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Abstract

The singular point analysis of fourth order ordinary differential equations in the non-
polynomial class are presented. Some new fourth order ordinary differential equations
which pass the Painlevé test as well as the known ones are found.
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1 Introduction

Painlevé and his school [1-3] studied the certain class of second order ordinary differential
equations (ODE) and found fifty canonical equations whose solutions have no movable critical
points. This property is known as the Painlevé property. Distinguished among these fifty
equations are six Painlevé equations, PI-PVI. The six Painlevé transcendents are regarded as
nonlinear special functions.

The fourth order equations of Painlevé type

y W =F(z,y,9,9" 4", (1.1)

where F'is polynomial in y and its derivatives, were considered in [4, 5, 6, 7, 8, 9, 10, 11, 12].
Third order polynomial type equations with Painlevé property were investigated in [4, 5, 6,
11, 13]. Non-polynomial third order equations of Painlevé type were studied in [14, 15, 16].
Some of the fourth order non-polynomial equations possing Painlevé property were introduced
in [10, 17, 18, 19, 20, 21].
In this article, we consider the simplified equation associated with the following fourth order
differential equation
y(4) s yly/// + o (y//)2 + o (y/)zy// + o (y/3)4
Y Y Y Y

+F(z, .9, 9", y"), (1.2)

where aj, j = 1,...,4 are constants are not all zero. I’ may contain the leading terms, but all
the terms of F are of order €2 or greater if we let z = (y + et where (y is a constant, € is a
small parameter and t is the new independent variable, and the coefficients in F' are locally
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analytic functions of z. The equation of type (1.2) can be obtained by differentiating twice the
leading terms of the third (or fourth) Painlevé equation and adding the terms of order —5 or
greater as z — zp (i.e. in the neighborhood of the movable pole zy) with analytic coefficients
in z such that: i. y = 0, oo are the only singular values of equation in y, ii. The additional
terms are of order e 4 or greater, if one lets z = (o + et

If we let, 2 = (o + et and take the limit as ¢ — 0, (1.2) yields the following ”reduced”
equation:

. .‘y‘ . 2 . 2.. . 4
i :alyy+a2(i) —|—a3(y)2y—|—a4(zz),’ , (1.3)

where "= d/dt. Substituting y = yo(t — to)® into equation (1.3) gives

(a1 + ag + a3 + ag — 1)a® — (3a1 + 2az + a3 — 6)a* + (2a; +az — 11)a +6 = 0. (1.4)

Depending on the coefficients of (1.4), we have the following three cases. In the case of single
branch, let

a1t+as+az+ags—1=0, 3a1+2a2+a3—6=0, 2a;+a—11#0, (1.5)
and the root of (1.4) be a =n € Z — {0}. Substituting
y X yo(t —to)* + Bt —to) T, (1.6)

into (1.3), we obtain the following equation for the Fuchs indices:

r(r+ 1){r? = [(a1 — 4)n + 7)r + 6} = 0. (1.7)
So, the Fuchs indices are rg = —1, r1 = 0, r9 and r3 such that
ro+rs= (a1 —4)n+7 and rors = 6. (1.8)

In order to have distinct indices, (1.8.b) implies that (re, r3) = (1, 6), (2, 3), (=2, —3). From
the equations (1.4), (1.5), and (1.8) , one gets the following 3 cases for (a1, az, as, a4):

6 12 6
1. (al,ag, as, a4): <4,3—, —12+,6—>, (1.9)
n n n
2 2 10 6
2. (al,ag,ag,a4)—<4—,3—,—12+,6—), (1.10)
n n n n
12 18 6
3. (a1, ag, as, a4) = (4 - —,3+—,-12,6— ) , (1.11)
n n n
respectively.
In the case of double branch, let
a1 +ag+az+ag—1=0, 3a1 4+ 2a2 + a3 — 6 # 0, (1.12)

and the roots of (1.4) be a3 = n and ag = m such that n # m, and n,m € Z — {0}. Then the
equation (1.4) implies that
6 1 1
3a1 + 2a2+a3 —6=——, 11—2(11—0,2:6<+). (1.13)

nm n m



Non-polynomial fourth order equations which pass the Painlevé test 3

Similarly, substituting (1.6) into (1.3) gives the following equations for the Fuchs indices rj;, j =
1,2,i=0,1,2,3

ri(ri +1) {7“% — (a1 —4)n+Tr1 +6 — ?Z} =0,
(1.14)
ro(re + 1) {r% —[(a1 —4)m + Tro + 6 — 6::} =0,

for a1 = n and as = m, respectively. Therefore rjp = —1 and rj; = 0, 7 = 1,2. In order to
have distinct indices, if rj27;3 = pj, then p;, satisfy the following Diophantine equation
1 1 1
RN 1.15
pr p2 6 (1.15)
Among the solutions of the Diophantine equation (1.15), (p1, p2) = (3, —6), (4, —12), (5, —30),
(8, 24) and (12, 12) are the only ones lead to distinct Fuchs indices (resonances).
When (p1, p2) = (3, —6), the distinct integer resonances for the first branch are (ryo, ri3) =
(1, 3). Then (1.14.a) implies that

r12 + 713 =7+ (a1 +4)n =4, r12r13 = 6 (1 — %) =3. (1.16)

The equations (1.16) give

3
a=4——, m = 2n. (1.17)
n
respectively. (1.14.b) implies that, ra2 4793 = 1 and reareg = —6, and hence the distinct integer

resonances for the second branch are (22, 723) = (—2, 3). By using the equations (1.12.a) and
(1.13), one obtains the following case

3 3 15 3 9 3
> (1.18)

4. (alu az, az, CL4): (4_73_) _12—'_7_727 6_7—’_72
n n n n non
with the resonances (r11, 12, r13) = (0, 1, 3) and (ra1, 722, r23) = (0, —2, 3).
Similarly, when (p1, p2) = (4, —12), the resonances for the first and second branches respec-
tively are (r11, 112, r13) = (0, 1, 4) and (ra1, 722, r23) = (0, —3, 4) and we have the following
case

(1.19)

n n  n?

2 4 14 2 8 2
5. (alaa2va3,a4):<4_73—,—12+—2,6—+ >
n n n

When (p1, p2) = (5, —30), by using the similar procedure, one obtains the following case

13 1 1
> ; Ty > (1.20)

1
6. (a1, az, as, as) = (4—n,3—n, _12+;_ﬁ’ 6_5 o
with the resonances (r11, 712, r13) = (0, 1, 5) and (ro1, ro2, re3) = (0, —5, 6).
When (p1, p2) = (8, 24), distinct integer resonances for the first branch are (ri2, riz) =
(1, 8), (2, 4), and (—2, —4), but only the resonances (2, 4) leads to distinct integer resonances
for the second branch. Hence, for this case the resonances are (rii, r12, r13) = (0, 2, 4),
(7“21, 292, ?”23) = (0, 4, 6), and

2 2 4 2
! ) : (1.21)

1
7' (a17a27a35a4):(4_73_,—12++2,6——
n n n n
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For (p1, p2) = (12, 12), both branches have distinct integer resonances when the resonances
for the first branch are (ri2, 713) = (3, 4). Then the coefficients a;, j = 1,...,4 and the
resonances are as follows:

6 6
8. , a9, a3, =(4,3 -124+—,6—— |, 1.22
(al as, as a4) ( + 2 7”L2> ( )

(rj1, rj2, 753) = (0, 3, 4), j=1,2.

In the case of three branches, i.e. aj+ag+asz+aq # 1, let the roots of (1.4) be vy = n, ag = m
and a3 = [ such that a; # o, © # j, and n,m,l € Z — {0}. Then the equation (1.4) implies
that

nml’ m m

1 1 1
6—3@1—2a2—a3:6<+ + >
nl

ml  nm

6 1 1 l
a1 +as+az+ag—1=—— 11—2al—a2:6<++>,
" (1.23)

Substituting (1.6) into (1.3), we obtain the following equations for the Fuchs indices r;;, j =
1,2,3,i=0,1,2,3

ri(r +1) {3 = (@1 = 0 + 7)1 +6 (1 - %) (1- ?)} —0,

m m

ra(r2+1) {rd = [l = m+ 7 +6 (1-2) (1) } =0, (1.24)

n

7“3(7“34-1){7"%—[(a1—4)l—|—7}r3+6<1—WZ) <1—i>}= :

for a1 = n, as = m and ag = [, respectively. Therefore, first two resonances for all three
branches are 7jo = —1 and r;; =0, j = 1,2,3. If we let p; = rjor;3, then the equations (1.24)
imply that

p1:6(1—%) (1—%), p2:6<1—%> (1—?), p3=6(17ln) <17i> (1.25)

and hence p; satisfy the following Diophantine equation

5011

Y=o (1.26)

b O

Equation (1.26) implies that at least one of p; is positive integer. Let p; > 0, since

(m —n)?(l —n)*(l —m)?

n2m?2(?

pipaps = —6° : (1.27)

if we let po > 0, then p3 < 0. Among the solutions satisfying the condition py, po > 0, and
ps < 0 of the Diophantine equation (1.26), (p1, p2, p3) = (6, N, —N) where N € Z, is the
only one leads to distinct integer resonances for all three branches. If we let

(m—n)(l—n)(l—m)

A=6
nml

, (1.28)

then equations (1.25) respectively give

An —pim+ pil =0, pon + Am — pol = 0, —p3n + pgm + Al = 0, (1.29)
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and thus

X = —(p1p2 + pap3 + P1p3)- (1.30)
Therefore, when (p1, p2, p3) = (6, N, —N), A = £N. For A = N, (1.29) implies that n = 0
and m = [. Similarly for A = — N,

(6 — N)n l_(6+N)n

12 12
provided that N # 6, and (6 £ N)n/12 are integers. Since p; = 6, then the possible integer
resonances for the first branch are (ri2, r13) = (1, 6), (=2, —3) and (2, 3). When (712, r13) =
(1, 6), there are no integer resonances for the second and third branches. Therefore, we have
the following two subcases: When (r12, 113) = (=2, —3), the equation (1.24.a) gives

r12 + 713 = (al — 4)n +7=05. (1,32)
Thus, a; = 4 — 12/n. Similarly, (1.24.b) and (1.24.c) respectively imply

rog + 123 =1+ N, roora3 = N,
r32 +133 =1— N, r3or3z = —N.

(1.31)

(1.33)

Therefore, the resonances for the second and third branches are (rag, r23) = (1, N) and
(r32, 733) = (1, —N), provided that N # 1. The coefficients as, a3, and a4 can be determined
from the equations (1.23). Thus we have the following case:

12 216 + 18 N2 1728 1728
9. —(4-=3-—"—T"" 12 -
(ala as, as, CL4) < n ) (36 — N2)7’L 5 + (36 — N2)Tl (36 — N2)n2 5 (1 34)
6 6N2 — 1080 N 1728 846 '
(36 — N2)n ' (36 — N2)n2 (36 — N2)n3 )’

such that N € Z; — {1, 6}, and n, % are non-zero integers. It should be noted that, as

N — oo this case reduce to the third case given by (1.11).
When (r12, r13) = (2, 3), by following the similar procedure we obtain the following case:

2 2k? — 26 58 — 10k? 48
10. = 4= .3+ 75, 12 -
(a1, az, as, as) < 9T 1—k)n’ + (1—-k)n  (1—k%)n2’
(1.35)
6+6k2—30+ 48 24
1—=k)n  (1-k)n> (1—k*nd )’

where k = N/6, k € Z, — {1, 6} and provided that n, % are non-zero integers. It should
be noted that, as k — oo this case reduce to the second case given by (1.10).
Moreover, as n — Foo we have the following case:

11. (a1, a2, a3, as) = (4, 3, —12, 6). (1.36)

Thus, we have eleven cases, (1.9), (1.10), (1.11), (1.18), (1.19), (1.20), (1.21), (1.22), (1.34),
(1.35) and (1.36) and all the corresponding equations pass the Painlevé test. Moreover, if one
lets u = 9/y, (1.3) yields the following third order polynomial type equations:

U= (ay — 4)uil + (az — 3)02 + (3a1 + 2as + a3 — 6)u’u 4 (a1 + as + a3 + aq — 1)ut. (1.37)

For the case 11, (1.37) yields @ = 0, and for the cases 1-10 (1.37) yields a equation of Painlevé
type with leading order o = —1, and ug = n, i.e. u = n(t—tg)~! ast — tg. The equations in u
obtained form (1.37) for the cases 1-10 were examined by Chazy [13], Bureau [4] and in [6, 11].
In the following sections, the ”simplified equations” that retain only the leading terms as

z — zg will be considered for a = —4, -3, —2 and —1 with positive distinct resonances, and
some simplified equations for @« = —4, —3, —2 with negative resonances.
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2 Leading order a = —2

Equation (1.2) contains the leading terms for any o =n € Z— {0} as z — zp, if we do not take
into account F'. In this section, we consider the case &« = —2. By adding the terms of order
—6 or greater as z — 2y, we obtain the equation

/11 2 N2, 11 4

Y Y)Yy Y
v = a1 (yy) +a3( ;2 +ay (y§ +biyy +b2(y ) +bsy + Fu(y, o, ",y 2) (2.1)

where b;, 1 = 1,2,3 are constants and F} contains the terms of order —5 or greater as z — zp.
We consider the case of F} = 0, i.e., the simplified equation for o = —2.

Suppose that (1.9), (1.10), (1.11), (1.18), (1.19), (1.20), (1.21), (1.22), (1.34), (1.35) and
(1.36) hold, and substitute y = yo(z — 20) "2 + B(z — 20)" 2, into (2.1) with F; = 0. Then we
obtain the following equations for the Fuchs indices r and g

Q(r) = (r + D[r® + (2a1 — 15)r? — (20a; + 12az + 4asz + biyo — 86)r (2.2)
+2[48a1 + 36as + 24a3 + 16a4 + (3[)1 + 2b2)y0 — 120] =0, )

bsyg 4 2(3by + 2b2)yo + 4(12a; + 9as + 6asz + 4as — 30) = 0, (2.3)

respectively [22]. (2.3) implies that, in general, there are two branches if b3 # 0. Now, we
determine ypj, j = 1,2 and b; for each cases of (a1, ag, a3, as) such that one branch is the
principal branch, i.e. all the resonances are positive distinct integers (except rg = —1). If
ro = —1 and rj;, i =1, 2,3 then (2.2) implies that

3 3

Zrﬁ = *(2@1 — 15), Z T§iTik = *(20@1 + 12a9 + 4as + blij — 86),

= ke (2.4)
H rji = —2[48a1 + 36ag + 24a3 + 16ay + (3by + 2b2)yo; — 120,  j=1,2

provided that the right hand sides of (2.4) are positive integers for at least one of yg;. According
to number of branches, the following cases should be considered separately.

Case 1. b3 = 0: In this case, there is one branch.

For the case 1, (a1, ag, a3, ag) = (4, 3— %, —12 + , 6 — f) (2.4) gives

& 24
ri =1, rir; = 18 + — — biyo, ry =124+ — 2.5
; 7 Z; il + n 1Y0 H ) + ( )
i
In order to have a principal branch, n takes the values of +1, £2, +3, +4, £6, +8, £12, +24.
Among these values of n, only for n = —6, —2 there exists a principal branch with the reso-
nances (ri, r2, 73) = (1, 2, 4) and (0, 1, 6) respectively. Then, b; and by can be determined
from equations (2.5.b) and (2.3) respectively. For n = —2, (b, be, b3) = (0,0,0) that is, no

additional leading term. For n = —6, we have the following simplified equation,
!, 01 11\ 2 N2, ! N4
y@ = 4yz + 4(yy) - 14(9229 + 7(323) +2(y)2. (2.6)

(2.6) does not pass the Painlevé test since the compatibility condition at 7o = 2 is not satisfied
identically. When a = —2, in the case of the single branch for all cases (1.9), (1.10), (1.11),
(1.18), (1.19), (1.20), (1.21), (1.22), (1.34), (1.35) and (1.36) there are no additional leading
terms and the simplified equations are the same as the reduced equations (1.3) for n = —2.
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Case 1I. b3 7& 0: If Yoj, j == 1, 2, (3/01 75 yog), are the roots of (23), and (le, 52, Tjg) are
the resonances corresponding to yo;, then let

[Irii=Pwy) =p; =12 (2.7)
=1

where
P(ij) = 2[120 — 48a1 — 36as — 24a3 — 16a4 — (3()1 + sz)yoj], j=12 (2.8)

and p; € Z—{0}. In order to have a principal branch, at least one of the p; should be a positive
integer. (2.3) gives

2 11
by = ——L 3b1+2b2:q<+>. (2.9)
Yo1Yo2

where ¢ = 60 — 24a; — 18az — 12a3 — 8a4. Then (2.8) can be written as

mzmQ—W>,.m=LZj¢k (2.10)
Yok
If pip2 # 0 and ¢q # 0, then p; satisfy the following simple hyperbolic type of Diophantine
equation

1 1 1

—_—t — = —. 2.11
p1+p2 2q (2.11)

The general solution of (2.11) is given as

pL=2¢—di, p2=24q <1 - ff) (2.12)
(2

where {d;} is the set of divisors of 4¢%. For each cases (1.9), (1.10), (1.11), (1.18), (1.19), (1.20),
(1.21), (1.22), (1.34), (1.35) and (1.36), from (2.4.a) one can find the possible resonances of the
principal branch, then py can be obtained from the Diophantine equation (2.11). Once po is
known, possible resonances for the second branch satisfying the conditions (2.10) and (2.4.c)
can be determined. Then the coefficients b; and bs, b3 of the additional leading terms can be
determined by using the equations (2.4.c) and (2.9) respectively.

For the double branch case, we have only the following equations which have the additional
leading terms: For the case 4, (1.18);

!, 1

(4 _YY "n_ a3
Y ” +Tyy” =3y, (2.13)
Yyo1 =2, yo2 =12, (r11, r12, m13) = (2, 5, 6), (721, T2, T23) = (=5, 6, 12),
/.1 1\ 2 N2, I N4
@ _g¥y" LW 2200 100)T o a2
Y ” + " 32 3 +8yy" — (y) Yy’ (2.14)
yo1 =2/3, o2 =20/3, (r11, r12, 113) = (2, 3, 4), (21, raa, 723) = (=5, 6, 8).
For the case 5, (1.19);
@ _g¥y" W W S D) — 2y

—~

Yyor =2, Yoz =8, (r11, r12, m13) = (2, 3, 4),  (r21, roa, m23) = (=3, 4, 8).
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For the case 6, (1.20);

/i 11N\2
yy" L")

(4) _ " N2 3
Yy =3 ” + 24yy" — 18(y')* — 24y°, (2.16)
Yo1 = 17 Yo2 = 27 (Tllv 12, T13) = (27 37 4)7 (’1”21, 22, 7’23) = (_27 37 8)

For the case 8, (1.22);

vy LW B 45 ()

5
(4) _ —427 43 = Sy — = /2743
y HIE gty o ) Ay (2.17)

Yy
Yo1 = 1/27 Yo2 = 9/27 (rlla 12, 7'13) = (17 27 4)7 (T217 22, 7“23) = (_37 47 6)

For the case 10, (1.35);

N2, I

!, 01 11\ 2
(4):2yy §(y) _2(y>y 183
. N po (2.18)
vo; = 1 (rj1, j2, j3) = (2, 3, 6), j=1,2,

/.1 1\ 2 N2, 11
LYY W) 1W)%Y | 25 ()" 9, 3

y 2y 2y 8
yor =1 wyoo=4  (ru,m2 r3)=(1,2,6), (ra, r, rs) = (-2 3,8),
9 !, 1 7 6 ( /1)2 29 15 ( /)2 "
@ _2yy" (T (= 2
1 /\4
?5 75k2 (g;g + (K + 10)yy" — 15(y)* +6(1 — )y, (2.20)

yor = —1/(1—k?), wyoo = —k?*/(1 —k?),
(r11, T2, m13) = (1, 2, 3),  (ro1, 1oz, 723) = (6, k, —k), Kk #1,6.

For all the other cases, the simplified equations are the same as the reduced equations (1.3)
with the coefficients for n = —2.

3 Leading order a = —1

a = —1 is also a possible leading order of the equation (1.2) if F = 0. By adding terms of

order —5, we obtain the following simplified equation with the leading order oo = —1,
1,11 112 N2, 1 4 "3
y(4) _ aly Y +ay (y") +as (y;2y tay (3;) T ey + oy’ + 3 y) + C4y2y" (3.1)

+esy(y)? + cey’y + ery®,

where ¢, kK =1,...,7 are constants.

Suppose that (1.9), (1.10), (1.11), (1.18), (1.19), (1.20), (1.21), (1.22), (1.34), (1.35) and
(1.36) hold. If we substitute y = yo(z — 20) ! + B(z — 20)" ! into (3.1), then we obtain the
following equations for the Fuchs indices r and yg

Q(r) = (r + D{r* + (a1 — c1yo — 11)r? — [Tay + 4az + a3 — (Tey + c2)yo + cayi — 46]r

+24a; + 16ay + 8as + 4ay — 96 — 3(6¢1 + 2¢2 + ¢3)Yo (3.2)
+2(2¢4 + ¢5)y5 — coyp } = 0,

crye — coyp + (c5 + 2¢4)y2 — (c3 4 2da + 6¢1)yo + 6a1 + 4ag + 2a3 + a4 — 24 =0,  (3.3)
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respectively. (3.3) implies that, in general, there are four branches if ¢7 # 0. Now, we determine
Yoj, J =1,...,4, and ¢, for each cases of (a1, ag, as, as) such that one branch is the principal
branch. If 7o = —1 and 7j;, j = 1,...,4, i =1,2,3 then (3.2) implies that

3 3
eri =11 — a1 + c1yo, Z T35k = 46 — Ta; — 4as — ag + (761 + CQ)y() — C4yg,
=1 ik=1
ik

3 (3.4)
H Tj; = 96 — 24a7 — 16as — 8asz — 4ay4 + 3(601 + 2¢9 + 03)y0
=1

—2(2¢4 + ¢5)y3 + coyp, j=1,..,4

According to number of branches, the following cases should be considered separately.

Case I. ¢y = ¢c5 = ¢g = ¢ = 0: In this case, there is one branch. From (3.4.c) one can
find the possible resonances of the single principal branch for each cases (1.9), (1.10), (1.11),
(1.18), (1.19), (1.20), (1.21), (1.22), (1.34), (1.35) and (1.36). Then the coefficients ¢y, ¢z, and
c3 can be determined by using the equations (3.3), (3.4.a) and (3.4.b). For the cases (1.9),
(1.10), (1.11), (1.18), (1.19), (1.20), (1.21) and (1.22), and for all possible values of n, there
is no simplified equation which passes the Painlevé test. Hence, for these cases the simplified
equations are the same as the reduced equations (1.3) with the coefficients for n = —1 For the
cases (1.34) and (1.35), the right hand side of (3.4.c) depends on N and k respectively. When
(1.34) holds, for n = 1,42, £3, +4, +6, £12, and when (1.35) holds for n = 1, £2 the simplified
equations do not pass the Painlevé test. Hence, for these cases and for these particular values
of n, the simplified equations are the same as the reduced equation (1.3) with the coefficients

for n = —1. For the case (1.36), we obtain the following simplified equation:
!, 01 11\ 2 N2, N4
@ _ Y'Y W) W)Yy W)
Y 4 +3 12—5—+6 " vy, (3.5)

Y Yy Yy
Yo1 = 17 (Tla r2, T3) = (1> 27 3)

Case II. ¢ = ¢7 = 0: In this case, there are two branches. If yo;, 7 = 1,2, (yo1 # yo2), are
the roots of (3.3), and (rj1, rj2, 7j3) are the resonances corresponding to yo;, then let

3
[Irii=Pwy)=p; =12 (3.6)
=1

where
P(yoj) = —[24a1—|—16a2+8a3+4a4—96—3(601 +2¢o —1—03)y0j—|—2(204+05)y8j], 71=12, (37)

and p; € Z—{0}. In order to have a principal branch, at least one of the p; should be a positive
integer. (3.3) gives

s 1 1
cs 4+ 2c4 = — , c3+2c0+cp=—-s|—+—]. (3.8)
Y01Y02 Yo1  Yo2
where
s =24 — 6a1 — 4das — 2a3 — ay. (3.9)

Then (3.7) can be written as
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If [[p; # 0 and s # 0, then p; satisfy the following simple hyperbolic type of Diophantine
equation
1 1 1

The general solution of (2.11) is given as

P = s —d;, P2 =S <1 — S> (3.12)
d;

where {d;} is the set of divisors of s2. For each cases (1.9), (1.10), (1.11), (1.18), (1.19), (1.20),
(1.21), (1.22), (1.34), (1.35) and (1.36), from (3.4.a) one can find the possible resonances of
the principal branch, consequently p1, then po can be obtained from the Diophantine equation
(3.11). Once po is known, possible resonances for the second branch satisfying the conditions
(3.4) can be determined. Then the coefficients ¢; of the additional leading terms can be
determined by using the equations (3.4) and (3.8). One should consider the cases ¢; = 0 and
c1 # 0 separately.

IT.a. ¢; = 0: For this case, we have the following equations which admit additional leading
terms: For the case 2, (1.10);

/1 1\2 N2, 11
vy Yy y)y
y@ =270 4 ( y) ol ;2 +H4 [y + )],

Yy (3.13)
yg; = 1, (rj1, rj2, rj3) = (2, 3,4) j=1,2.

For the case 3, (1.11);

1,1 1\ 2 N2, M N4 N3

vy 3(3/) (y)y 13(9) o (y) o 15 n2

—12 R . -2

S T3y 7 +5 7 Yy ” + 37y 2y(y), (3.14)
yo1 =1, yo2 = —11, (r11, T2, m13) = (1, 2, 3),  (ro1, m22, 23) = (=2, =3, 11).

y(4) =5

For all the other cases, the simplified equations are the same as the reduced equations (1.3)
with the coefficients for n = —1.

IL.b. ¢; # 0: When n = 1, we obtain the following equations which admit the additional
leading terms: For the case 1, (1.9);

1,0 1\2 )3

) _ 4YY _3M_ '//—6[2,//—2@)+ /)2
y o vy Yy TRREASEE (3.15)
Yor =1, wo2=2, (rin, 2, 713) = (1, 2, 3), - (ran, 722, 723) = (=2, 1, 6).

For the case 2, (1.10);
w0 W W) : 2
= 2 + - 2 - 3 " - 2 i + ' ?

y St 7w =2y ()] (3.16)
Yor =1, yo2=2, (r11, T12, 113) = (1, 2, 3),  (ra1, 122, 723) = (=2, 2, 3).

For all the other cases, the simplified equations are the same as the reduced equations (1.3)
with the coefficients for n = —1.

Case III. ¢; = 0: In this case, there are three branches. If yo;, 7 = 1,2,3 (yo; # Yok, 7 # k),
are the roots of (3.3), and (rj1, rj2, rj3) are the resonances corresponding to yo;, then let

3

[17i=Ploy) =p; =123 (3.17)
=1
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where

P(yo;) = —[24a1+16az+8az+4as—96—3(6c1+2ca+c3)yo;+2(2ca+c5)yp, —cevi;), J = 1,2,3,
(3.18)

and p; € Z—{0}. In order to have a principal branch, at least one of the p; should be a positive
integer. (3.3) gives

3 4 3 4 (3
06:_3H77 C5+204:—8H£ Zij ;
j=1""

Jj=1 Y05 j=1
(3.19)

3 3
1
c3+ 22+ 6cp = —s H — Z YojYok | »
=1 Y05\ =

ik

where s is given in (3.9). Then (3.18) can be written as
3 .
pi=s]] <1—y°’>, j=1,..4, (3.20)

If [[p; #0 and s # 0, then p; satisfy the following Diophantine equation

11
— == (3.21)
pj s

3
Jj=

1

One should consider the cases ¢c; = 0 and ¢ # 0 separately.

IIl.a. ¢; = 0: For each cases (1.9), (1.10), (1.11), (1.18), (1.19), (1.20), (1.21), (1.22),
(1.34), (1.35) and (1.36), from (3.4.a) one can find the possible resonances of the principal
branch, consequently p;, then the Diophantine equation (3.21) can be reduced to the following
simple hyperbolic type which can be solved in closed form:

1 1 k1

T 3.22
D2 Jr;03 ko’ (3:22)

where k1 = p; — s and ko = sp;. The general solution of (3.22) is given as

_ ko + d; _ kQ(k‘Q + di)
= ey p3 = lerd,

D2 (3.23)

where {d;} is the set of divisors of k3. For the cases (1.10), (1.11), (1.18), (1.19), (1.20),
(1.21) and (1.36), and for all n # —1 there is no simplified equation which passes the Painlevé
test. For the case (1.9), (1.22), (1.34) and (1.35) when n = 1, £2, +3, n? = 4,9, n =
1, £2, 43, 44, 46, £12, N = 2,3 and n = 1, 2, =2, k = 2, 3, 4 respectively, there is no

simplified equation which passes the Painlevé test.
IIL.b. ¢; # 0: Equation (3.20) implies that

(yo1 — ¥02)* (Y2 — Y03)*(Yo3 — Yo1)?
Hpj =5’ 2.9 2 . (3.24)
Yo1Y02Y%03

Hence, if s > 0, let p; > 0 then p > 0, p3 < 0, and if s < 0, let p; > 0 then po, p3 < 0. For
s > 0, suppose that p; < po, then from (3.21) one obtains p; < 2s. Similarly, for s < 0, one
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obtains p; < s. Since for both cases s > 0 and s < 0, p; > 0 and bounded by 2s and s from
above respectively, the Diophantine equation (3.21) can be reduced to a simple hyperbolic type
in po and ps which has the closed form solution given by (3.23). Once ps and ps are known,
the possible resonances for the second and third branches satisfying the conditions (3.4) can
be determined. Then the coefficients c; of the additional leading terms can be determined by
using the equations (3.4) and (3.19).

For n = 2 (for the case 9, (1.34): n =2, N = 18,24, and for the case 10, (1.35): n =2,k =
3,4), we have the following simplified equations which admit the additional leading terms: For
the case 4, (1.18);

y(4) _ ?yly”/ §(y”)2 . 2 (y/)2y” + 9(9’)4 Loy §y/y// . i (y/)g
2 9y 2y 4 6 y? 4 y3 5 10 y
" N2 3,/
—= — 3.25
'+ W)+ vty (3.25)

Yyo1 = —5/2, Yoz = —25/2, Yoz = —15/2,
(r11, m12, 113) = (1, 2, 3), (a1, rao, 723) = (=5, =2, 3), (731, r32, r33) = (=3, 1, 3).

For the case 5, (1.19);

1.1 1\ 2 N2, 1 N4 N3
vy y 1T (y)y" 5 3 5 (y
y(4):3 + ( ) _7( )2 _1_7( 3? +yy”’+fy'y"—f( )
Y Yy 2 Y] 2y 2 4y
-3y [Byy” +5(y)%] + Ey‘gy’, (3.26)

Yo1 = —2, Yoo = —14, Yo3 = —6,
(r11, m12, 113) = (1, 2, 3),  (ro1, ro, m23) = (=7, =3, 4), (731, r32, 733) = (=3, 1, 4).

For the case 6, (1.20);

7 /01 1( //)2 23(/)2 " 11( /)4 17( /)3
(4):7yy -\ _ W)y 11y i 3///_7y
y 2y +2 Yy 4 42 +4 Y3 Ty Yy 6

1 " 11 N2 2 2 7

3y[yy+3(y) oYY |

yo1 = —3/2, Yo2 = —39/2, Yo3 = —9/2,
(r11, 12, m13) = (1, 2, 3),  (ro1, 122, m23) = (=13, =5, 6), (r31, r32, 133) = (=3, 1, 5).

(3.27)
For the case 7, (1.21);
7" 11\2 N2y T ()4 1) 2 2
y(4) _ 19y +2(y ) o 8(y )Qy + 7(9:3 gy — 7(y) —Zy <y/)2 + ,yQy’ 7
2y y y 2y 3y 9 3 (3.28)
yor = —3/2,  yo2=15/2,  yoz = —9/2,
(r11, T12, 113) = (1, 2, 3),  (ra1, 722, 123) = (4, 5, 6), (731, r32, 733) = (=3, 2, 4).
For the case 8, (1.22);
1o M2 91 (/N2 9 ()4 3(y)3
Y = YV W7 5 (yngy +3 (‘7;3) +yy” = 3y'y + W)
3 3 .
+5u "+ )] - 5v*Y,s (3.29)
yor = —1, Yoz = 1, Yoz = —3,

(r11, T12, 113) = (1, 2, 3),  (ra1, 722, 123) = (1, 3, 4), (731, r32, 733) = (=3, 3, 4).
Case IV. c7 # 0: In this case, there are four branches. If yo;, j =1,...,4 (yo; # Yok, J # k),
are the roots of (3.3), and (rj1, rj2, rj3) are the resonances corresponding to yo;, then let

3

HT]‘Z' = P(y(]j) = Pj ] = 1, ...,4, (330)
=1
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where

P(yoj) = —[24(11+16a2+8a3+4a4—96—3(601—|—202+03)y0j+2(204+05)y8j—cﬁy(?)’j], j = 1, ...,4,
(3.31)

and p; € Z—{0}. In order to have a principal branch, at least one of the p; should be a positive
integer. When ¢; = 0, (3.3) gives

4 4 (4
SR | ES— bl
=1 Yoj =1 Yoj =
, ) (3.32)
C5 +2c4 = —s H Z YojYok | » c3+2c=—s H Z YojYokYor |
P W A ey
itk i#kAL

where s is given in (3.9). Then (3.31) can be written as

Pj _SH (1—3/0]) j=1,..4, (3.33)

Yok
k#]

If [[p; #0 and s # 0, then p; satisfy the following Diophantine equation

4

11
Z; = (3.34)

j=1"%7

If we let p1 = pe and ps = p4, then (3.34) can be reduced to simple hyperbolic type of
Diophantine equation which admits closed form solution (3.12). When p; = py and p3 = py,
such that p; > 0, for each cases (1.9), (1.10), (1.11), (1.18), (1.19), (1.20), (1.21), (1.22), (1.34),
(1.35) and (1.36), from (3.4.a) one can find the possible resonances for the branches satisfying
the conditions (3.4). Then the coefficients c¢x, k = 2,...,7 of the additional leading terms can
be determined by using the equations (3.4) and (3.32).

For this particular case, we have the following equations which admit additional leading
terms: For the case 5, (1.19);

/.11 11\ 2
SO = 22/3; B (yy) oty — o
3.35
Yo =2, o2 = —"o1, Y3 =8, Yos = —Yo3 (3.35)

(lea T2, Tj3) = (27 37 4)7 ] = 1727 (lea T2, 7"]'3) = (_37 47 8)7 ] = 374

For the case 7, (1.21);

/.11 "\ 2 N2, 1
S = 3¥Y" W) 4 )2y sty — 9,
5 Yy Yy Y, (3.36)
yor =1, Yo2 = —Yo1, Yoz =4, Yo4a = —Yo3
(lev 7']27 T]B) = (17 37 4)7 ] = 1727 (lev T]Q? Tj3) = (_27 47 6)7 j = 374
For the case 8, (1.22);
1,1 1\ 2 21 N2, 1! 9 N4 5 1
O = 4 Y'Y +3(y) _7(y)2y +7(y) Loz s
) Y ) 2 Q?J 2y 2 2 (3.37)
Yor = 1, Yo2 = —Yo1, Yos =9,  Yoa = —Yo3

(rjla Tj2, Tj3) = (17 27 4)’ ] = 1727 (rjla 752, ’I“jg) = (_37 47 6)’ ] = 374
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If one lets y = 1/u, then (3.37) gives

1, M 1"\2 N2, IAY] " N2
1y uu (u") 21 (v')*u” 9 (W) u (u') 2

u 2 U

The canonical form (equation also contains the terms of order -4 or greater as z — zg) of (3.38)
was also given in [18, 20].
For the case 10, (1.35);

/i 11\ 2 N2, 1
y(4) _ 2yy +2(y ) _2(y )2y +6y2y//_2y(y/)2 _2y5’
2 y v, (3.39)
Yor = 1, yo2 = —Yo1, Yoz =4, Yo4 = —Yo3
(lea T2, Tj3) = (17 27 6)7 .7 = 1727 (lea 52, T'j3) = (_27 37 8)7 .7 = 374
/i 11\ 2 N2, 1
5 1
y(4) _ Qy Y + 2(y ) _ 2(y )2y + 3y2y// 4 7y(y/)2 _ 7y5,
) y v v, 2 2 (3.40)
Yor = 1, yo2 = —Yo1, Yoz = 16, yos = —yo3
(rj1, mj2, rj3) = (1, 3, 5), j=1,2, (rj1, T2, 7j3) = (=5, 6, 8), j=3,4.
/i 3 11\ 2 N2, I 5 5
y(4) _ 2y Y 42 (y") o 2(y )Qy + 5y2y// + 7y(y/)2 _ 7y57
) y 2y v, 2 2 (3.41)
Yor = 1, yo2 = —Yo1, Yoz =4, Yo4 = —Yo3
(rj1, mj2, rj3) = (1, 3, 5), j=1,2, (rj1, T2, 7j3) = (=2, 5,6), Jj=3,4.
The canonical form of (3.41) was given in [18, 19, 20, 21].
!, 1 1\ 2 N2, 1! N4
vy 7(y 17(y)%y" | 27 (y 5
yW=3 +2( ) —2( ; +8( ) +5y%y" + 5 [y()? - 7],
2 y v, y (3.42)
Yo = 1/2,  yo2 = —yo1. Yo3 = 9/2, yoa = —Yo3
(lea T2, Tj3) = (]—7 27 5), ] = 1727 (rjla T2, Tjg) = (_37 57 6), ] = 3747
O s¥Y" AR ) 53 1TR ()% (4 - R ()
Yy 1-k% y 1—k2 92 1—-k2 3
+(F + 10)y2y" + (K = 19)y(y')* + 3(1 — k*)y°, (3.43)
yor = 1/(k* = 1), yo2 = —yon, Yos = k*/(K* = 1), yoa = —yo3
(/rjla Tj27 Tj3) - (17 27 3)7 .7 = 1727 (lev rj?u Tj3) - (67 kv _k)a .] = 374
When k = 2, (3.43.a) is nothing but the simplified equation of
/i N2
yW = 5yz -5 [(:22) — yzyz] Y — 5y — vty 2y 1 (3.44)

Equation (3.44) was given in [17], and there exists Backlund transformation between (3.44)
and

v = =50y + 5?0 + 5u(v))? — 0 + 20+ (v + 1), (3.45)

which was first given in the work of A.N.W. Hone [12], studied in [23, 24] and also proposed as
defining a new transcendent [6, 9]. Moreover (3.45) can be obtained as the similarity reduction
of the modified Sawada-Kotera (mSK) equation [12].
When k = 3, (3.43.a) gives the simplified equation of
S = A1V 2j(y’2}2 52l 4j(y’§4 B [5y2y2 B 3ﬂ] (v)?
y 2y 2y 2 8 y 4 2 Y (3.46)

3
—§1/4y5 + §ﬂuzy3 + 2y + 2, €= =1.
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Equation (3.46) was introduced in [17], and there exists Bécklund transformation between
(3.46) and the second member of the generalized second Painlevé equation, Py [6, 9, 21]

v =100%" + 100(')? = 60° = (0" — 20°) + 20 + . (3.47)

(3.47) can be obtained as the similarity reduction of the fifth order mKdV equation [12].
Moreover, when k = 3, if one lets y = 1/u then (3.43.a) gives the simplified equation of

u(4) _ 3u/u/// N Z(u//)Q B E (u’)2u” g(u/)zl B B @ o
u 2 wu 2wl 8 wu? u? (3.48)
+1 B 158 (W) — 2w 12 36 N 362 ‘
== —= | (w) —2vu azu — — + —=.
2 \u  ud u o 2ul

Equation (3.48) was considered in [20]. When k = 7, (3.43.a) gives the simplified equation of

/01 15 11\2 65 /\2 5 135 4 5
O = 59 LW [(yQ) 5 2] y,,+7(yg 5y
LY 4y 4y 4 16y 8 (3.49)
—Ezﬂyf’ + zy — 2.

Equation (3.49) was introduced in [17], and there exists Bécklund transformation between
(3.49) and (3.45) with v = v — (3/2).

For all the other cases, the simplified equations are the same as the reduced equations (1.3)
with the coefficients for n = —1.

4 Leading order a = —4, —3

a = —4, —3 are also a possible leading order of the equation (1.2) if F = 0. For o = —4, by
adding terms of order —8, we obtain the following simplified equation:

!, 01 11\2 N2, ! AV
O — 0, VY +a2(y ) +a3(y )21/ +a4(y§ oy (4.1)
) Y Y Y
where d is a constant.
Suppose that (1.9), (1.10), (1.11), (1.18), (1.19), (1.20), (1.21), (1.22), (1.34), (1.35) and
(1.36) hold, and substitute y = yo(z — 20)~* + B(z — 20)"*, into (4.1). Then we obtain the
following equations for the Fuchs indices r and g

Q(r) = (r + 1)[r® + (4a; — 23)r? — 2(32a1 + 20as + 8az — 101)r

+4[120a;1 + 100ag + 80a3 + 64ay — 210] = 0, (4.2)

dyo 4 4(120a; + 100as + 80as + 64ay — 210) = 0, (4.3)

respectively [22]. (4.3) implies that, there is only one branch. Now, we determine yg, and d
for each cases of (aj, ag, as, a4) such that the branch is the principal branch. If ro = —1 and
ri, © = 1,2,3 then (4.2) implies that

3
S ri = —(dar — 23), > rirj = —2(32a1 + 20as + 8ag — 101),
i=1 3 ’f;f (4.4)
H r; = —4(120a; + 100as + 80az + 64a4 — 210) = dypo,
i=1

provided that the right hand sides of (4.4) are positive integers.
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We have the following equations which have the additional leading terms: For the case 7,
(1.21);

W _ Ty LW (@ T

y 2y +2 , 82 T3 % +24y%, (4.5)
Yo =1, (r1, 2, 73) = (2, 3, 4).
For the case 10, (1.35);
WY O N W) .,
VUESTIT Ty T 2 T T (4.6)

Yo = 17 (Tla T2, T3) = (27 31 6)

For all the other cases, d = 0 and the simplified equations are the same as the reduced

equations (1.3) with the coefficients (a1, as, as, a4), for n = —4.
For o« = —3, the simplified equation is
!, 01 11\ 2 N2, ! N4
y = a1yz + az (yy) + a3 (y;2y + aq (?;/3) + fyy’ (4.7)

where f is a constant. Substituting y = yo(z—20) "3 +8(2—20)" 3, into (4.7) gives the following
equations for the Fuchs indices r and yq

Q(r) = (r + 1)[r3 + (3a; — 19)r? — 3(13a1 + 8az + 3az — 46)r (4.8)
+9[20a; + 16as + 12a3 + 9a4 — 40] = 0, '

fyo — 3(20a1 + 16a2 + 12a3 + 9a4 — 40) = 0, (4.9)

respectively. (4.9) implies that, there is only one branch. By following the same procedure,
only for the case 10, (1.35) we obtain the following equation which has the principal branch
and admits the additional leading term (i.e. f # 0).

(4) _ Ey/y/// 8 (y//)Q B g (yl)Qy// 112 (y/)4

3y 3y 9 2 27 3
Yo = _17 (Tlv T2, TB) = (25 37 4)

/
+ 8y, (4.10)

For all the other cases, f = 0 and the simplified equations are the same as the reduced
equations (1.3) with the coefficients (a1, ag, as, aq), for n = —3.

5 Negative resonances

In the previous sections, we considered the case of existence of at least one principal branch and
obtained the simplified equations. In this section, we present some of the simplified equations
which admit the negative resonances. For the leading order o = —4, and for the case 7 (1.21),
case 8 (1.22), case 9 (1.34) and case 10 (1.35), we obtain the following simplified equations:

/.11 1"\ 2 N2, .11 N4
SO = 5YY L5 _17(9)29 +8{(y§ _y2]7
y y y y
yo = 21, (r1, ro, m3) = (=7, 4, 6),
/.1 1"\ 2 N2, .11 N4

) _ 4YY +3(y) 2L 9T
Y y Y 2 y? 2 3 v (5.2)
Yo = ]-87 (Tla T2, T3) — (_37 47 6)’

(5.1)
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N2, 1! N4
SO =8 oW gl )2y +od [(yg yz} ’
y y y

Yo = ]-7 (rla T2, TS) = <_27 _37 _4)7

y/y/// ( //)2

and

@ _ LYY T 1T 21 )
Yy = + 5 -5t 53 —8y,
y 2y 2y 8 y (5.4)

Yo = 18, (11, r2, 13) = (=3, 6, 8),

respectively. The canonical forms of the equations (5.2) and (5.4) were also given in [20]. If
one lets u = 1/y, equation (5.3) gives u(¥) = 24.

For the leading order & = —3, and for the case 4 (1.18), and case 10 (1.35), we obtain the
following simplified equations:

y/y/// (y//)2 (y/)2y// (y/)4

@ =7 +6 — 30 +18 — 6yy’
Y y J 2 Y3 vy, (5.5)
Yo =1, (r1, r2, 13) = (=3, =2, 3),
and
/.11 1"\ 2 N2, I
O S o M C D A
’ y y ? s (5.6)
yo = 20, (r1, m2, r3) = (=5, 6, 12),
respectively.

For the leading order o« = —2, single branch, i.e. b3 = 0, the case 2 (1.10), and case 7 (1.21)
lead to the following simplified equations:

/i 11\ 2 N2, N4
Y y Y y? y3 v (5.7)
Yo = ]-7 (rlu T2, T3) - (_27 27 3)7
and
1,1 11\ 2 N2, N4
@ _ Yy W) L)%y W)Y o e
=95 +5 17 + 8 2[yy” + ()7,
y y y? y3 [ ] (5.8)
Yo = ]-7 (rlu T2, T3) = (_27 27 5)7
respectively.

In conclusion, we introduced the simplified equations of non-polynomial fourth order equa-
tions with the leading orders o = —4, —3 — 2, —1, such that all of which pass the Painlevé
test. More over the compatibility conditions corresponding the parametric zeros; that is, the
compatibility conditions at the resonances of the equations obtained by the transformation
y = 1/u are identically satisfied. The corresponding simplified equation to (1.2) can be ob-
tained by differentiating twice the leading terms of the third (or fourth) Painlevé equation
and adding the terms of order —5 or greater as z — 2y with constant coefficients such that,
y = 0, oo are the only singular values of equation in 7, and they are of order e~* or greater,
if one lets z = (y + et. Hence, these equations can be considered as the generalization of the
third (or fourth) Painlevé equation.

In the second, third and fourth sections, we investigated the cases of leading order o =
—2, —1 and o = —4, —3 respectively with the condition of the existence of at least one principal
branch. But, in the case of more than one branch, the compatibility conditions at the positive
resonances for the second, third and fourth branches are identically satisfied for each cases.
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For the case of @« = —4, —3, —2 the simplified equations are examined without any restriction.
For the case of @ = —1, ¢; = 0, and single and double branch cases were examined without
any additional condition. All the other subcases of the case a« = —1 were investigated for some

particular values of n. Some of the equations presented in these sections were considered in the
literature before. In the last section, instead of having positive distinct integer resonances, we
considered the case of distinct integer resonances. In this case, for the leading order a = —4, —3
and a = —2 single branch case was considered. Canonical forms of some of the equations given
in the last section were introduced in the literature before. The canonical form of all the
given simplified equations can be obtained by adding appropriate non-dominant terms with
the coefficients analytic in z. The coefficients of the non-dominant terms can be determined
from the compatibility conditions at the resonances and from the compatibility conditions
corresponding the parametric zeros.
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