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Problem 1: One dimensional harmonic chain (20 pts.)

Consider a one-dimensional chain with length L containing N atoms coupled by nearest-

neighbor harmonic forces. Compute the Debye frequency for this system. Calculate
also the heat capacity and estimate its limit as T — 0.
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Problem 2: Ising ladder (20 pts.)

Consider an Ising ladder, made up of two chains running parallel to each other, as
shown.

The Hamiltonian is: # = —J; Z(m’h oic; — Jo Z@.:J)_ oioj — J Z<i-j>.\' o;0;. The three
summations correspond to the set of bonds with different directions (vertical, horizontal,
diagonal with respect to the figure).

1. Draw the ordered states you would expect for the following cases. If you expect

competing ordered states indicate both, and also the limits in which one would

(110rf1]in_at§ ?Iver the other. (EBE-L') Le)lf() ::t: or _ -~
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2. J3=0.J, <0.Js <0. e ‘\’IN == e ‘ . Q J.?

3. 5<0./1<0. /<0 ——3 Wmpethwgdy: 0, Swa 17 7y v

2. Write down the elements of the transfer matrix for this system. : - _1;
3. Solve this system within mean-field theory, for the case J; =0, .J; < 0,.7; < 0.
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Problem 3: Maxwell Construction (20 pts.)

Deduce the Maxwell construction using stability properties of the Helmholtz free energy
rather than the Gibbs free energy.
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Problem 4: Bose-Fermi mixture (20 pts.)

Consider a system of non-interacting bosons and fermions with the same
masses in a box of side length L. The bosons are spin-1, the fermions are
spin-3/2. Calculate the partition function, the average number of particles,
and the pressure for this system. Estimate the temperature at which the
bosons would condense.
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Problem 5: Fokker-Planck equation in the short time limit

Consider the 'short time' relaxation of a Brownian particle. The Langevin equation for

the velocity is m?{ = —vv + £(¢). where m is the mass of the particle, ~ is the friction
constant, and &(¢) is a random force obeying (x(t)) = 0, and (£(¢)&(t')) = go(t — t'). Derive

the Fokker-Planck equation valid for the probability P(v,#). The probability that the
velocity of the system is between v and v + dv at a given time ¢ is P(v. t)dv.
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