BILKENT UNIVERSITY
Department of Mathematics

MATH 225, LINEAR ALGEBRA and DIFFERENTIAL EQUATIONS,
Solution of Homework set! # 16

U. Mugan July 16, 2008

1)
a)

2z —3z/2 3 7
20 _—3z/2y _ | € e _ 2 x2 ox/2 oz
W(e™,e ) = 9027 _36—395/2 = 26 2e"" = 26 (1)
b)
xr\ x :L.G:v . x 2 x x _ 2 x
W(z,ze®) = | oo 4 ger | =T TrET —wet =ave (2)
c)
e’ sinx e’ cosx 2%

W (e®sinz, e® cosz) = =—ec (3)

e*sinx +e*cosx efcosx —efsinx

2)
a) If v+ p(x)y + q(x)y = g(x), then for the given equation

3 4 sin x

pla) =" qle) = ola) = S5

So, only point of discontinuity of the given differential equation (D.E.) is z = 1. By the existence
and uniqueness theorem the largest interval is —oo < x < 1. Since then initial point is at zog = —2
which is contained by the interval.

b) p(x) =cosz, g¢(x)=3In|z|, g(x)=0.So, the largest interval is 0 < z < oo which contains
the initial point zy = 2.

Q) pla)= 1. ale)=tanz,  glr) =0

So, point of discontinuity of p(x) is + = 2 and the points of the discontinuities of tanxz are
r = +(2n + 1), n = integer. Therefore, the largest interval which contains the initial point is
2<x<3m/2.

3) If you take the derivatives of y;(x) = 1 and substitute into given D.E. equation is identically
satisfied. Similarly, for y,(z) = 2'/2. If y = ¢; + co2'/? is substituted in the given D.E., we get

1
—fclch_?’/2 =0

which is zero only if ¢; = 0 or ¢o = 0. Thus, the superposition of two L.I. solutions is not, in general
a solution. Note that the D.E. is nonlinear.

T made every effort to avoid the calculation errors and/or typos while I prepared the solution set. You are
responsible to check all the solutions and correct the errors if there is any. If you find any errors and/or
misprints, please notify me.



4)

W(e2x’€73x/2): f 5/ Qez (4)
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1
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We have a linear first order equation in g(x), its integrating factor is p(z) = 1/z, and thus the
solution is g(z) = we® + cx, ¢ = constant.

5)

a) If one substitutes y;(x) = cos2x and its derivatives into given D.E., equation is identically
satisfied. Similarly, if one substitutes y;(x) = sin 2z and its derivatives into given D.E., equation is
identically satisfied. So, y; and y» are the solutions of the given differential equation. Since,

W (cos 2z, sin 2x) = 2 cos® 2z + 2sin® 2z = 2 #£ 0

So, y; and y, form the fundamental set of solutions of the given D.E.
b) For y; = = we have,
22(0) — 2(x +2)(1) + (x + 2)x =0

and for y; = xe”
2} (x4 2)e" —z(z+2)(z + 1)e” + (v + 2)ze” =0

So, D.E. is identically satisfied for both y; and y,. Since
W(x,ze") = 2%e* #0 for x>0

So, y; and y, form the fundamental set of solutions of the given D.E.

6)
a) Assume y = €™ where r =constant and to be determined, which is substituted into D.E. to
obtain the characteristic equation (C.E.)

72 +5r =0
So, the roots are r; = 0 and ro = —5. Thus the general solution is
y(r) = 1% + o™ = ¢1 + e, c1, Co = constant.

b) The C.E. is 72 — 9r + 9 = 0. So the roots of the C.E. are

1
rip= (9 3V5)

Hence the general solution is

(0+3vE)w/2 | 026(9—3\/5)I/27 ¢1, co = constant.

y(x) = cre
c) The C.E.is 2r* — 3r + 1 = 0. So the roots of the C.E. are

1
7"1,2:17 5



Hence the general solution is

y(a:) = Clex/2 + co€”, c1,Co = constant.

3 The C.E. is r* + 4r +3 = 0. So the roots of the C.E. are
rn=-1, 1ryo=-3
Hence the general solution is
y(z) = cre™® + cpe™ ¥, 1, co = constant.
If we take the derivative of y(x)
Y (r) = —cre™" — 3cpe™"

Substituting = 0 into y(z) and y'(x) gives the following equations for ¢; and ¢y
1+ ¢ =2, —c1 — 3¢ =—1
Therefore, ¢c; = 5/2, ¢ = —1/2. Hence, the solution of the I.V.P. is

) 1
y(z) = ie_x - 56_3“:.

b) The C.E. is 72 + 8 — 9 = 0. So the roots of the C.E. are

r=1, ro=-9
Hence the general solution is
y(x) = cr1e” + ce™”, 1, co = constant.
If we take the derivative of y(x)
Y (z) = cre” — 9cpe™ "

Substituting z = 1 into y(x) and y'(x) gives the following equations for ¢; and ¢,

cre + coe™? = 1, —c1e—9ce™? =0

Therefore, ¢; = (9/10)e™!, ¢y = (1/10)e. Hence, the solution of the L.V.P. is

1

=10 (96’161 + ege’%) .

y()

8)
The general solution of the given D.E. is (you can find the general solution as follows: substitute
y =€ int D.E. and get the C.E. and then find the roots of the C.E.)

y(z) = y(x) = cre™® + e, c1, ¢y = constant.

By using the initial conditions, we obtain

c1+ e = q, —c1+2c =2



By adding these two equations for ¢; and ¢y we find,
3o =+ 2
If y(z) approaches to zero as © — 00, ¢ must be zero. Thus o = —2.

9)

a) Look for the solution y = €"®, r =constant. Substitute y into D.E. and get the C.E. r2—2r+2 =0
which has the roots 1 = 1+ and r = 1 — 4. Thus the real part of » is A = 1 and the imaginary
part © = 1. So the general solution is

Yy = cre’ cosx + e’ sinx c1, co = constant.

b) In this case the C.E. is 972 + 97 — 4 = 0. The roots are r; = 1/3 and ro = —4/3 and then the
general solution is
Yy = 163 4 coe™42/3 c1, Co = constant.

c) C.E.is 4r? +9 = 0. The roots are 7; = 3i/2 and ry = —3i/2 and then the general solution is

y = ¢y cos(3x/2) + ¢y sin(3x/2) ¢1, co = constant.

10)
a) C.E.is r?+4r +5 =0 which has roots r; = —2 4. Thus,

Yy = cre 2 cost + e Fsing c1, co = constant

and

Y = (—2c; + ca)e * cosx + (—cy — 2c9)e” P sina

so, that y(0) = ¢; =1 and y/(0) = —2¢; + ¢2 = 0 or ¢ = 2. Hence,
y = e **(cosx + 2sinx).

Since the real part of the roots A is —2, the amplitude is exponentially decaying. Hence, y — 0 as
T — 00.
b) C.E.is r? + 2r + 2 = 0 which has roots r; = —1 4. Thus,

y=-e “(cpcosx + casinx) c1, co = constant
Since the I.C. are given at zp = 7/4 we assume
Yy = e_(m_”/‘l)(cl COS T + Co SIN ) 1, cy = constant

SO

y = —e @ (¢ cosx + cysinz) + e (—¢y sinz + ¢y cos ).

Thus,
\/5%+\/§%:2

and —v/2¢; = —2 and hence
y =2~ @ D (cos x + sin z).



11)
a) According the notation we used in the lecture, for the given D.E.

p(z) =z, q(a:):e_x2>0, for —co <z <00

Then

q +2pq 0
2q3/2 -

Hence the D.E. can be transformed into an equation with constant coefficients by letting

z=u(x) = /ql/de = /e’mz/zdx

Substituting z = u(z) in the D.E., we obtain the following D.E. for y(z):

d?y
Sy =o.
dz? Y

The general solution of the given D.E. is y = ¢; cos z 4 ¢5 sin z where z = [ e /2.
b) In this case
z?—1 )
p(z) = , q(z)=2">0, for —oco<z<o0
x

Then,
q +2pg !
2q3/2 -

Hence the D.E. can be transformed into an equation with constant coefficients by letting

2

z:u(x):/qlﬂdx:/xd:v:%

Then the D.E. in y(2) is
Py | dy

The solution of the above D.E. is
3 3
y(z) = e */? (cl oS \g_z + ¢y sin \g_z> .
Therefore, the solution of the given D.E. is

3 3
y(z) = e/ (cl cos \fl_ﬁ + ¢y sin \Z_ﬁ) :

12)  Write the given D.E. in normal form, the

Thus



will transform the given D.E. into

d?y
@‘f“ (O./— 1)

dy

dz+ﬁy:0.

Note that sice [ is constant, it can be neglected in defining z (z in general contains an arbitrary
integration constant).
a) If we let z = Inx then we have

d?y
— = 0.
dz? +y
Since, « =1 and # = 1. Thus, y = ¢; cos z + cgsin z with z =Inx, x > 0.
b) Let z =Inz and since & = —4 and 3 = —6, then we have
d’y _dy
— —5—=—06y=0.
dz? dz Y

The general solution of the above equation is

- 6
y=cre 4 e,

c1, Co = constant
Hence the general solution of the given Euler’s equation is

Y = clx_l + 02376.



