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1. Let’s consider the set of Hurwitz integer quaternions H ⊂ H

H = {a + bi + cj + dk | a ≡ b ≡ c ≡ d ≡ 0, 1/2 mod 1}

i.e. all the coefficients a, b, c, d are either integer or halfinteger. Prove that:

(i) Hurwitz quaternions form a ring.

(ii) There are 24 Hurwitz quaternions of modulus 1, they form a group G with center ±1, and G/ ± 1 is
isomorphic to alternating group A4.

(iii) The set of unit Hurwitz quaternions is closed under reflection and hence form a root system of rank 4.

(vi) Identify this root system.

2. Let now R be the set of Hurwitz quaternions q ∈ H with |q|2 ≤ 2. Prove that

(i) There are 48 such Hurwitz quaternions,

(ii) and they form a root system.

(iii) The root system R is of type F4.

Let’s call Coxeter system a finite system of unit vectors R ⊂ En closed under reflections sα : x 7→ x− 2(x, α)α,
∀α ∈ R (no integrality condition).

3. Outline the proof that connected Coxeter graph of a Coxeter system is either one of a root system, or one
of the following

H3 :

H4 :

Ip :

4. Let P ⊂ E3 be a regualr polytope.

(i) Prove that normal unit vectors to symmetry planes of P form a Coxeter system.

Find the corresponding Coxeter graphs for

(ii) Tetrahedron,

(iii) Cube,

(vi) and Icosahedron.

5. Let I ⊂ SO(3) be group of rotations of icosahedron, isomorphic to alternating group A5, and Ĩ ⊂ Sp(1) =
S3 ⊂ H be its pull back w.r. to two fold covering Sp(1) → SO(3).

(i) Prove that 120 vectors Ĩ ⊂ S3 ⊂ H form a Coxeter system.
Hint: Observe that eI is stable under reflection q 7→ −q̄, q ∈ H.

(ii) and its Coxeter graph is H4.

(iii) For extra credit apply the same construction for rotation groups of other regular polytopes in E3, e.g. for
tetrahedron this gives 24 unit Hurwitz quaternions of Problem 1.


