots of the C.E. are 11 = ry = 2/5.

Thus, y(z) = c1e*/° + c,2e*/5, ¢}, ¢ = constant.

c) Substituting y = €™ into the D.E. we get the C.E. 72 — 2r + 10 = 0 and hence the roots are
r1=1+4+3i, ro=1—3i. Thus, y(z) = c1€” cos 3z + c2e” sin3x, ¢y, ce = constant.

2)

a) The C.E.is r* +4r +4 = (r + 2)? = 0, which has the repeated root r; = ry = r = —2.
Then the general solution is y(z) = cie 2 + cywe 2, c1,co = constant. Since the 1.C. are
given at * = —1, we can write the general solution as y(z) = c;e™2®*) + cywe 2@+ Then
y'(z) = —2c1e 2@ £ 2c0e 2@+ — 26y2e72( ) and hence ¢; — ¢; = 2 and —c; + 3¢, = 1 which
yields ¢; = 7 and ¢; = 5. Thus the general solution is y(z) = 7e ?* + 5xe™?*, and decaying
exponentially as x — oo.

b) C.E.is 9% — 12r + 4 = 0 and its roots are r; = 75 = 2/3. Therefore, the general solution of the

D.E. is

2x/3 2x/3
)

Y = cie + coxe c1, Cco = constant

The initial conditions yield ¢; = 2 and ¢o = —7/3. Since r > 0, y — 00 as * — 0.
c) C.E.is 9r? + 6r + 82 = 0 and its roots are r; 5 = —(1/3) & 3i. Therefore, the general solution of
the D.E. is

z/3

Y= cle_x/‘g cos 3x + coe” "/ sin 3, ¢y, co = constant

The initial conditions yield ¢; = —1 and ¢; = 5/9. Since the real part of the roots are negative,

y—0asz— oo.

3)
a) Let yo = zv(z). Then yb = v+ zv', y) = zv” + 20" and substituting in the D.E., we obtain

" +40' =0, x>0

If we let w = v’ then we have
zw' 4 4w = 0, x>0

The general solution of the above equation is w(z) = c;z™*, ¢; = constant. Since v’ = w integration
of w(z) yields v(z) = k™3 + kg, ki, ko = constant. Multiplying v with x gives y(z) = kyz72 + k.

T made every effort to avoid the calculation errors and/or typos while I prepared the solution set. You are
responsible to check all the solutions and correct the errors if there is any. If you find any errors and/or
misprints, please notify me.



Therefore the second L.I. solution is y = 272

b) Let y, = yyv(x). Substituting this form of y, in the D.E. gives
2(y1v)" = (y1v)’ + 42*(yr1v) = 0.
On carrying out the differentiations and making use of the fact that y; is a solution , one obtains
zyv” + 22y — y1)v' = 0.
This is a first order linear equation for v’, which has a solution
, x

V=, ¢ = constant.
(sin x2)

Setting u = 22 allows integration of this to get
v = ¢y cot 22 + Co, c1, co = constant.
Setting ¢; = 1 and ¢, = 0 and multiplying by y; = sin z?, we obtain y,(z) = cos z2.
c) Let yo = ev(x). Then y) = e*(v+ '), y§ = e*(v" + 20" + v) and substituting in the D.E., we
obtain the following first order linear D.E. for v':
(x—1W"+(x—2)00"=0, z>1
The above equation has the solution
v = ¢ (z—1)e” @V ¢ = constant.
Setting u = x — 1 and integrating v’ yield
v(z) = ci[—(z —1)e @D — =@V 4 ¢ ¢y = constant.

Hence the second L.I. solution is ys(x) = x.

4)

(m)' _ s —Yiye _ Wiy pe)
Y i vt
Use
W(y1,y2)(x) = Wyexp [— /p(:x)d:x} ) Wy = constant

(i?) Woexp{ /p dx]

Integrating and setting ¢ = 1 ( since the solution y, can be multiplied by a constant) and taking the
constant of integration to be zero, we obtain

in above equation, then

effp(m)dx
pa(@) = () [ o,
Y1
a) p(z)=3/z, and y; = 1/x, and hance
— [ p(z)de 1 rd 1
e x
Yyo(r) = y1(I)/y% dr = 2 T ;lnx.



b) p(x) =1/z, and y; = v7"/?sinz, and hance
e—fp(w)da:

Y3

dx
dr ==z 1/2sma:/ 5— =T 12 cos .

pa(2) =) [
sin®

5)

a) f(D)z" = ap,x™ + nap_12" " +n(n — Day,_2x™ 2 +n(n —1)(n — 2)a,_32"3 + ... + agn!

b) f(D)e™* = f(m)e™*.

c) The CE.isr* -5 +4 = (r? —4)(r*> — 1) = 0. Solving for r, we obtain the four solutions

e’ e %, e e~2*  Since,

e et e2:p 672:):
et —e T 2e% e

W(yluy% 'y3ay4)(‘r) - e e T 4621’ 46—2x 7é 0 (]‘)
T —e % 86290 _86—250

for all x, the four functions form a fundamental set of solutions.

6)
a)
Y1 Y2 Y3 d
/) I ! ! !N ! !/ !N
W= —1wy v v |=—=[nlvays — vays) — v(Vivs — vs5ui) + ys(yiys — yoy))] (2)
dx 17 " " dx
Y1 Y U3
1 Y2 Y3
W' =y (yays — y5'ys) — ve(yrys — ysyi') +us(Wiys —vaud') = | w1 vs s (3)
v s ys

Or, use the fact that the derivative of a 3-by-3 determinant is the sum of three 3-by-3 determinants
obtained by differentiating the first, second, and third rows respectively.
b) Follow the steps given in the problem.

7) This is the generalization of the reduction of order to the third order equation. Just follow the
steps given the question.
a) Let y = e"v(x). Differentiating four times and substituting into the D.E. yields

(2 —x)e"v" + (3 —x)e"" =0

Dividing by (2 — x)e” and letting w = v” we obtain the first order separable equation

w' = x—3w_< 1+ 1 )w
- 2 2)

T — T —

Separating x and w, integrating, and then solving for w yields
w=v"=c¢(x—2)e® ¢ = constant.
Integrating this twice then gives
v=cxe "+ cox + 3

so that
y =ve’ = cx + coxe” + cze”, c1, Ca, c3 = constant,

which is the complete solution, since it contains the given solution y; = €* and three integration
constants.



8)
a) Look for the solution of the form y = e"*. Substituting in the D.E. gives the following C.E.

P =3 +3r—1=(r—1)>=0.
Since we have multiple root with multiplicity & = 2, the general solution is

y(x) = c1e” + cowe” + czx’e”, ¢1, G2, c3 = constant,

b) C.E.is r® + 1 = 0. The six roots of —1 are obtained by setting

r= (=10 = m+m/6 L —0,1,2,3,4,5.

They are
. 3 1 : -3 1
r = 67,7T/6 — \é_ + 257 ro = /l', ry = e5l7r/6 — ;/_ -+ 25
, - 1 : 1
ry = elim/6 7\/3 —i=, r5=—1, Trg= ellim/6 _ ﬁ N
2 2 2 2

Note that we have three pairs of conjugate roots. The general solution is
y(z) = eV3*%[c; cos(x/2) + cosin(x/2)] + e V3/[ey cos(x/2) + ey sin(z/2)] + 5 cos & + cg sin z,

where ¢q, ...cg = constant.
c) CE.is r® —7?2 = 0. The roots are » = 0 with multiplicity k¥ = 2, and 7* — 1 = 0. Hence

r=e"?2 | =0,1,2,3. Therefore, r3 =1, 14 =i, 15 = —1, 14 = —i. The general solution is

y(x) = c1 + cox + c3€® + cqe” " + ey sinx + cg cos x.

d) CE.isr*—8r =r(r3—8) = 0. Therefore, r; = 0 and r® = 8 = 8¢%"™* k = integer. Hence the
roots are .
r=2e*"3 | =0,1,2

2im /3 4ir/3
6 )

T =2, T3 =2 ry = 2e

The general solution is
y(z) = c1 4 2% + e7(c3 cos V3 + ¢4 sin V3x).
e) C.E.is7+8=0,s07%=—8=8¢(™2m [ — integer. The roots are
P =86l t2km/6 1 —0.1,2,3,4,5
Note that, we have three pairs of conjugate roots.
ry = 8Y6ei/6 ) QU6GIT/6 . Q1/65im/6 . QU/6,Tin/6 . Q1/6,9im/6 . _ gl/6,11im/6

Note that we have three pairs of conjugate roots. r; = rg, 7o = r5, 3 = r4. By using the Euler’s
formula, we can write the real and imaginary parts of the roots r; = o; £i3;, j = 1,2,3. Then for
each pair, the solution is y; = €**(c; cos B;x + ¢; sin f;x).

9)
a) C.E.isr®+r =0 and hence r =0, i, — ¢ are the roots and the general solution is

y(r) = ¢ + cacosx + czsinz, 1, Gy, €3 = constant.



y(0) = 0 implies ¢; + ¢, =0, ¢'(0) = 1 implies ¢3 = 1 and 3”(0) = 2 implies ¢ = —2. Use this last
equation in the first to find ¢; = 2 and thus

y(x) =2 —2cosx + sinz.

b) The general solution is
y(z) = 1 + e + c3€** + cyre™

Initial conditions imply that ¢y = =3, ¢ =2, c3=c4=0.



