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MATH 114 FINAL EXAM SOLUTIONS

Q 1. (17 points) Given that

1
T—:-}-—l—l—:c—}-as +z° +- Zm —-l<r<l,

(a) find the Maclaurin series of f(z) = arctan z valid for —1 < z < 1. Which theorem(s)
did you use?

Solution.

[0 o]

1
— =1t P 1) 4 1y —1l <t < 1.
T3 + e (-1 §=0 i, —l<t <

Replace £ by —t2. Then —1 < —#? < 1 if and only if -1 < ¢ < 1.
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Take any x such that —1 < z < 1, and integrate both sides of (*) from 0 to z. Then

xz 1 Hi
dt = I—# 4t = o (=15 )
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Term-by-term integration theorem for power series gives
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LN T =T — o A o e e (=1)"
arctan® =z — =+ — ~ — + +(-1)

, —l<x <l

(b) Show that the series that you found in part {(a) converges also at the points z = 1
and z == —1 to arctan 1 and arctan(—1)? Which theorem(s) did you use?

Solution. For z = 1, the above series is 1 — 3 + i 1 + ---, and by the Alternating
Series Test it converges sinee it is an alterna,tmg serles fhe sequence {515} decreases
and lima_ee s0r 2n ~7 = 0. Since the function f (z) = arctanz is continuous at z = 1, by
Abel’s Theorem, we have

1 1
- 3 +°5n - f7f+---$}.‘i+1{1_arctanm = arctan 1.
For ¢ = —1, the series becomes --1+ } — ¥+ 1 + ... By exactly the same argument as
above we have that
1-@-1—1+1+ = arctan(—1)
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Q 2. (17 points) Let D be the “rectangle-like” region in the first quadrant of the zy-
plane, whose two sides are the lines ¥ = v/3z, y = -z, and the other two sides are the




circles 2? + 4% = 1, 22 + y? = 4. Let C be the boundary of D, and assume C is oriented
in the counterclockwise direction. Evaluate the following line integral

I= j{ (32%? — °) de + (22%y + 2°) dy
C

Solution. We use Green’s Theorem.

I = // (—(2:1: y+1z°) — y(33:2y2 — y3)) dA ) -

_ /D((Gm y +32%) — (6a%y ~ 3y?)) dA

= / / 3(z® +y*) dA (use polar coordinates)
D
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Q 3. (17 points) Let

12~ zz-yz
I= / dx / / zdz.
V3 o2y

Write I as equivalent iterated triple integrals in
(2) cylindrical coordinate,

(b) spherical coordinates.

Do not evaluate th'e'inte'grals

Solut:lon The solld of 1ntegrat10n is bounded above by the upper part of the sphere
72 + % + 22 =12, and below by the circular paraboloid z = 2 + 2. Thelr intersection
has equatlon z 4 22 = 12 which has positive root z = 3. That gives z? +4? = 3, this is
the pro J_ectlon"(shad ) of the solid on the zy-plane.
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(b) We divide the solid into two parts as shown in Thus
the figure. We consider the parts inside the cone

and outside the cone separately. , —
For the part inside the cone: 3 I

2z pwf6 pVI2
f f f pcos ¢ pP sin ¢ dpdedd. }
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For the part outside the cone: in spherical coordi- \ . I
nates the paraboloid z = 2% + 3* becomes ' !

peosp = psin® peos® B + p?sin? psin?h = p?sin? ¢ ‘(’:‘5
cos ¢
sin? ¢

= peos¢ = pisintg = p=

So we get

2% pwf2 ﬁﬁ%—%
f f / pcos ¢ p2 sin ¢ dpddds.
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1?/2 cos ¢
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sz / / Pcos¢p25in¢5dpd¢d6+f f / pcos ¢ p° sin ¢ dpdpds.
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Q 4. (17 points) Let § be the surface cut from the parabolic cylinder z = 9 — z* by
the planes 2 =0,y =0, y =1, z = 0. Evaluate

* I=f[g¢ﬁd3.
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Solution. We have

2 2
dSz\/l-l- (iz_) + (QE) dA = V1 + 422 dzdy

Ox Ay

On S, v ~2=+/9— (9 —2%) =22 = |z|. Then
1 3
I = /f |m|v1+4x2dmdy=f/:r\/1+4$2dmdy
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Q 5. (17 points) Let S be the top of the paraboloid z = 6 — 22 — y> cut by the plane
z = 2, and assume S is oriented upward (that is away from the origin). Let

F = —yzi + zzj + ¥ sin(z¥)k.

= ff curlF o N d5.
s

Solution. We use Stokes’ Theorem. Let ¢ be Then
the boundary of &. Then C is oriented counter-
clockwise when viewed from high above the zy-
plane. By Stokes'Theorem we have

I://curlF-NdS=.}£Fodr.
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C is the circle 22 + y® = 4 in the plane z = 2. So
it has parametrization:

By using a theorem, evaluate

Which theorem did you use?

C:r(t)=2costi+2sintj+2k, 0<t< 2r.

I = }(F.dr
C

= —yzdz + sz dy + &¥sin(z%) dz

27
= / (—2sint2 (~2sint) + 2cost 2 2cost + 0) di
0

27
= / (8sin® t + 8 cos® t) dt = 167,
]

Q 6. (17 points) A function f : R* = R has continuous second order partial derivatives
and is such that

o f(z,y,2) # 0 for all (z,y,2),

o |Vfi%=2f,

o div(fVf)=5f.

Evaluate [ = f Vfe N dS, where S is the boundary of the solid cylinder z? + y? <
S

4,0 < 2 <5, and N is the outer unit normal vector to S.

Solution. by Divergence Theorem, we have that T = f f div(V f) aV, where D is the
solid cylinder 22 + 4% < 4, 0 < 2 < 5.

Now we calculate div(V f) as follows.

d d & & &
divf = f -l-a—f -’i-éik div (Vf)--—£+%+8—z£.

We are given
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5F=2f + f (div(VF)) = f (div(Vf)) = 3F.
Since f # 0, we have div(Vf) = 3. So

I—ff/ div(Vf) dV = //fwv 3 Volume(D) = (7T22)5_607T

Thus




