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Abstract. We investigate and identify Möbius-invariant harmonic function
spaces on the unit disc. We derive their fundamental properties and establish
connections among various topologies on them. We show that the harmonic Bloch
space b∞ is the “maximal” and the Besov space b1−2 is the minimal invariant
complete seminormed space. There is only one invariant semi-Hilbert space and
it is the harmonic Dirichlet space b2−2.

1. Introduction

Let D ⊂ C be the unit disc and let Aut(D), the automorphism group, be
the group of holomorphic, bijective maps of D. Let (E, ρE) be a complete
seminormed linear space of holomorphic functions on D. Roughly speaking,
(E, ρE) is called Möbius invariant if for all f ∈ E and ϕ ∈ Aut(D), the com-
position f ◦ϕ is in E and ρE(f ◦ϕ) ∼ ρE(f). Möbius-invariant holomorphic
function spaces have been studied intensively in the past. It is shown in [11]
that the Bloch space B∞ is “maximal”, and in [2] that the Besov space B1 is
the minimal invariant space. In [1] invariant semi-Hilbert spaces are consid-
ered and it is shown that the Dirichlet space is the unique Möbius-invariant
semi-Hilbert space. In higher dimensions analogous results are obtained for
the unit ball in C

n in [10,15], and for the polydisc in [8].
Consider now the harmonic analogue of the above problem. A Möbius

transformation of R̂n := R
n ∪ {∞} is a finite composition of reflections (in-

versions) in planes and spheres. Let Bn ⊂ R
n be the real unit ball and
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let M(Bn) be the group of Möbius transformations that map Bn to itself.
If u is harmonic on Bn and ϕ ∈ M(Bn), the composition u ◦ ϕ need not be
harmonic. Nevertheless, if we multiply u ◦ ϕ with a correction factor, the
function

Kϕ(u)(x) =
(1− |ϕ(x)|2

1− |x|2
)(n−2)/2

u(ϕ(x)) (x ∈ Bn)

is harmonic on Bn. The first factor above stems from applying the Kelvin
transform and because of this Kϕ(u) is called the Kelvin–Möbius transform
of u; for details see [9].

Note that when n = 2, the correction factor in the Kelvin–Möbius trans-
form disappears and Kϕ(u) is just u ◦ ϕ. Because of this there are differ-
ences between the cases n = 2 and n ≥ 3. For example, when n ≥ 3, there
are normed spaces containing unbounded functions that are Kelvin–Möbius
invariant, but this is not true when n = 2 and to obtain interesting invariant
spaces it is necessary to allow seminorms. Due to this fact even the defini-
tions of invariant spaces are different in the cases n = 2 and n ≥ 3. The case
n ≥ 3 is worked out in [9], where the minimal and the maximal invariant
spaces are determined and the unique invariant Hilbert space is identified.
The purpose of this work is to settle the remaining case n = 2.

Our results are similar to those in the holomorphic setting given, for ex-
ample, in [1,2], which is to be expected since harmonic and holomorphic
functions on the unit disc are intimately related. A close look at works on
holomorphic spaces reveals that connections between convergence in a semi-
norm and pointwise convergence play essential roles in the proofs, although
not always explicitly stated; for a careful treatment of these issues, see the
recent monograph [6, Chapter 6]. We will start with slightly different but
basic assumptions when defining Möbius-invariant harmonic spaces. More
importantly, we will be meticulous in establishing the relations among vari-
ous kinds of topologies, seminorm, norm, pointwise convergence, and make
clear how and where the conditions on each are used in the proofs.

We endow R
2 with the usual inner product x · y = x1y1 + x2y2 for

x = (x1, x2) and y = (y1, y2) in R
2 and with the induced norm |x| = √

x · x.
We identify R

2 with C via the correspondence z = x1 + ix2 and freely pass
between the real and complex notation. In the rest of this work we always
have n = 2, and in real notation we denote the unit disc by B = B2 and
identify it with D.

Let E be a linear space. A map ρE : E → [0,∞) is called a seminorm
on E if it satisfies the axioms of a norm except that ρE(u) can be zero for
non-zero u ∈ E. A map 〈·, ·〉E : E ×E → C is called a semi-inner product
on E if it satisfies the axioms of an inner product except that 〈u, u〉E can
be zero for non-zero u ∈ E. The natural topology of a semi-inner product
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space is with respect to the induced seminorm ρE(u) =
√〈u, u〉E . The semi-

normed space (E, ρE) is called complete if every Cauchy sequence in ρE is
convergent in ρE . The pair (E, 〈·, ·〉E) is called a semi-Hilbert space if it is
complete with respect to its induced seminorm. Equivalently, if (E, ρE) is
a seminormed space, we can let Z = {u ∈ E : ρE(u) = 0 } and consider the

quotient space Ĕ := E/Z and the corresponding ρ̆Ĕ on it. Then (Ĕ, ρ̆Ĕ) is
a genuine normed space and is a Banach space if and only if (E, ρE) is com-

plete. Similarly, (E, 〈·, ·〉E) is a semi-Hilbert space if and only if (Ĕ, 〈·, ·〉Ĕ)
is a Hilbert space. For more information, see [14, Section 1.2].

We now define a Möbius-invariant harmonic function space following [11]
and [2]. Denote by h(B) the space of all complex-valued harmonic functions
on B endowed with the topology of uniform convergence on compact subsets.
Let (E, ρE) be a seminormed space of harmonic functions on B. A nonzero
continuous linear functional L on h(B) is called decent on E if L|E is also
continuous in the seminorm topology. We denote by 1 the constant function
whose value is 1. If f : D → C and θ ∈ [0,2π], we define fθ by fθ(z) := f(eiθz)
for z ∈ D.

Definition 1.1. Let E be a linear space of harmonic functions on B

and ρE be a complete seminorm on E. We call (E, ρE) Möbius invariant if
the following properties hold:

(i) 1 ∈ E and ρE(1) = 0. We also assume E is nontrivial in the sense
that it contains a nonconstant function.

(ii) There exists a decent linear functional on E.

(iii) For every u ∈ E and ϕ ∈ M(B), u ◦ ϕ belongs to E and

ρE(u ◦ ϕ) ≤ CρE(u),

for some constant C independent of u and ϕ.

(iv) For each u ∈ E, the map θ �→ uθ is continuous from [0,2π] to (E,ρE).

If the constant in (iii) is C = 1, then we have ρE(u ◦ ϕ) = ρE(u) for ev-
ery u ∈ E and ϕ ∈ M(B) and in this case we call (E, ρE) strictly Möbius
invariant.

If (E, ρE) is Möbius invariant, then ρE(u ◦ ϕ) ∼ ρE(u) for all u ∈ E.
Here, the notation A ∼ B means that |A|/|B| is bounded above and below
by positive constants that are independent of the parameters or functions
involved. If |A|/|B| is bounded above, we write A � B.

If (E, ρE) is Möbius invariant, then it is possible to define a new, equiv-
alent seminorm on E with which E becomes strictly Möbius invariant; see
[2, p. 111].

The condition (i) in Definition 1.1 does not appear in [1,2]. We use it in
Lemma 5.3 and Lemma 6.2 below where we connect pointwise convergence
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and convergence in (E, ρE). Condition (iv) is needed in Proposition 5.5
which is the basis of the properties obtained at the end of Section 5.

The harmonic function spaces we are interested in are the Bergman–
Besov spaces bpq (q ∈ R) and the Bloch space b∞. The harmonic Bloch
space b∞ consists of all u ∈ h(B) such that the seminorm

(1) ρb∞(u) := sup
x∈B

(1− |x|2)|∇u(x)| <∞,

where ∇u(x) = (ux1
, ux2

) is the gradient of u and uxi
= ∂u/∂xi, i = 1, 2.

The space b∞ satisfies the conditions (i)–(iii) of Definition 1.1, but not the
condition (iv), which can be seen by taking u(z) = log(1− z). Therefore b∞
is not Möbius invariant in the sense of Definition 1.1. Nevertheless, it has
the following maximality property which is the harmonic analogue of the
main result of [11].

Theorem 1.2. Let (E, ρE) be a Möbius-invariant harmonic function
space. Then E ⊂ b∞ and there is a C > 0 such that ρb∞(u) ≤ CρE(u) for
every u ∈ E.

Remark 1.3. The conditions (i) and (iv) of Definition 1.1 are actually
not needed in the above theorem. That is, if (E, ρE) satisfies conditions (ii)
and (iii) of Definition 1.1, then E is continuously contained in b∞.

We next define harmonic Bergman–Besov spaces for the whole range
q ∈ R. For this we need some preparation. Let dA be the normalized area
measure on B and for q ∈ R, let

dAq(x) := cq(1− |x|2)q dA(x).
The measure dAq is finite only when q > −1 and in this case we set cq so
that Aq(B) = 1. When q ≤ −1, we set cq = 1. The case q = −2 is especially
important for us since dA−2(x) = (1− |x|2)−2 dA(x) is the Möbius-invariant
measure on B. For 1 ≤ p <∞, we denote the Lebesgue classes with respect
to dAq by L

p(dAq). To denote higher-order partial derivatives we use multi-
indices, where a multi-index α = (α1, α2) is a pair of nonnegative integers
and |α| := α1 + α2. For a smooth function f we write

∂αf :=
∂|α|f

∂xα1

1 ∂xα2

2

.

So by definition, a function u is harmonic if (∂(2,0) + ∂(0,2))u = 0.

Definition 1.4. Let 1 ≤ p <∞ and q ∈ R. Pick a nonnegative inte-
ger N so that

(2) q + pN > −1.
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The harmonic Bergman–Besov space bpq consists of all u ∈ h(B) such that
for every multi-index α with |α| = N ,

(1− |x|2)N∂αu ∈ Lp(dAq).

A norm on bpq is

(3) ‖u‖pbpq =
∑

0≤|α|<N
|∂αu(0)|p +

∑
|α|=N

∫

B

∣∣(1− |x|2)N∂αu(x)∣∣p dAq(x).

The space bpq does not depend on the choice of N as long as (2) is satis-
fied. The norm ‖ · ‖bpq in (3) depends on N but we do not indicate this since
different choices of N give rise to equivalent norms; see [7] for details. In
the region q > −1, choosing N = 0 shows bpq = h(B)∩Lp(dAq), the weighted
harmonic Bergman space. The region q ≤ −1 is the Besov region, where we
need to consider derivatives of u. We also endow bpq with the seminorm

ρbpq (u) := ‖u− u(0)‖bpq
which vanishes on constants. The next theorem determines all Möbius-
invariant harmonic Bergman–Besov spaces.

Theorem 1.5. Let 1 ≤ p <∞ and q ∈ R. Then (bpq, ρbpq ) is Möbius in-
variant if and only if q = −2.

In particular, there are no Möbius-invariant standard weighted Bergman
spaces. In all papers dealing with holomorphic spaces, no such only-if-type
result is proved.

Taking p = 2 in Theorem 1.5 shows that the space b2−2 is a Möbius-
invariant semi-Hilbert space. It is the harmonic Dirichlet space endowed
with the seminorm (choosing N = 1)

(4) ρ2b2−2
(u) =

∫

B

|∇u(x)|2 dA(x)

which is induced by the semi-inner product

〈u, v〉b2−2
=

∫

B

∇u(x) · ∇v(x) dA(x).

The Dirichlet space (b2−2, 〈·, ·〉b2−2
) is actually strictly Möbius invariant and

it is the only strictly Möbius-invariant semi-Hilbert space. This is our next
theorem.

Theorem 1.6. (i) The semi-Hilbert space (b2−2, 〈·, ·〉b2−2
) is strictly Möbius

invariant.

(ii) If (H, 〈·, ·〉H) is a strictly Möbius-invariant semi-Hilbert space, then
H = b2−2 and 〈·, ·〉H = C〈·, ·〉b2−2

for some C > 0.
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The Möbius-invariant spaces bp−2 (1 ≤ p <∞) grow larger as p increases;

see [7, Proposition 13.3]. This suggests that b1−2 might be the smallest
Möbius-invariant space. The next theorem shows that this is true.

Theorem 1.7. The space b1−2 is the smallest Möbius-invariant space.

More precisely, if (E,ρE) is Möbius invariant, then b1−2 ⊂ E and there exists

a C > 0 such that ρE(u) ≤ Cρb1−2
(u) for every u ∈ b1−2.

Finally, we consider subspaces of the Fréchet space h(B) and show that
the only Möbius-invariant closed subspaces are the trivial ones.

Theorem 1.8. Let A be a closed subspace of h(B). If u ◦ ϕ is in A for
every u ∈ A and ϕ ∈ M(B), then A = {0}, A = {constants} or A = h(B).

The proofs of Theorems 1.2 and 1.8 are in Section 3. The proof of
Theorem 1.5 is in Section 4, of Theorem 1.6 in Section 6, and of Theo-
rem 1.7 in Section 7. In Section 5, we collect together general properties
of Möbius-invariant harmonic function spaces not covered by the above the-
orems. In Section 2, we provide background on Möbius transformations,
harmonic functions, and Bergman–Besov spaces.

2. Preliminaries

In this section we first recall some elementary facts about Möbius trans-
formations and harmonic functions on the unit disc. We then review some
properties of harmonic and holomorphic Bergman–Besov spaces that we use
in the sequel.

2.1. Möbius transformations. For a ∈ D, let

(5) ϕa(z) :=
a− z

1− āz
(z ∈ D).

The group Aut(D) is generated by ϕa’s and rotations; if ϕ ∈ Aut(D), then
ϕ = eiθϕa for some θ ∈ [0, 2π] and a ∈ D. Elements of Aut(D) are holomor-
phic, so they are orientation preserving. On the other hand, M(B) consists
of compositions of reflections in lines and circles and its elements can be
orientation preserving or reversing. Throughout this work we reserve the
letter γ for the conjugation function

γ(z) = z̄.

The group M(B) is generated by ϕa’s, rotations and γ. If ϕ ∈ M(B) is a
composition of an even number of reflections, then ϕ is holomorphic and
ϕ ∈ Aut(D). If ϕ ∈ M(B) is a composition of an odd number of reflections,
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then ϕ̄ is holomorphic and ϕ = γ ◦ ψ for some ψ ∈ Aut(D). If we write
Aut(D) := {γ ◦ ϕ : ϕ ∈ Aut(D)}, then
(6) M(B) = Aut(D) ∪Aut(D).

We record the following elementary lemma for future reference.

Lemma 2.1. Let ϕ ∈ Aut(D). Then there exists ϕ̂ ∈ Aut(D) such that

γ ◦ ϕ = ϕ̂ ◦ γ.
Proof. If ϕ = eiθϕa, take ϕ̂ = e−iθ ◦ ϕā. �

2.2. Harmonic functions on the unit disc. A harmonic function u
on D is the sum of a holomorphic and a conjugate holomorphic function in
the form

(7) u(z) =
∞∑
m=0

amz
m +

∞∑
m=1

bmz̄
m =: f(z) + g(z̄) = f(z) + g ◦ γ(z),

where the series converge absolutely and uniformly on compact subsets of D,
and f and g are holomorphic on D. We use this form many times and state
it as a lemma.

Lemma 2.2. If u is harmonic on D, then there exist functions f and g
holomorphic on D such that u = f + g ◦ γ. The functions f and g are unique
up to a constant summand.

As stated in Definition 1.1, for Möbius-invariant spaces we use seminorms
that vanish on constants. So when we refer to Lemma 2.2, the constant sum-
mand will have no effect and it will not be important which f or g we use.

Let

(8)
∂

∂z
:=

1

2

( ∂

∂x1
− i

∂

∂x2

)
and

∂

∂z̄
:=

1

2

( ∂

∂x1
+ i

∂

∂x2

)

be the Wirtinger operators. Then

(9)
∂

∂x1
=

∂

∂z
+

∂

∂z̄
and

∂

∂x2
= i

( ∂

∂z
− ∂

∂z̄

)
.

If u is harmonic on D and f and g are as in Lemma 2.2, then

(10)
∂u

∂z
= f ′(z) and

∂u

∂z̄
= g′(z̄).

A harmonic function composed on the right with a holomorphic or conjugate
holomorphic function remains harmonic.
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A continuous linear functional L on the Fréchet space h(B) is continuous
if and only if there exists a compact F ⊂ B and a constant C > 0 such that

(11) |L(u)| ≤ C sup
{|u(x)| : x ∈ F

}
(u ∈ h(B)).

If (E, ρE) is a seminormed space of harmonic functions and L is a linear
functional on E, then L is continuous if and only if there exists a constant
C > 0 such that

(12) |L(u)| ≤ CρE(u) (u ∈ E).

2.3. Holomorphic and harmonic Bergman–Besov spaces. Let
H(D) be the set of all holomorphic functions on D. Definition of holomorphic
Bergman–Besov spaces Bp

q (q ∈ R) is similar to that of harmonic ones.

Definition 2.3. Let 1≤p<∞ and q ∈ R. Pick a nonnegative integer N
so that q + pN > −1. The holomorphic Bergman–Besov space Bp

q consists

of all f ∈ H(D) such that (1− |z|2)Nf (N) ∈ Lp(dAq). A norm on Bp
q is

‖f‖pBp
q
=

N−1∑
k=0

|f (k)(0)|p +
∫

D

∣∣(1− |z|2)Nf (N)(z)
∣∣p dAq(z).

Again, the space Bp
q does not depend on the choice of N as long

as q + pN > −1 and different choices of N give rise to equivalent norms.
For q > −1, choosing N = 0 shows Bp

q = H(D) ∩ Lp(dAq) is the holomor-
phic weighted Bergman space. We endow Bp

q also with the seminorm
ρBp

q
(f) := ‖f − f(0)‖Bp

q
.

The following lemma shows how taking derivatives moves a function
from one Bergman–Besov space to another in both holomorphic and har-
monic cases.

Lemma 2.4. (i) Suppose f ∈ H(D) and m ≥ 1. Then f ∈ Bp
q if and only

if f (m) ∈ Bp
q+pm and

‖f‖Bp
q
∼

m−1∑
k=0

|f (k)(0)|+ ‖f (m)‖Bp
q+pm

.

(ii) Suppose u ∈ h(B) and m ≥ 1. Then u ∈ bpq if and only if ∂αu ∈ bpq+pm
for every multi-index α with |α| = m and

‖u‖bpq ∼
∑

|α|<m
|∂αu(0)|+

∑
|α|=m

‖∂αu‖bpq+pm
.

In Definition 1.4 (and similarly in Definition 2.3), partial derivatives can
be replaced with the more convenient radial derivatives. If f ∈ H(D), then
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the radial derivative Rf of f is defined as Rf(z) := zf ′(z). So, if f(z) =∑∞
m=0 cmz

m, then

Rf(z) =
∞∑
m=1

mcmz
m.

For k ≥ 2, we define Rkf := Rk−1Rf =
∑∞

m=1m
kcmz

m. If u ∈ h(B), then
the radial derivative Rhu of u is defined as Rhu(x) := x · ∇u(x). If u is
written as in (7), then

Rhu(z) =
∞∑
m=1

m (amz
m + bmz̄

m) .

For k ≥ 2, we define Rk
hu := Rk−1

h Rhu =
∑∞

m=1m
k(amz

m + bmz̄
m).

Lemma 2.5. Let p ≥ 1 and q ∈ R. Pick N ≥ 1 so that q + pN > −1.

(i) f ∈ Bp
q if and only if (1− |z|2)NRNf ∈ Lp(dAq) and

‖f‖pBp
q
∼ |f(0)|p +

∫

D

∣∣(1− |z|2)NRNf(z)
∣∣p dAq(z).

(ii) u ∈ bpq if and only if (1− |x|2)NRN
h u ∈ Lp(dAq) and

‖u‖pbpq ∼ |u(0)|p +
∫

B

∣∣(1− |x|2)NRN
h u(x)

∣∣p dAq(x).

Parts (i) of Lemmas 2.4 and 2.5 are well known. For their parts (ii),
see [7]. When q > −1, it is clear that Bp

q ⊂ bpq . This continues to hold when
q ≤ −1.

Lemma 2.6. Let 1 ≤ p <∞, q ∈ R and f be holomorphic on D. Then

‖f‖Bp
q
∼ ‖f‖bpq ∼ ‖f ◦ γ‖bpq and ρBp

q
(f) ∼ ρbpq (f) ∼ ρbpq (f ◦ γ).

Proof. If q > −1, since the measure dAq is invariant under conjugation,

‖f ◦ γ‖bpq =

∫

D

|f(z̄)|p dAq(z) =
∫

D

|f(z)|p dAq(z) = ‖f‖bpq = ‖f‖Bp
q
.

If q ≤ −1, pick N ≥ 1 so that q + pN > −1. Note that since f is holomor-
phic, Rf = Rhf . Thus, using both parts of Lemma 2.5,

‖f‖bpq ∼ |f(0)|p +
∫

B

∣∣(1− |x|2)NRN
h f(x)

∣∣p dAq(x)

= |f(0)|p +
∫

D

∣∣(1− |z|2)NRNf(z)
∣∣p dAq(z) ∼ ‖f‖Bp

q
.
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The equivalence ‖f ◦ γ‖bpq ∼ ‖f‖bpq follows from RN
h (f ◦ γ) = RN

h f ◦ γ and
the conjugation invariance of dAq. For the assertion about seminorms just
replace f with f − f(0). �

For a proof of the following estimate see [12, Proposition 1.4.10].

Lemma 2.7. For z ∈ D, t > −1 and c ∈ R, we have

∫

D

(1− |w|2)t
|1− zw̄|2+t+c dA(w) ∼

⎧⎪⎨
⎪⎩

1
(1−|z|2)c if c > 0,

1 + log 1
1−|z|2 if c = 0,

1 if c < 0.

3. The maximal space

In this section we prove Theorems 1.2 and 1.8 which are the harmonic
counterparts of the Theorem and Corollary 2 of [11]. In the holomorphic case
the proof of the Rubel–Timoney theorem is based on the lemma below. We
denote the holomorphic Bloch space by B∞ which consists of all f ∈ H(D)
such that the seminorm

ρB∞(f) := sup
z∈D

(1− |z|2)|f ′(z)| <∞.

Lemma 3.1 [11, p. 46]. Let f ∈ H(D) and m ≥ 1. If

sup
ϕ∈Aut(D)

∣∣(f ◦ ϕ)(m)(0)
∣∣ <∞,

then f ∈ B∞ and

ρB∞(f) � sup
ϕ∈Aut(D)

∣∣(f ◦ ϕ)(m)(0)
∣∣.

Our first aim is to obtain an analogue of the above lemma for harmonic
functions. As a preliminary result, we first show the following simple con-
nection between the harmonic Bloch space b∞ and the holomorphic Bloch
space B∞.

Lemma 3.2. Let u be harmonic on D and f and g be as in Lemma 2.2.
Then u ∈ b∞ if and only if f, g ∈ B∞ and

ρb∞(u) ∼ ρB∞(f) + ρB∞(g).

Proof. It is clear that ρb∞(u) defined in (1) is equivalent to

sup
z∈D

(1− |z|2)(|ux1
(z)|+ |ux2

(z)|)
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which, by (8) and (9), is equivalent to

sup
z∈D

(1− |z|2)
(∣∣∣∂u
∂z

(z)
∣∣∣+

∣∣∣∂u
∂z̄

(z)
∣∣∣
)
.

Finally, by (10), the above quantity is equivalent to ρB∞(f) + ρB∞(g). �
Lemma 3.3. Let u ∈ h(B) and m ≥ 1. If

sup
ϕ∈M(B)

∣∣∣∣
∂m(u ◦ ϕ)
∂zm

(0)

∣∣∣∣ <∞,

then u ∈ b∞ and

ρb∞(u) � sup
ϕ∈M(B)

∣∣∣∣
∂m(u ◦ ϕ)
∂zm

(0)

∣∣∣∣.

Proof. Write u = f + g ◦ γ as in Lemma 2.2. We first deal with f . Let
ϕ ∈ Aut(D). By Lemma 2.1, there exists ϕ̂ ∈ Aut(D) such that

u ◦ ϕ = f ◦ ϕ+ g ◦ γ ◦ ϕ = f ◦ ϕ+ g ◦ ϕ̂ ◦ γ.
Since the second function g ◦ ϕ̂ ◦ γ is conjugate holomorphic we have

∂m(u ◦ ϕ)
∂zm

=
dm(f ◦ ϕ)
dzm

.

Then by hypothesis and the fact that Aut(D) ⊂ M(B),

sup
ϕ∈Aut(D)

∣∣(f ◦ ϕ)(m)(0)
∣∣ ≤ sup

ϕ∈M(B)

∣∣∣∣
∂m(u ◦ ϕ)
∂zm

(0)

∣∣∣∣ <∞.

Lemma 3.1 shows that f ∈ B∞ and

ρB∞(f) � sup
ϕ∈M(B)

∣∣∣∣
∂m(u ◦ ϕ)
∂zm

(0)

∣∣∣∣.

To deal with g, let ϕ ∈ Aut(D). Then ψ = γ ◦ϕ ∈ M(B). By Lemma 2.1,
γ ◦ ϕ = ϕ̂ ◦ γ for some ϕ̂ ∈ Aut(D) and u ◦ ψ = f ◦ ϕ̂ ◦ γ + g ◦ ϕ. Since the
first function f ◦ ϕ̂ ◦ γ is conjugate holomorphic,

∂m(u ◦ ψ)
∂zm

=
dm(g ◦ ϕ)
dzm

and

sup
ϕ∈Aut(D)

∣∣(g ◦ ϕ)(m)(0)
∣∣ ≤ sup

ψ∈M(B)

∣∣∣∣
∂m(u ◦ ψ)
∂zm

(0)

∣∣∣∣ <∞.
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Lemma 3.1 shows that g ∈ B∞ and

ρB∞(g) � sup
ψ∈M(B)

∣∣∣∣
∂m(u ◦ ψ)
∂zm

(0)

∣∣∣∣ .

The desired result now follows from Lemma 3.2. �
We follow the approach of [13] and obtain Theorems 1.2 and 1.8 as con-

sequences of the following theorem.

Theorem 3.4. Let L be a non-zero continuous linear functional on
h(B). If

K = sup{|L(u ◦ ϕ)| : ϕ ∈ M(B)} <∞
for some u ∈ h(B), then u ∈ b∞ and ρb∞(u) ≤ CLK, where the constant CL
depends on L but is independent of u.

Proof. Since L �= 0 on h(D), it does not equal 0 on the whole set
{1, zm, z̄m : m ≥ 1}. We can assume that there exists m0 ≥ 0 such that

L(zm0) �= 0 since, if necessary, we can replace L with L̃, where L̃(v) =
L(v ◦ γ).

Define a new linear functional L on h(D) by

L(v) := 1

2π

∫ 2π

0
L(vθ)e

−im0θ dθ.

Using condition (11) it is straightforward to show that L is continuous on
h(D). It is also elementary to verify that the following properties hold:

(13)

⎧⎪⎨
⎪⎩

L(zm0) = L(zm0) �= 0;

L(zm) = 0, m ≥ 0, m �= m0;

L(z̄m) = 0, m ≥ 1.

Suppose the hypothesis of the theorem holds for u. Then

(14) |L(u ◦ ϕ)| ≤ K (ϕ ∈ M(B)).

Write u as a series as in (7). By the uniform convergence of this series on
compact subsets of D, the continuity of L on h(D), and (13),

L(u) =
∞∑
m=0

amL(zm) +
∞∑
m=1

bmL(z̄m) = am0
L(zm0) = am0

L(zm0)

and since

am0
=

1

m0 !

∂m0u

∂zm0
(0),
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we deduce
∣∣∣∂

m0u

∂zm0
(0)

∣∣∣ ≤ m0 !

|L(zm0)| |L(u)|.

Replacing u by u ◦ ϕ and using (14) we obtain

∣∣∣∂
m0(u ◦ ϕ)
∂zm0

(0)
∣∣∣ ≤ m0 !

|L(zm0)|K

for all ϕ ∈ M(B). If m0 ≥ 1, then u ∈ b∞ and ρb∞(u) ≤ CLK by Lemma 3.3.
If m0 = 0, then u is a bounded harmonic function and an application of
Cauchy’s estimate for harmonic functions ([3, p. 33]) shows u ∈ b∞ and
ρb∞(u) ≤ CLK. �

Proof of Theorem 1.2. Let L be a decent linear functional on E.
So L �= 0 is continuous on h(B) and (12) holds. Pick u ∈ E. For every
ϕ ∈ M(B), by (12) and the Möbius invariance of E,

|L(u ◦ ϕ)| � ρE(u ◦ ϕ) � ρE(u).

Theorem 3.4 implies u ∈ b∞ and ρb∞(u) � ρE(u). �
Proof of Theorem 1.8. SupposeA �= h(B). By the Hahn-Banach the-

orem, there exists a non-zero continuous linear functional L on h(B) which
vanishes on A. If u ∈ A, then

sup
{|L(u ◦ ϕ)| : ϕ ∈ M(B)

}
= 0,

since u ◦ ϕ ∈ A for every ϕ ∈ M(B). Theorem 3.4 shows that ρb∞(u) = 0
and so u must be constant. �

4. Möbius-invariant harmonic Bergman–Besov spaces

In this section we prove Theorem 1.5 and thereby determine all Möbius-
invariant harmonic Bergman–Besov spaces. In the holomorphic case, when
1 ≤ p <∞ and q = −2, the spaces Bp

−2 are Möbius invariant. This is clear
when 1 < p <∞, since if we choose N = 1 in Definition 2.3,

ρBp
−2
(f) =

∫

D

|f ′(z)|p (1− |z|2)p−2 dA(z)

and for ϕ ∈ Aut(D),

(15) ρBp
−2
(f ◦ ϕ) = ρBp

−2
(f)
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by the identity

|ϕ′(z)| = 1− |ϕ(z)|2
1− |z|2 .

If p = 1, choosing N = 2 in Definition 2.3 shows

ρB1
−2
(f) = |f ′(0)|+

∫

D

|f ′′(z)| dA(z),

and it is shown in [2, Theorem 8] that ρB1
−2
(f ◦ϕ) ∼ ρB1

−2
(f) for ϕ ∈ Aut(D).

In the proof of Theorem 1.5 we will use the Möbius invariance of Bp
−2 and

to do this we first establish a connection between holomorphic Bergman–
Besov spaces Bp

q and harmonic Bergman–Besov spaces bpq .

Lemma 4.1. Let 1 ≤ p <∞ and q ∈ R. Let u ∈ h(B) be written in the
form u = f + g ◦ γ as in Lemma 2.2. Then u ∈ bpq if and only if f, g ∈ Bp

q

and

ρbpq (u) ∼ ρBp
q
(f) + ρBp

q
(g).

Proof. Suppose f, g ∈ Bp
q . Then

ρbpq (u) = ρbpq (f + g ◦ γ) ≤ ρbpq (f) + ρbpq (g ◦ γ) ∼ ρBp
q
(f) + ρBp

q
(g),

where the last equivalence follows from Lemma 2.6. Thus u ∈ bpq and the
estimate ρbpq (u) � ρBp

q
(f) + ρBp

q
(g) holds.

To see the other direction, let u ∈ bpq . By Lemma 2.4(ii), uxi
∈ bpq+p and

‖uxi
‖bpq+p

� ‖u− u(0)‖bpq (i = 1, 2).

Then by (8) and (10), ∂u/∂z = f ′ and ∂u/∂z̄ = g′ ◦ γ are in bpq+p and

‖f ′‖bpq+p
� ‖u− u(0)‖bpq and ‖g′ ◦ γ‖bpq+p

� ‖u− u(0)‖bpq .

Applying Lemma 2.6 shows that f ′ and g′ are in the holomorphic space Bp
q+p

and

|f ′‖Bp
q+p

� ‖u− u(0)‖bpq and ‖g′‖Bp
q+p

� ‖u− u(0)‖bpq .
Finally, by Lemma 2.4(i), f and g are in Bp

q and

‖f − f(0)‖Bp
q
∼ ‖f ′‖Bp

q+p
� ‖u−u(0)‖bpq and ‖g− g(0)‖Bp

q
� ‖u−u(0)‖bpq .

Thus ρBp
q
(f) + ρBp

q
(g) � ρbpq (u). �

We are now ready to prove Theorem 1.5.
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Proof of Theorem 1.5. To see the if part we check the conditions
stated in Definition 1.1. The conditions (i), (ii) and (iv) actually hold for
every (bpq, ρbpq ), q ∈ R. It is clear that 1 ∈ bpq and for the decent linear func-
tional one can take, for example, u �→ ux1

(0). Verifying condition (iv) for
q > −1 is straightforward. When q ≤ −1, take N so that q+pN > −1. Then
RN
h u ∈ bpq+pN and condition (iv) follows from the fact that RN

h uθ = (RN
h u)θ.

It remains to verify that condition (iii) holds when q = −2.
Let u ∈ bp−2 and write it in the form u = f + g ◦ γ as in Lemma 2.2.

By Lemma 4.1, f and g are in Bp
−2. Let ϕ ∈ M(B). Then by (6), ei-

ther ϕ ∈ Aut(D) or ϕ ∈ Aut(D). If ϕ ∈ Aut(D), by Lemma 2.1, there exists
ϕ̂ ∈ Aut(D) such that

u ◦ ϕ = f ◦ ϕ+ g ◦ γ ◦ ϕ = f ◦ ϕ+ g ◦ ϕ̂ ◦ γ.
The right-hand side is a representation of u ◦ ϕ in the form stated in
Lemma 2.2 and we have

ρbp−2
(u ◦ ϕ) ∼ ρBp

−2
(f ◦ ϕ) + ρBp

−2
(g ◦ ϕ̂) ∼ ρBp

−2
(f) + ρBp

−2
(g) ∼ ρbp−2

(u),

where the first and the last equivalences follow from Lemma 4.1 and the
second one follows from the Möbius invariance of Bp

−2. If ϕ ∈ Aut(D), then
ϕ = γ ◦ ψ for some ψ ∈ Aut(D) and exchanging the roles of f and g, we
again obtain ρbp−2

(u ◦ ϕ) ∼ ρbp−2
(u). Thus condition (iii) of Definition 1.1 is

satisfied and bp−2 is Möbius invariant.
We next show the only if part, that is, if q �= −2, then condition (iii) in

Definition 1.1 does not hold. For 1/2 < r < 1, let fr(z) := 1− rz. Then

(16) ρbpq (fr) = ρbpq (1− rz) = rρbpq (z) ∼ 1.

With ϕr as in (5), we have fr ◦ϕr(z) = (1− r2)/(1− rz) and by Lemma 2.6,

ρbpq (fr ◦ ϕr) ∼ ρBp
q
(fr ◦ ϕr) = (1− r2)ρBp

q

( 1

1− rz

)
.

To compute the right-hand side, pick N ≥ 1 so that q+ pN > −1. Since the
kth derivative of 1/(1− rz) at z = 0 is k!rk, by Definition 2.3 we have

ρpbpq (fr ◦ ϕr) ∼ (1− r2)p
(N−1∑
k=1

(k!rk)p +

∫

D

(1− |z|2)q+pN
|1− rz|p(N+1)

dA(z)

)
.

Set Mr =
∑N−1

k=1 (k!r
k)p and note that it stays bounded as r → 1−. We es-

timate the above integral with c = p(N + 1)− (q + pN)− 2 = p− q − 2 in
Lemma 2.7.
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If c > 0, then

ρpbpq (fr ◦ ϕr) ∼ (1− r2)pMr + (1− r2)q+2

and the right-hand side approaches 0 or ∞ as r → 1− when q �= −2. If
c = 0, then ρpbpq (fr ◦ ϕr) approaches 0 as r → 1− since (1− r2)p dominates

log 1/(1−r2). If c < 0, then ρpbpq (fr ◦ ϕr) approaches 0 as r → 1−.
Thus, by (16), the estimate ρbpq (fr ◦ ϕr) ∼ ρbpq (fr) can not hold when

q �= −2. �

5. Properties of Möbius-invariant spaces

We begin this section by explaining why we allow seminorms in Defi-
nition 1.1. Suppose (E, ‖ · ‖) is a normed space of harmonic functions and
point evaluations are bounded on E. If E contains an unbounded function,
then E cannot be Möbius invariant. To see this, let u ∈ E and am ∈ D be
such that |u(am)| → ∞. Because point evaluation at 0 is bounded we have

|u(am)| = |u ◦ ϕam(0)| ≤ C‖u ◦ ϕam‖.
This shows that ‖u ◦ϕam‖ → ∞ and we cannot have ‖u ◦ϕam‖ ∼ ‖u‖. Note
that the Besov spaces bp−2, except when p = 1, and the Bloch space b∞ con-
tain unbounded functions. Therefore to call these spaces Möbius invariant
we need to give up requiring norms and allow seminorms vanishing on con-
stants. The downside of this approach is point evaluations are not bounded
on these seminormed spaces and additional care is needed in dealing with
convergence issues.

To establish a connection between pointwise convergence and conver-
gence in a Möbius-invariant space we first introduce a norm on the semi-
normed space (E, ρE) that will make point evaluations bounded.

Lemma 5.1. Let (E, ρE) be a Möbius-invariant space of harmonic func-
tions. Then

(i) ρE(u) = 0 if and only if u is constant,

(ii) for any u ∈ E and any constant C ∈ C, we have ρE(u+C) = ρE(u).

Proof. Seminorm of a constant function is 0 by assumption (i) in Def-
inition 1.1. If u is nonconstant, then ρb∞(u) �= 0 and so ρE(u) �= 0 by Theo-
rem 1.2. �

For a Möbius-invariant space (E, ρE), define

(17) ‖u‖E := |u(0)|+ ρE(u).

Lemma 5.2. (E, ‖ · ‖E) is a complete normed space.
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Proof. That ‖ · ‖E is a norm follows from Lemma 5.1(i). To see the
completeness, let (um) be a Cauchy sequence in (E, ‖ · ‖E). Then (um(0))
is Cauchy and (um) is Cauchy in (E, ρE). So, there exist a ∈ C such that
um(0) → a and u ∈ E such that ρE(um − u) → 0. Let ũ := u− u(0) + a.
Then ũ ∈ E since E contains constants and um → ũ in (E, ‖ · ‖E) because
(um − ũ)(0) = um(0)− a→ 0 and

ρE(um − ũ) = ρE(um − u+ u(0)−a) = ρE(um − u) → 0

by Lemma 5.1(ii). �
For x ∈ B, let Λx : E → C, Λx(u) := u(x) be the point-evaluation func-

tional.

Lemma 5.3. Let (E, ρE) be a Möbius-invariant space of harmonic func-
tions and let ‖ · ‖E be as in (17). Then Λx is bounded on (E, ‖ · ‖E).

Proof. Fix x ∈ B and let u ∈ E. By Theorem 1.2, u belongs to b∞ and
ρb∞(u) � ρE(u). Then

|u(x)−u(0)| =
∣∣∣∣
∫ 1

0
∇u(tx) · xdt

∣∣∣∣ ≤ ρb∞(u)

∫ 1

0

dt

1−t2|x|2 � ρb∞(u) � ρE(u).

Thus |u(x)| � |u(0)|+ ρE(u) = ‖u‖E . �
Note that although Λx is continuous on (E, ‖ · ‖E), it is not continuous

on (E, ρE) since that would violate (12) for a constant u. On the other
hand, whereas ρE(u ◦ϕ) ∼ ρE(u), it is not true that ‖u ◦ϕ‖E ∼ ‖u‖E for all
ϕ ∈ M(B). However, if we consider only the rotations and the conjugation,
this equivalence is true.

Lemma 5.4. Let (E, ρE) be a Möbius-invariant space of harmonic func-
tions and let ‖ · ‖E be as in (17). Then

(i) ‖uθ‖E ∼ ‖u‖E and ‖u ◦ γ‖E ∼ ‖u‖E ,
(ii) for fixed u∈E, the map θ �→ uθ is continuous from [0,2π] to (E, ‖·‖E).
Proof. Part (i) is true because uθ(0)=u(0) and u◦γ(0)=u(0).Part (ii)

follows from Definition 1.1(iv) and the fact that ‖uθ1 −uθ2‖E = ρE(uθ1 − uθ2).
�

We next show the harmonic analogues of Propositions 1 and 2 of [2].
The ideas are taken from [2], but more details are provided and we will be
cautious about convergence issues.

Proposition 5.5. Let (E,ρE) be a Möbius-invariant space of harmonic
functions, u ∈ E and m ∈ Z. Define the function U pointwise by

(18) U(z) =
1

2π

∫ 2π

0
u(eiθz)e−imθ dθ (z ∈ D).
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Then U ∈ E, ‖U‖E � ‖u‖E and ρE(U) � ρE(u).

Proof. We work in the Banach space (E, ‖ · ‖E) and consider the
Bochner integral

V =
1

2π

∫ 2π

0
uθ e

−imθ dθ.

For Bochner integrals see, for example, [4, Appendix E]. The above integral
exists by the completeness of (E, ‖ · ‖E) (Lemma 5.2) and the continuity in
Lemma 5.4(ii). Hence V ∈ E and by [4, Proposition E.5] and Lemma 5.4(i),

‖V ‖E ≤ 1

2π

∫ 2π

0
‖uθ e−imθ‖E dθ

=
1

2π

∫ 2π

0
‖uθ‖E dθ � 1

2π

∫ 2π

0
‖u‖E dθ = ‖u‖E.

By Lemma 5.3, for every z ∈ D, the point evaluation functional Λz is
bounded on (E, ‖ · ‖E). Applying [4, Proposition E.11] we see that

V (z) = Λz(V ) = Λz

(
1

2π

∫ 2π

0
uθ e

−imθ dθ
)

=
1

2π

∫ 2π

0
uθ(z) e

−imθ dθ = U(z),

for all z ∈ D. Thus U = V and we conclude that U ∈ E and ‖U‖E � ‖u‖E .
To see ρE(U) � ρE(u), we replace u with u− u(0) and apply the same ar-
gument. �

Lemma 5.6. Let (E, ρE) be a Möbius-invariant space of harmonic func-
tions. Let u ∈ E and write u as a series as in (7). If am0

�= 0 for some
m0 ≥ 1, then zm0 ∈ E and if bm0

�= 0 for some m0 ≥ 1, then z̄m0 ∈ E.

Proof. If am0
�= 0 for some m0 ≥ 1, define U as in (18). A calculation

shows U(z) = am0
zm0 and U ∈ E by Proposition 5.5. The argument for z̄m0

is similar. �
Now we prove the harmonic counterpart of [2, Proposition 2].

Theorem 5.7. A Möbius-invariant space of harmonic functions (E,ρE)
contains all zm and z̄m, m ≥ 1. Moreover, ρE(z

m) � mρE(z) and ρE(z̄
m)

� mρE(z).

Proof. By assumption E contains a nonconstant function. Let u ∈ E
be such that in the series representation (7) at least one of am0

�= 0 or bm0
�= 0

with m0 ≥ 1. If am0
�= 0, then by Lemma 5.6, zm0 ∈ E. If bm0

�= 0, then by
the same lemma, z̄m0 ∈ E. But then zm0 = z̄m0 ◦ γ is in E. We conclude
that zm0 ∈ E for some m0 ≥ 1.

Next, by Möbius invariance, zm0 ◦ ϕr = ϕm0
r ∈ E for every −1 < r < 1.

In the series expansion of the holomorphic function ϕm0
r , the coefficient of z is

Analysis Mathematica 48, 2022
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non-zero for r �= 0 because (ϕm0
r )′(0) = −m0r

m0−1(1− r2) �= 0. Thus z ∈ E
by Lemma 5.6, and ϕr ∈ E (−1 < r < 1) by Möbius invariance. Since

(19) ϕr(z) =
r − z

1− rz
= (r − z)

∞∑
m=0

rmzm = r − (1− r2)
∞∑
m=1

rm−1zm,

zm ∈ E for every m ≥ 1 by Lemma 5.6.
We next estimate ρE(z

m). By (19),

1

2π

∫ 2π

0
ϕr(e

iθz)e−imθ dθ = −(1− r2)rm−1zm (m ≥ 1),

and so by Proposition 5.5,

(1− r2)rm−1ρE(z
m) � ρE(ϕr) ∼ ρE(z).

Set r2 = (m− 1)/m. Then 1− r2 = 1/m and

1

rm−1
=

( m

m− 1

)(m−1)/2
=

((
1 +

1

m− 1

)m−1
)1/2

≤ e1/2.

We conclude that ρE(z
m) � e1/2mρE(z). The estimate of ρE(z̄

m) follows
from Möbius invariance. �

Corollary 5.8. A Möbius-invariant space of harmonic functions con-
tains all harmonic polynomials.

Finally we show that harmonic polynomials are dense.

Lemma 5.9. Let (E, ρE) be a Möbius-invariant space of harmonic func-
tions. Then harmonic polynomials are dense in (E, ‖ · ‖E) and in (E, ρE).

Proof. We first work in the normed space (E, ‖ · ‖E). Pick u ∈ E and
represent u as a series as in (7). Let

Km(θ) :=
m∑

k=−m

(
1− |k|

m+ 1

)
e−ikθ (0 ≤ θ ≤ 2π),

be the Fejér kernel. The Bochner integral

Um =
1

2π

∫ 2π

0
uθKm(θ) dθ

belongs to E, and since point evaluations are bounded on (E, ‖ · ‖E) by
Lemma 5.3, applying [4, Proposition E.11] shows that for all z ∈ D,

Um(z) =
1

2π

∫ 2π

0
u(eiθz)

( m∑
k=−m

(
1− |k|

m+ 1

)
e−ikθ

)
dθ
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=
m∑
k=0

(
1− k

m+ 1

)
akz

k +
m∑
k=1

(
1− k

m+ 1

)
bkz̄

k.

Thus Um is a harmonic polynomial. Using the fact that {Km} is a positive
approximate identity, it is straightforward to show Um → u in (E, ‖ · ‖E) as
m→ ∞. To see that harmonic polynomials are dense in (E, ρE), note that
ρE(Um − u) ≤ ‖Um − u‖E → 0. �

6. Uniqueness of the semi-Hilbert space

In this section we show that the harmonic Dirichlet space b2−2 is the
unique strictly Möbius-invariant semi-Hilbert space. By Theorem 1.5,
(b2−2, ρb2−2

) is Möbius invariant. Let us first show that it is strictly Möbius
invariant.

Lemma 6.1. For all u ∈ b2−2 and ϕ ∈ M(B), the composition u ◦ ϕ is in

b2−2 and ρb2−2
(u ◦ ϕ) = ρb2−2

(u).

Proof. Note that by (4), (8) and (9), we have

ρ2b2−2
(u) = 2

∫

D

(∣∣∣∂u
∂z

(z)
∣∣∣
2
+
∣∣∣∂u
∂z̄

(z)
∣∣∣
2
)
dA(z).

Pick u ∈ b2−2 and let u = f + g ◦ γ as in Lemma 2.2. By (10) and conjugation
invariance of dA,

ρ2b2−2
(u) = 2

∫

D

(|f ′(z)|2 + |g′(z̄)|2) dA(z) = 2

∫

D

(|f ′(z)|2 + |g′(z)|2) dA(z).

Let ϕ ∈ M(B). Then either ϕ ∈ Aut(D) or ϕ ∈ Aut(D). If ϕ ∈ Aut(D),
as in the proof of Lemma 3.3, there exists ϕ̂ ∈ Aut(D) such that

u ◦ ϕ = f ◦ ϕ+ g ◦ γ ◦ ϕ = f ◦ ϕ+ g ◦ ϕ̂ ◦ γ
and

∂(u ◦ ϕ)
∂z

= (f ◦ ϕ)′(z) and
∂(u ◦ ϕ)
∂z̄

= (g ◦ ϕ̂)′(z̄).
Then

ρ2b2−2
(u ◦ ϕ) = 2

∫

D

(|(f ◦ ϕ)′(z)|2 + |(g ◦ ϕ̂)′(z̄)|2) dA(z)

= 2

∫

D

(|(f ◦ ϕ)′(z)|2 + |(g ◦ ϕ̂)′(z)|2) dA(z)
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= 2

∫

D

(|f ′(z)|2 + |g′(z)|2) dA(z) = ρ2b2−2
(u),

where in the second equality we use conjugation invariance of dA and in the
third equality we use (15) with p = 2. The case ϕ ∈ Aut(D) is dealt with
similarly as done a few times above. �

An elementary calculation shows that if u is written as a series as in (7),
then

(20) ρ2b2−2
(u) = 2

∞∑
m=1

m
(|am|2 + |bm|2

)
.

We next show that b2−2 is the only strictly Möbius-invariant semi-Hilbert
space. In the proof, as in [1], we use the functions

(21) 1− rϕr(z) =
1− r2

1− rz
= (1− r2)

∞∑
m=0

rmzm, (−1 < r < 1, z ∈ D).

The Taylor series above converges pointwise. Let us verify that it also con-
verges in a Möbius-invariant space. As a preliminary we first show the
following lemma.

Lemma 6.2. Let (E, ρE) be a Möbius-invariant space of harmonic func-
tions. Suppose (um) is convergent in the space (E,ρE) and um → u pointwise.
Then the limit of (um) in (E, ρE) is u.

Proof. With ‖ · ‖E as in (17), we pass to the normed space (E, ‖ · ‖E)
where point evaluations are bounded by Lemma 5.3. The sequence (um)
is Cauchy in (E, ‖ · ‖E) because (um) is Cauchy in (E, ρE) and (um(0)) is
Cauchy. Then, by Lemma 5.2, there exists v ∈ E such that ‖um − v‖E → 0.
By Lemma 5.3, um → v pointwise and thus v = u. This shows u ∈ E and
ρE(um − u) ≤ ‖um − u‖E → 0. �

Proposition 6.3. Let (E,ρE) be a Möbius-invariant space of harmonic
functions. The series (1− r2)

∑∞
m=0 r

mzm in (21) converges to 1− rϕr in
the space (E, ρE).

Proof. By the estimate ρE(z
m) � m in Theorem 5.7, the series

∞∑
m=0

rmzm

is Cauchy and therefore converges in the complete space (E,ρE). The propo-
sition now follows from Lemma 6.2. �
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Proof of Theorem 1.6(ii). As ρH(u ◦ ϕ) = ρH(u), by polarization,
we have

(22) 〈u ◦ ϕ, v ◦ ϕ〉H = 〈u, v〉H (u, v ∈ H, ϕ ∈ M(B)).

Taking ϕ(z) = eiθz, a rotation, we see that

〈zm, zk〉H = 〈eimθzm, eikθzk〉H = ei(m−k)θ〈zm, zk〉H .
This shows 〈zm, zk〉H = 0 when m �= k. Replacing one or both z with z̄ we
obtain a similar equality. We list all these below which include 〈1,1〉H = 0.

(23)

⎧⎪⎨
⎪⎩

〈zm, zk〉H = 0, m �= k (m,k ≥ 0),

〈z̄m, z̄k〉H = 0, m �= k (m,k ≥ 0),

〈zm, z̄k〉H = 0, (m,k ≥ 0).

Also taking ϕ(z) = γ(z) = z̄ shows

(24) 〈z̄m, z̄m〉H = 〈zm, zm〉H (m ≥ 1).

As in [1], for −1 < r < 1, we compute 〈1− rϕr, 1 − rϕr〉H in two ways.
One using Möbius invariance, the other by using the series expansion in
Proposition 6.3. First,

〈1− rϕr, 1 − rϕr〉H = 〈1− rz, 1 − rz〉H = r2〈z, z〉H
by (22) and (23). Second, by Proposition 6.3 and (23),

〈1− rϕr, 1− ϕr〉H = (1− r2)2
〈 ∞∑
m=0

rmzm,
∞∑
m=0

rmzm
〉

H

= (1− r2)2
∞∑
m=0

r2m〈zm, zm〉H .

Equating the above and using 〈1,1〉H = 0, we see that for all −1 < r < 1,

r2〈z, z〉H = (1− r2)2
∞∑
m=0

r2m〈zm, zm〉H

= r2〈z, z〉H +
∞∑
m=2

r2m
(〈zm, zm〉H − 2〈zm−1, zm−1〉H + 〈zm−2, zm−2〉H

)
.

Thus for m ≥ 2, we must have

〈zm, zm〉H − 2〈zm−1, zm−1〉H + 〈zm−2, zm−2〉H = 0.
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Solving this equation recursively we obtain

〈zm, zm〉H = m〈z, z〉H (m ≥ 2).

Let λ :=
√〈z, z〉H/2. Using also (24) we conclude that

(25) 〈z̄m, z̄m〉H = 〈zm, zm〉H = λ22m (m ≥ 0).

We now show H = b2−2 and ρH(u) = λρb2−2
(u) for every u ∈ H . By po-

larization this implies 〈u, v〉H = λ2〈u, v〉b2−2
for u, v ∈ H .

To establish a connection between convergence in the space H and point-
wise convergence, we pass from semi-inner product to inner product. Define

(26) 〈〈u, v〉〉 := λ2u(0)v(0) + 〈u, v〉H (u, v ∈ H).

By Lemma 5.1 (i), 〈〈·, ·〉〉 is a true inner product with the corresponding norm

~u~2 = λ2|u(0)|2 + ρ2H(u).

The above norm is slightly different from the one defined in (17), but is equiv-
alent to it and therefore the properties obtained in Section 5 for (E, ‖·‖E)
hold also for (H,~·~). Same is true for b2−2 when endowed with the norm

‖u‖2b2−2
= |u(0)|2 + ρ2b2−2

(u).

If p(z) =
∑M

m=0 amz
m+

∑M
m=1 bmz̄

m is a harmonic polynomial, then by (20),
(23) and (25),

(27) ~p~ = λ‖p‖b2−2
.

To see thatH ⊂ b2−2, pick u ∈ H . By Lemma 5.9, there is a sequence (pm)
of harmonic polynomials such that ~pm − u~ → 0 and pm(z) → u(z) point-
wise for every z ∈ D by Lemma 5.3. By (27), (pm) is Cauchy in the complete
space (b2−2, ‖ · ‖b2−2

) and so there exists v ∈ b2−2 such that ‖pm − v‖b2−2
→ 0.

But then by Lemma 5.3, (pm) converges pointwise to v and we conclude that
u = v ∈ b2−2. In addition, by (27),

~u~ = lim
m→∞ ~pm~ = λ lim

m→∞ ‖pm‖b2−2
= λ‖u‖b2−2

,

which implies ρH(u) = λρb2−2
(u). The inclusion b2−2 ⊂ H can be verified in

the same way. �
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7. The minimal space

To show the minimality of b1−2 we use atomic decomposition. Atomic
decomposition of harmonic Bergman spaces bpq (q > −1) is obtained in [5,
Theorem 3] and this is extended to all q ∈ R in [7]. The following lemma
follows from [7, Theorem 10.1] by taking p = 1, q = −2, s = −1, and using
the formula in the last paragraph of [7, Section 14].

Lemma 7.1. There exists a sequence (am) ∈ D such that the following
holds. For every u ∈ b1−2, there is a sequence (cm) ∈ �1 with ‖(cm)‖�1 ∼ ‖u‖b1−2

such that

(28) u(z) =
∞∑
m=1

cm(1− |am|2)
( 1

1− āmz
+

1

1− amz̄
− 1

)
.

The above series converges absolutely and uniformly on compact subsets of D

and also in the norm ‖ · ‖b1−2
.

Proof of Theorem 1.7. Let (am) ∈ D be as asserted in Lemma 7.1.
Pick arbitrary u ∈ b1−2 and let (cm) be such that

(29) ‖(cm)‖�1 ∼ ‖u‖b1−2

and (28) holds. By the identities

1− |am|2
1− āmz

= 1− āmϕam(z) and
1− |am|2
1− amz̄

= 1− amϕām(z̄),

we have

(30) u(z) =
∞∑
m=1

cm
(
1 + |am|2 − āmϕam(z)− amϕām(z̄)

)
.

The series on the right converges pointwise to u. Let us show that it also
converges to u in the space (E,ρE). Writing ϕām(z̄) = (ϕām ◦γ)(z) and using
first Lemma 5.1 (ii), then |am| < 1, and finally Möbius invariance, we obtain

ρE
(
1 + |am|2 − āmϕam − amϕām ◦ γ)(31)

= ρE
(− āmϕam − amϕām ◦ γ) ≤ ρE(ϕam) + ρE(ϕām ◦ γ) � ρE(z).

Because (cm) ∈ �1, the series in (30) is Cauchy (convergent) in E and apply-
ing Lemma 6.2 shows that u is in E. In addition, by (31) and (29),

ρE(u) = ρE

( ∞∑
m=1

cm
(
1+ |am|2− āmϕam −amϕām ◦ γ)

)
�

∞∑
m=1

|cm| � ‖u‖b1−2
.
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To finish the proof all we need is to replace ‖u‖b1−2
above with ρb1−2

(u). This

is easily done by replacing u with u− u(0) and using Lemma 5.1(ii). �
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