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1. Introduction

Let D C C be the open unit disc and Aut(D) be its automorphism group, that is, the group of holomor-
phic, bijective maps of . The Bloch space B consists of all holomorphic functions f on D such that the

seminorm

ps(f) = sup{(1 — [2[)|f'(2)] : z € D}

is finite. The Bloch space is Mobius invariant in the sense that if f € B, then for every ¢ € Aut(D), fop
is in B and ps(f o p) = ps(f). The quantity (1 — |z|?)f/(z) is sometimes called the invariant derivative of
f at z since its modulus is M6bius invariant in this particular sense.

More generally, let E be a linear space of holomorphic functions on D that is complete with respect to
a seminorm pg. Roughly speaking, E is called Mobius invariant if for every f € E and ¢ € Aut(D), fop
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belongs to E and pg(f o) = pr(f) (or the weaker condition pr(f o ¢) ~ pr(f) holds). We say “roughly
speaking” because there should be a few technical restrictions on FE; for details see [3], [5] and [25]. Among
all Mébius-invariant spaces, the Bloch space B is the largest [25] and the Besov space B! is the smallest [5].
If one considers Hilbert spaces, the Dirichlet space is the unique Mo6bius-invariant Hilbert space [3]. Similar
results with domains other than D are obtained in various sources, in [24] and [32] the domain is the unit
ball of C™, in [21] the domain is the polydisc and [4] considers bounded symmetric domains.

The purpose of this paper is to study the harmonic analogue of this problem on the unit ball B of R™
with respect to the standard norm |z|? = 22 = 2% +- - +22. Let h(B) be the Fréchet space of all complex-
valued harmonic functions on B endowed with the topology of uniform convergence on compact subsets,
and M(B) be the group of Mobius transformations of B; see subsection 2.2. In the harmonic case the first
problem one encounters is that if f € h(B) and ¢ € M(B), then f o ¢ need not be harmonic. To remedy
this problem note that any ¢ € M(B) can be written as a composition of an orthogonal transformation and
an inversion. Composing a harmonic function with an orthogonal transformation preserves harmonicity. So,
harmonicity is lost in f o ¢ because of composition with an inversion. On the other hand, one can compose
with an inversion and still preserve harmonicity provided one multiplies by a correction factor and this is
called the Kelvin transform. Therefore we need to combine composition with ¢ with the Kelvin transform
and this leads us to the following definition.

Definition 1.1. Let f € h(B) and ¢ € M(B). The Kelvin-Mébius transform Ko, (f) of f is defined as

()2 (D2
Ko(f)(z) = (M) F(o(@)).

1 —faf?

The factor multiplying f o ¢ stems from the Kelvin transform; see subsection 2.3. If f is harmonic on B,
then so is Ky, (f). This is verified later, but in the literature there are also different proofs. See, for example,
[2, Corollary 2.3], [9, §2.3], [19, Proposition 3.1] or [23, Theorem 2].

If the dimension is n = 2, the first factor disappears and we just have K, (f) = f o . Because of this
there are differences between the cases n =2 and n > 3. When n = 2, the harmonic case is very similar to
the holomorphic case studied in [3,5,25]; nevertheless there are details that require attention. We deal with
that in a different work [22] and throughout this paper we consider the case n > 3.

Remark 1.2. We show in subsection 2.3 that C,, : h(B) — h(B) is invertible with K = K1
We now define a Kelvin-Mobius-invariant harmonic function space following [25] and [31]. Let (E, || - ||g)
be a Banach space of harmonic functions on B. A non-zero continuous linear functional L on h(B) is called
decent on E if L is also continuous on E with respect to the norm | - || g.
We denote by 1 the constant function whose value is 1.

Definition 1.3. Let n > 3. A Banach space (E,| - ||g) of harmonic functions on B is called Kelvin-Mdbius
tnvariant if the following properties hold:

(i) E contains 1.

(ii) There exists a decent linear functional on E.
(ili) For every f € E and ¢ € M(B), the Kelvin-Mobius transform KC,(f) belongs to E and

1Ko (Nlle < Cllf e, (1)

for some constant C independent of f and ¢.
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Since E is linear we can write the first condition as (i) F contains constant functions.

If the constant in (1) is C' = 1, then by Remark 1.2, |, (f)||z = || f||g for every f € E and ¢ € M(B)
and in this case we call E strictly Kelvin-Mobius invariant as done in [5, Definition 1]. In the general case
we only have [|Ko(f)||g ~ [|f||g, where we use the notation A ~ B to mean that A/B is bounded from
above and below by some constants that are independent of the parameters involved. If A/B is just bounded
above, we write A < B.

Remark 1.4. If F is Kelvin-Mobius invariant, then we can define a new, equivalent norm on F with which F
becomes strictly Kelvin-Mobius invariant (see [5, p. 111]). Thus weakening strictly Kelvin-Mébius invariance
and using Kelvin-M6bius invariance with “~” is not very important.

Remark 1.5. We note that in the holomorphic case the invariant space is taken as a complete semi-normed
space. In the harmonic case the same is true when n = 2 but when n > 3 we do not need semi-norms
because of the extra multiplying factor in Ky, and E in Definition 1.3 is a Banach space.

The harmonic function spaces we are mainly interested in this work are Bergman-Besov spaces bl and
weighted Bloch spaces b° with ¢,s € R in both. Let v be the normalized Lebesgue measure on B and for
q € R, let

dvy(z) := cq(1 — |2[*)9 dv(z).

The measure v, is finite only when ¢ > —1 and in this case we pick the constant ¢, so that v4(B) = 1. When
q < —1, we just set ¢; = 1. For 0 < p < oo, we denote the Lebesgue classes with respect to v, by LF.

For ¢ > —1, the well-known harmonic Bergman space b} is defined as bl := h(B) N LY with norm
[lfllz := Ifllzz- The next definition extends this class to all ¢ € R. To denote partial derivatives we use
multi-indices and write

olel
0 f = e,
Ox{" - Oxn"
where the multi-index o = (a, ..., @,) is an n-tuple of nonnegative integers and || = a3 + -+ - + a,.

Definition 1.6. Let 0 < p < co and g € R. Pick a nonnegative integer N such that
q+pN > —1. (2)
The harmonic Bergman-Besov space bl) consists of all f € h(B) such that
(1~ |zf*)Nof e LY
for every multi-index a with [a| = N. A norm (quasinorm when 0 < p < 1) on b} is
115 = > 1% fOP + Y / (1= [a)No f ()" dvy(x). 3)
o] <V la|=N g

When 0 < p < 1, while we still use the notation || - [[,z, b} is not a normed space, but it is a complete
metric space with respect to the metric d(f,g) = ||f — g||§g.

The space b7 does not depend on the choice of N. Different choices of N satisfying (2) give rise to
equivalent norms and in the notation || -|[,» we do not indicate the dependence on N. The partial derivatives

in the above definition can be replaced with radial derivatives or various other suitable differential operators.
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Fig. 1. Equation of the ray [ is ¢ = p(n — 2)/2 —n, p > 1. By Lemma 1.7, if (p, q) is on the solid part of the ray [, then b} is
Kelvin-Moébius invariant.

The region g > —1 is the Bergman region in which we take NV = 0, and ¢ < —1 is the proper Besov
region. When p = 2, bg is a Hilbert space endowed with the inner product

S 0 (0)g0) + 3 / 0% F (@)D g (@) (1 — |2 duy(z), (4)

|a|<N la|=Np

with NV satisfying (2). In the special case ¢ = —n, the spaces b, are studied in [20,29]. For the whole family
bh with ¢ € R, see [17] (when p > 1) and [13] (when 0 < p < 1).

We first determine which harmonic Bergman-Besov spaces are Kelvin-Md&bius invariant. In the Bergman
region g > —1, this is very easy.

Lemma 1.7. Let n > 3. Let 1 < p < o0 and q > —1. Then b is Kelvin-Mdébius invariant if and only if
q=p(n—2)/2—n and in this case bl) is strictly Kelvin-Mébius invariant.

It is clear that 1 € 0%, and it is well known that point-evaluation functionals are bounded on Bergman
spaces. To check condition (iii) of Definition 1.3, let f € b) and ¢ € M(B). Then

ICoF)IE, = cq / e (1'“"( >'2>p(" P L ey dv(e).

j?

Using p(n — 2)/2 = ¢ + n, changing variables as & = ¢(z), and using (12) below, we immediately obtain
1Ko (F)llez = I fllsz- We show the only-if part of Lemma 1.7 in Section 4 within the proof of Theorem 1.8.

Lemma 1.7 tells that if (p, ¢) is on the solid part of the ray [ in Fig. 1, then the space bl is Kelvin-Mdobius
invariant. This suggests that the Banach spaces corresponding to the dashed part of the ray [ may also be
Kelvin-Mé&bius invariant. This is true and it is our first theorem.

Theorem 1.8. Let n > 3. Let p > 1 and q € R. Then b} is a Kelvin-Mdébius invariant space if and only if
q=pn—2)/2—-n.

Of course the interesting part of Theorem 1.8 is the case ¢ < —1. We prove this part in Section 4 using
complex interpolation.

By Remark 1.4, when ¢ = p(n —2)/2 —n, the space b} is strictly Kelvin-Mobius invariant when endowed
with a suitable equivalent norm.



H.T. Kaptanoglu, A.E. Ureyen / J. Math. Anal. Appl. 503 (2021) 125298 5

Remark 1.9. Theorem 1.8 is true also when n = 2. In this case ¢ = p(n —2)/2 —n = —2 is less than —1 and
there is no Kelvin-Mobius-invariant harmonic Bergman space. When n = 2, as in the holomorphic case, all
Kelvin-Mé&bius-invariant spaces belong to the proper Besov region and lie on the horizontal line ¢ = —2.

Observe that when p = 2, the corresponding ¢ in Theorem 1.8 is ¢ = —2 and the Hilbert space
(b2, (-, Y2 ,) is Kelvin-Mobius invariant. The space b%, is strictly Kelvin-Mébius invariant when endowed
with a suitable inner product (-,-); which we now describe.

For m > 0, let H,,(S) be the vector space of spherical harmonics of degree m and d,, be its dimension
(see subsection 3.1 for more details). Let {Y? : j = 1,...,8,,} be an orthonormal basis of H,,(S). If f is
harmonic on B, then f has the expansion

oo Om
f@)= "> fiYi(x) (zeB),
m=0 j=1

where fJ’s are complex numbers. The above series converges absolutely and uniformly on compact subsets
of B. By [16, Theorem 3.8] or [17, Theorem 5.1], the space b%, can also be described as

0 Om 00 Om
b2_2={ SN Y5 € hB) ||f||I—ZZ’”+”/2 IfJ|2<<>O}

m=0 j=1 m=0 j=1
The above norm is equivalent to the norm(s) given in Definition 1.6 and is induced by the inner product

o Om

(r9) I—sz“‘” Lrigh  (fgetty). (5)

m=0 j=1

When endowed with the above inner product (-,-);, the space b2, is strictly Kelvin-Mobius-invariant
Hilbert space and it is the only strictly Kelvin-Mobius-invariant Hilbert space. This is our second theorem.

Theorem 1.10. (i) The Hilbert space (b5, {(-,-)1) is strictly Kelvin-Mébius invariant.
(ii) If (H, (-,-)m) is a strictly Kelvin-Mdbius-invariant Hilbert space, then H = b, and {-,-g = C{-,-); for
some C' > 0.

In Proposition 6.1, we give an integral description of the inner product (-, -); similar to (4), but in terms
of radial derivatives.

When (p, ) is on the ray ¢ = p(n —2)/2 —n, p > 1, the Kelvin-Mébius-invariant spaces b increase as p
increases. This is a consequence of [15, Theorem 1.2]. If p = 1, the corresponding ¢ is —(1 + n/2), and this
suggests that bl_(1 +n/2) might be the smallest Kelvin-M&bius-invariant space. This is true and it is our next

theorem.

Theorem 1.11. Let n > 3. The space b- (1+ /2) is the smallest Kelvin-Mobius-invariant space. More precisely,
if E is Kelvin-Mdébius invariant, then bt L (14ny2) C E and there exists a C > 0 such that || fl|p < C|f|[i»

for every f € bt

—(14n/2)
~(14n/2)"

We next determine the largest Kelvin-Mobius-invariant space. For this we need to consider weighted
harmonic Bloch spaces.

Definition 1.12. Let s € R. Pick a non-negative integer N so that s + N > 0. The weighted harmonic Bloch
space b° consists of all f € h(B) such that for every multi-index o with |a| = N
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sup (1 — [a[*)* "N 0% f(x)| < oo.
z€B

A norm on b is

1l i= D 10°FO]+ D sup (1= |2*)"*V |07 f(x)].

la|<N laj=N *€B

As before, the space b3° does not depend on the choice of N as long as s + N > 0 and different choices
of N give rise to equivalent norms (see [14] for more details). When n > 3 we are interested in the space
b[(fifz)/z- Choosing N = 0 shows

by = {F € hB) < |l ,, = sup (1= [2*)"2/2|f(2)] < oo} (6)
z€B
It is immediate that the space b?fb—z) /2 is strictly Kelvin-Mobius invariant. Clearly 1 € b7 _, /2 and for a
decent linear functional, we can take any point-evaluation functional. That ||/C,( f)Hb‘g; e = IIf ||b<(>7c172>/2 is
obvious.

By [15, Theorem 1.3], the increasing family of Kelvin-Mobius-invariant spaces b5, p > 1, ¢ = p(n—2)/2—n
are all included in the weighted Bloch space b((>70L72))/2' This suggests that b‘@‘;ﬁ)/Q might be the largest
Kelvin-Mo6bius-invariant space. This is true and it is our next theorem.

Theorem 1.13. Let n > 3. The space b((>272)/2 1s the largest Kelvin-Mdbius-invariant space. More precisely,
if E is Kelvin-Mobius invariant, then E C b, _y) o and there exists a C > 0 such that ||f||b(0272)/2 <C|flle
for every f € E.

For completeness we also look at the spaces bl, 0 < p < 1. Because these are not normed spaces, they
cannot be Kelvin-Mobius invariant in the sense of Definition 1.3. Nevertheless if ¢ = p(n — 2)/2 — n, the
properties (i)-(iii) in Definition 1.3 do hold even when 0 < p < 1, where we understand || - || as a quasinorm.

Theorem 1.14. Let n > 3. Let 0 < p < 1 and g € R. Then the properties (i)-(iii) in Definition 1.3 hold for
bb if and only if ¢ = p(n —2)/2 —n.

We note that the spaces b7, 0 < p < 1, ¢ = p(n—2)/2—n are smaller than b£(1+n/2) by [15, Theorem 1.2].
This, however, does not contradict Theorem 1.11 since these spaces are not Banach spaces. An analogous
result concerning Mébius invariant holomorphic function spaces on the unit ball of C™ is obtained in [33].

Another well-studied space of harmonic functions is the class of harmonic Hardy spaces. For each n > 3,
one Hardy space can be shown to be Kelvin-Mobius invariant by using [19, Theorem 1.2]. We discuss this
in Remark 4.4.

Lastly, we consider subspaces of h(B) and show that there is no non-trivial closed subspace of h(B) that
is invariant under taking Kelvin-Mobius transform.

Theorem 1.15. Let n > 3 and A C h(B) be a closed subspace. If K, (f) € A for every f € A and ¢ € M(B),
then A = {0} or A= h(B).

Corollary 1.16. Let n > 3 and f € h(B) be non-zero. Then span{IC,(f) : ¢ € M(B)} is dense in h(B).
The paper is organized as follows. In Section 2 we justify Definition 1.1 and present some elementary

properties of the Kelvin-Mobius transform. In Section 3 we review reproducing kernels and atomic decom-
positions of harmonic Bergman-Besov spaces b. We consider the Kelvin-Mobius invariance of the bl spaces
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and prove Theorems 1.8 and 1.14 in Section 4. In Section 5 we first show that point-evaluation functionals
are bounded on Kelvin-Mobius-invariant spaces and as a consequence determine the minimal and maximal
invariant spaces. We prove Theorem 1.15 also in this section. Section 6 is devoted to the Hilbert-space case.
We repeat that in this paper we take n > 3.

2. Kelvin-Mobius transform

In this section we first recall some known facts about Md&bius transformations. For more detail about
these transformations see [1,7,30]. We then justify the definition of Kelvin-M6bius transform and prove some
of its elementary properties.

2.1. Orthogonal transformations

We denote the group of all orthogonal transformations of R™ by O(n). Fixing an orthonormal basis of
R™ we can represent each element of O(n) with an orthogonal matrix of size n x n. Identifying matrices of
size n x n with elements of R™ induces a natural topology on such matrices which makes O(n) a compact
topological group. The elements of O(n) whose corresponding matrices have determinant 1 form a subgroup
of O(n) denoted by SO(n). We denote the normalized Haar measure on SO(n) by po, where normalized
means po(SO(n)) = 1.

For a proof of the lemma below see [11, Theorem 3.1] or [26, Lemma 1.4.7 (3)].

Lemma 2.1. Let f be continuous on' S andn € S. Then
FUO) duo®) = [ £(0)do(0).
50(n) S

2.2. Mébius transformations

A Mébius transformation of R” := R™U{oo} is a finite composition of inversions in spheres and reflections
in planes. We denote the group of all Mobius transformations that map the unit ball B to itself by M(B).
For a € B, the involutive M&bius transformation ¢, that exchanges a and 0 is defined by

(1 —lal*)(a—2) + |z — af*a
2 )

Wa(x) = [$’a]

where

[z,a] := /1 =2z - a + |z|2|al2.

The map ¢, can be decomposed into simple maps. Let J be the inversion with respect to the unit sphere
S,

L €T
R

Note that when a # 0,

[,a] = |af |z — a”|. (7)



8 H.T. Kaptanoglu, A.E. Ureyen / J. Math. Anal. Appl. 503 (2021) 125298

More generally, for ¢ € R™ and r > 0, let S(c¢,7) be the sphere with center ¢ and radius r, and let J.,
denote the inversion with respect to S(c,r),

Jer(®) i=c+r?J(z —c).
For 0 # a € B, ¢, can be decomposed as
R Ja*,pa

where

and

is the reflection about the plane passing through the origin and perpendicular to the vector a. For details
see [1, Section 2.6] which uses T, = —p,. The sphere S(a*, p) is orthogonal to S and thus J,- ,(B) = B.

Let ¢ € M(B) be arbitrary and a = »~1(0). If a = 0, then ¢ is an orthogonal transformation. If a # 0,
then by [30, Theorem 2.1.2] there exists an orthogonal transformation U € O(n) such that ¢ = U o ¢, and
@ can be decomposed as

Y= UO( )OJap (9)

Thus, since P, is also orthogonal, we can write ¢ as composition of an orthogonal transformation and an
inversion.
We list some identities involving ¢. The most useful identity is

—lal2)(1 — l2I2
1 o2 = DAl o), (10)

[z, a?

The ratio [z,y]?/((1 — |z|*)(1 — |y|?)) is Mébius invariant, that is, for every z,y € B and ¢ € M(B),

[p(z)

oW [mP
T Te@P)( 1

7) —le@)?) A==z - [y

The derivative ¢'(z) of v = (¢1,...,%n) : B — B, is the n x n matrix

8<pi "

/

90(96)2{ ] -
Ox; i,j=1

The absolute value of the Jacobian determinant of ¢ is ([30, Theorem 3.3.1])

|det(¢/(2))] = (M) | (12)

1— |a]?
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2.8. Kelvin-Mébius transform

The Kelvin transform of f with respect to the unit sphere S is defined by

—L @),

]

Ks(f)(x) :=

More generally, Kelvin transform of f with respect to the sphere S(c,r) is defined by (see [18, p. 39])

rn72

Ks(e.n(f)(x) := mf(%m(x)).

If f is harmonic on a domain Q C R™, then Kg(.,,)(f) is harmonic on J. . (£2).
Let ¢ € M(B), »=1(0) = a # 0 and ¢ have the decomposition (9). By (7) and (8),

(1 o |a|2>(n—2)/2

Ks(a*,p)(f)(x) = —— f(Jax p(2)).

[z, a]

Because J,- ,(B) = B, if f is harmonic on B, then Kg(,- ) (f) is harmonic on B. Replacing f with foUo(—F,)
we deduce that if f € h(B), then so is

_al2)(n—2)/2 “lo(z)]2 (n—2)/2
A= aP)™ 27 o)) = (ﬂ) o)

[z, a]"=2 1—[af?

where we also use the formula (10). The function above is the Kelvin-Mdbius transform of f.
If ¢ = U € O(n), then we just have

Ku(f)=foU. (13)
For future reference let us also record that if f = 1, then

_ gl2)(n—2)/2
Ko (W) = E T (14)

Some basic properties of the transform KC,, are listed in the following lemma.

Lemma 2.2. Let ¢, € M(B). The Kelvin-Mébius transform K, : h(B) — h(B) satisfies the following
properties:

(i) Ky is linear.
v o Ko = Kooy

Pa -

) K
ii) K
(111) qu, is one-to-one and onto and K L=Ky1.
) Ko
(v) ICV, is continuous.

Proof. Part (i) is clear. Part (ii) is pure computation. Part (iii) follows from part (ii) and part (iv) is true

because ¢, is an involution. To see part (v) suppose f,,, — f in h(B), that is, f,, converges to f uniformly
on compact subsets of B. We have

(a2 (D2
Kot = (500 fteta)
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and if x lies in the compact set |z| < r < 1, then there exists s < 1 such that |p(x)| < s. The first factor
on the right is bounded and second factor converges uniformly to f(¢(x)) since f,, converges uniformly to
f on |z| <s. Hence Ky (fm) converges uniformly to Ky (f) on |z| <r. O

3. Harmonic Bergman-Besov spaces

This section is for review purposes. We recall some known facts about zonal harmonics and harmonic
Bergman-Besov spaces bl that will be used in the sequel. For more detail about zonal harmonics see [6,
Chapter 5], and about the spaces b) see [17] and [13].

8.1. Spherical and zonal harmonics

Let L2(S) be the Hilbert space of square integrable functions on S with respect to the inner product
(f,9) = fs fgdo, where o is the normalized surface area measure on S. Let H,,(R™) denote the complex
vector space of all homogeneous harmonic polynomials of degree m in n real variables. Restriction of an
element of H,,(R™) to S is called a (surface) spherical harmonic of degree m. The collection H,,(S) of all
spherical harmonics of degree m is a finite-dimensional subspace of L?(S) with dimension §,,.

For m >0, let {Y?, 5 =1,...,5,,} be an orthonormal basis of H,,(S). If m # k, then H,,(S) L Hx(S)
in L2(S), so

/ Y3 (6)Y3(€) do(€) = 0 (15)
S

unless m = k and j = i. For n € S, the point-evaluation functional f — f(n) is bounded on H,,(S) and
therefore there exists a unique Z, (-, 1) € Hn (S) such that for all f € H,,(S)

fn) = / FEZm (&) do(©).
S

The zonal harmonic Z,, (£, n) is real-valued, it is symmetric in its variables, and in terms of Y;J it equals

(sm q
Zn(&n) =) _YA(OYh(n)  (En€ES).
j=1

The above formula extends to R™ x R™ by homogeneity

677l
Z(@,y) =Y Yi(@)Yih(y)  (z,y €R), (16)
j=1
where Y7 (z) = |2|™Y,J (§) for x = |z|€.
When n > 3, as a function of x, 1/[z,a]"~2 is harmonic on B by (7). Its homogeneous expansion is given
in the following lemma.
Lemma 3.1. Let n >3 and a € B. Then
1 = n/2-1
= Z
[z, a]n—2 mX::Om—i—n/Q—l m(@,a),

where the series converges uniformly for x € B.
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Proof. Lemma is clear when a = 0, so we assume a # 0. For d > 0, the Gegenbauer polynomial G¢, of
degree m is defined by the generating function

1 N
(1—2rt+2)d mz::OGm(r) .

Writing x = |z|¢, a = |a|n, we see that

1 1

= _ Gr/2-1(¢. m) |
[, a"2 (1 2¢-7|z||a] + [[*|a2)/21 'rnzz:() m (& n)lz[™a|

It is known that (see, for example, [17, Equation (14.8)])

n/2—1 . _ Tl/2—1 7
Thus
1 = n/2-1 = n/2-1
= —r =7 m|g™ = _ 7
a2 mZ:omM/?—l (&)l ™al m§::om+n/2—1 (2, 0),

where the last equality follows from the homogeneity of Z,,. For fixed a € B, the series converges uniformly
for z € B since | Z,,(€,n)] < m"~2 (see [6, Proposition 5.27 (e) and Exercise 10, p. 107]). O

3.2. Reproducing kernels of harmonic Bergman-Besov spaces

For all ¢ € R, the space bg is a reproducing kernel Hilbert space. We denote the reproducing kernel by
Ry(z,-). When g > —1, the natural inner product on bg is {f, 9>bg = [ fgdvg and with respect to this
inner product (see [12, p. 164])

o0

Ry(z,y) =) W%(%y) (¢ > -1),

m=0

where the Pochhammer symbol (a), is defined by

I'(a+b)

=TI

when a and a + b are off the pole set —N of the gamma function T'.

When ¢ < —1, it is necessary to consider derivatives of the functions in the inner product and there
are various choices. Different choices of the inner product would give rise to different reproducing kernels
and vice versa. We follow the approach of [16] and extend the reproducing kernels to whole ¢ € R in the
following way. Define

W, if ¢ > —(14n/2);

Ym(q) == (17)

()’ | |
(1—n/24+@)m(n/2)m’ if g <—(14n/2);

and



12 H.T. Kaptanoglu, A.E. Ureyen / J. Math. Anal. Appl. 503 (2021) 125298

)= Z V(@) Zn (2, Y).
m=0

For an (integral) inner product that makes this Ry(z,y) the reproducing kernel of b2 (¢ € R) see [17,
Theorem 5.2]. Every R,(z,y) is symmetric in its variables since every Z,,(z,y) is

Using the reproducing kernels above we can define radial differential operators D! of order t for every
t,s € R.If f € h(B) with homogeneous expansion f =, f, then we define

pipim 3 2ty
m=0 m()

The operators D% are compatible with reproducing kernels in the sense that for every t,s € R
DiRS(ﬁay) = Rert(xvy)v (18)

where the operator acts on the first variable. Because of this in the study of the properties of harmonic
Bergman-Besov spaces it is more convenient to use the operators D! rather than the partial derivatives.
Similar to Definition 1.6 the spaces bf can be described in terms of the operators Dt. For 0 < p < oo and
q € R, pick ¢ € R such that ¢ + pt > —1 and any s € R. Then f € 0¥ if and only if

(mmﬂW~—/| e D (@) dvg(z) < oo (19)

and the norm (quasinorm when 0 < p <'1) (5| Hig is equivalent to the norm |||z in (3); see [17, Theorems
1.1 and 1.2] and [13, Theorem 1.1]. We need the D! in the proof of the only-if part of Theorems 1.8 and
1.14.

As suggested by Theorem 1.10, for our purposes the most important kernel is R_5. In this case, by (17)
and Lemma 3.1, the following closed formula holds.

Lemma 3.2. Let n > 3. Then

1
_ = —7 B
R Z(xa y) [33, y]n_g (‘,Ij Yy e )
Combining the above lemma with (14) we see that
1 — |al2)(n—2)/2 o
Ko@) = EDE 20— 0 o) 22 (0, 0) (20)

[z, a]"=
For a proof of the following estimate of the weighted integrals of powers of R,(x,y), see [17, Theorem

1.5].

Lemma 3.3. Let € R, a >0, and b > —1. Setc=a(n+q) — (n+b). Then
1
(1= Jaf?)e’
a 1
J a0 )~ 1o o=
— |z

B

if ¢ > 0;

1, if ¢ <O.
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3.8. Atomic decomposition of harmonic Bergman-Besov spaces

Every function in the space bl can be written as an infinite sum of reproducing kernels (atoms). For
harmonic Bergman spaces (¢ > —1) this is proved in [10] and is extended to all ¢ € R in [17, Theorem 10.1]
when p > 1 and in [13, Theorem 1.4] when 0 < p < 1. To describe this atomic decomposition we need some
definitions.

For a,b € B, the pseudo-hyperbolic metric dy(a,b) is defined by dy (a,b) := |pa(b)|. It is well known that
dy; is Mobius invariant,

dy(p(a), (b)) = dwn(a,b) (v € M(B),a,beB). (21)

For a € B and 0 < r < 1, let D(a,r) := {z € B : dy(x,a) < r} be the pseudo-hyperbolic ball with center
a and radius r. A sequence (a,,) in B is called r-separated if the balls D(a,,r) are pairwise disjoint. The
sequence (a,,) is called an r-lattice if B = US_, D(ap,,r) and (an,) is r/2-separated.

Theorem 3.4. Let 0 < p < oo and g € R. Choose s such that

q+1<p(s+1), if p=1;
g+n<pls+n), if 0<p<l.

There exists an ro > 0 such that if (am) is an r-lattice with r < rq, then the following hold:

(i) For every (cm) € £P, the function

F@)= 3 el — an )= B (2, 0,0) (22)

=1

is in bb and || f|lyz < [[(em)ller. The series in (22) converges to f absolutely and uniformly on compact
subsets of B and also in || - ||z .
(ii) For every f € b, there exists (cy) € € with ||(cm)|ler S || flloz such that the representation (22) holds.

4. Kelvin-Mobius-invariant harmonic Bergman-Besov spaces

In this section we consider harmonic Bergman-Besov spaces b} for the whole range 0 < p < o0, ¢ € R and
prove Theorems 1.8 and 1.14. That is, we show that the properties (i)-(iii) in Definition 1.3 hold for b} if and
only if ¢ = p(n — 2)/2 — n. Note that clearly 1 € b7 for every p and ¢ and point-evaluation functionals are
bounded on all b} by [17, Theorem 13.1] and [13, Theorem 5.1]. Therefore all we need to check is condition
(iii) of Definition 1.3.

We first prove the if parts of Theorems 1.8 and 1.14 and defer the only-if parts to the end of the section.
We begin with the case 0 < p < 1 which we handle by using atomic decomposition.

Proposition 4.1. Letn >3, 0 < p <1 and g = p(n —2)/2 —n. Then there exists a constant C > 0 such that
1Ko (Nllvz < Cllflloz for every f € by and ¢ € M(B).

Proof. We apply Theorem 3.4 with s = —2 which is possible since n > 3. Let 7y be as asserted in that
theorem and pick an r-lattice (a,,) with r < ro. Let f € b and ¢ € M(B) be arbitrary. By Theorem 3.4
(ii), there exists (c,,) € €7 with [[(cy)[ler S || f]lez such that
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= Z em(1 - |am|2)(n72)/2R (@, am) Z emK ‘P‘lm (),
m=1

where the second equality follows from (20). Apply K, to f and pass it through the sum to each term of
the series. This is possible by Lemma 2.2 (v) and the uniform convergence of the series on compact subsets
of B. Applying also Lemma 2.2 (ii) we obtain

=Y Ky oKy, (1) =D cnke,, o0p(1).
m=1 m=1

Let by, = ¢ Y(am). By (21), (by) is an r-lattice too. Because (4, o ¢)(bm) = 0, there exist U,, € O(n)
such that ¢, o = U, oy, and

m

f) = Z CmICLPamOW(l) = Z chCUTnOS@bm (1) = Z CmIC‘Pbm, (1)
m=1 m=1 m=1

where the last equality holds because Ky, o4, (1) = Ky, oKy, (1) and Ky, (1) = 1 by (13). Using (20)
again we obtain

=3 em(L—[bm]?) 2Ry (2, bn).
m=1

Finally, Theorem 3.4 (i) implies [[C,(f)llyz < [[(em)]ler and we conclude that [[Ky(f)lloz S [1flle- O

Proposition 4.1 shows that property (iii) in Definition 1.3 holds for 2 when 0 <p < 1,¢=p(n—2)/2—n
and this proves the if part of Theorem 1.14. We separate the Banach space case p = 1.

Corollary 4.2. The Bergman-Besov space bl—(1+n/2) is Kelvin-Mdbius invariant.

We next prove the if part of Theorem 1.8. In view of Lemma 1.7 we only need to deal with the ¢ < —1
case, that is, we need to establish that the spaces corresponding to the dashed part of the ray [ in Fig. 1
are Kelvin-Mobius invariant.

Note that on the ray [ in Fig. 1, when ¢ = 0, the corresponding p is 2n/(n — 2) and by Lemma 1.7, the

2n/(n-2) | is Kelvin-Mobius invariant. Next, observe that the coordinates of the

unweighted Bergman space b,
left end point of the ray I are p = 1, ¢ = —(1+n/2), and the corresponding space bl—(1+n/2) is Kelvin-Mobius
invariant by Corollary 4.2. To finish the proof it suffices to show that the spaces corresponding to the line
segment joining the points (1, —(1+n/2)) and (2n/(n —2),0) in Fig. 1 are Kelvin-Mo6bius invariant. We do
this by using complex interpolation.

The complex interpolation space between two Bergman-Besov spaces is determined in [17, Theorem 13.5]

which we repeat below.

Theorem 4.3. Let 1 < pg < p1 < 00 and qo,q1 € R. If

1 1-6 6
= + = (23)
p Po P

for some 0 < 68 <1 and

1-6 0
¢_ (=0, fn (24)
p Po p1
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then [bPo, bP1]y, the complex interpolation space between bho and bt

i hP
90 Yq1 by, is bb.

Proof of the if part of Theorem 1.8. Withpy =1, g9 = —(1+n/2),p1 = 2n/(n—2),q1 = 0,and pg < p < p1,
if 0 satisfies (23) and ¢ satisfies (24), then the complex interpolation space b¥ given by Theorem 4.3 lies on
the ray [ in Fig. 1.

Now consider the linear transformation K, (f) acting on f. Corollary 4.2 says that K, is bounded on
b£(1+n/2), and Lemma 1.7 says that K, is bounded on bgn/(nfz), both uniformly for ¢ € M(B). On the
other hand, [8, Theorem 4.1.2] says that the complex interpolation method is an interpolation functor,
which means that K, is also bounded on % with 1 < p < 2n/(n —2) and ¢ = p(n — 2)/2 — n uniformly for
© € M(B). Consequently the bl on the dashed part of the ray are all Kelvin-Mobius invariant. O

We now deal with the only-if parts of Theorems 1.8 and 1.14 and show that if ¢ # p(n — 2)/2 — n,
then property (iii) in Definition 1.3 does not hold. This includes the Bergman (¢ > —1) case asserted in
Lemma 1.7 too.

Proof of the only-if parts of Theorems 1.8 and 1.14. Consider the function f = 1. We have [[1[|;» = 1 and
by (20)

Keo(1)(z) = (1 = [a*) 2R _3(x, a),
for a € B. Pick t € R such that q + pt > —1. Applying the operator D!, and using (18) we obtain
D! yKe, (1) = (1= [a) 22D R o(w,a) = (1= [a*) " "D/ R _s(, a).

Thus by (19)

IKgo Mg ~ (1= |a‘2)p(n_2)/2/|Rt72(1’va)|p (1= |2[*)7** du(x).
B

We estimate the above integral using Lemma 3.3. We check three distinct cases depending on the sign of
c=pn—2)—q—n.
If p(n —2) —q¢—n >0, then

1
p ~Y
HK:LPQ(]')Hbg (1 _ ‘a|2)p(n72)/27Q*7’L’

and right-hand side tends to oo or 0 as |a| — 1~ unless ¢ = p(n — 2)/2 — n.
If p(n—2)—g—n = 0, then HIC%(l)Hgg — 0as|a| — 1~ since (1—|a|?)P(»=2)/2 dominates log(1/(1—|al?)).
If p(n — 2) — g —n < 0, then ||IC%(f)H:ZE —0aslal — 1.
Thus [|[Ky, (Dlse ~ |11l =1 as |a| — 17 only if ¢ =p(n —2)/2 —n. O

Remark 4.4. We finish this section by looking at another class of harmonic function spaces, harmonic Hardy
spaces. For 1 < p < oo, the space h? consists of all f € h(B) such that

1918 = s [ 1€ do(©) < oc.
0§7‘<IS

For ¢ € M(B), the norm of IC, : h? — AP is computed in [19, Theorem 1.2]. It follows from this theorem
that when n > 3, h? is Kelvin-Mébius invariant if and only if p = 2(n — 1)/(n — 2). We note that in the
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Bergman-Besov case if we take ¢ = —1 in Theorem 1.8, we find the same p. In view of Theorems 1.11
and 1.13, the inclusions b£(1+n/2) c h2(n=1)/(n=2) ~ b‘(>7°L72)/2 follow from this invariance. We also note
that although there is no Mobius-invariant holomorphic Hardy space on the unit ball of C™, there is one
Kelvin-Mébius-invariant harmonic Hardy space.

5. Minimal and maximal spaces

We show in this section that of all the Kelvin-Mobius-invariant spaces, the Bergman-Besov space b! ~(14n/2)
is minimal and the weighted Bloch space b 2)/2 is maximal. A major part of the proof is to verify that
point-evaluation functionals are bounded on Kelvm—Moblus invariant spaces. We begin with some lemmas.
Recall that we always take n > 3.

Lemma 5.1. span{1/[z,a]" "% : a € B} is dense in h(B).

Proof. Tt is well known that harmonic polynomials are dense in h(B). Let g be a harmonic polynomial. It
is clear that g belongs to every bl, in particular it belongs to bt (14n/2)" We apply Theorem 3.4 to bl_(
with s = —2 which shows that there exist suitable a,, € B and (c,,) € ¢! such that

14+n/2)

| )(n 2)/2
2 b

m]"

ic (1 = |am)®) " 2D2R_5(2, am) Zc (1= lam
m:lm " " [’JJCL

m=1

where in the second equality we use Lemma 3.2. Since the above series converges uniformly on compact
subsets of B, in h(B), we can approximate g with elements of span{1/[z,a]" 2 :a € B}. O

Lemma 5.2. Let E be a Kelvin-Mdbius-invariant space. Then there exists a decent linear functional L on E
with L(1) # 0.

Proof. As E is Kelvin-Mobius invariant, there is a continuous linear functional L # 0 on h(B) which is also
continuous on (E, || -||g). For a € B, define L, by L.(f) = L(Ky, (f)). By Lemma 2.2 (v), L, is continuous
on h(B) and L, is also continuous on (E, || - ||g) since

[La(F)] = [L(Ee, (I < NENHIK o (N2 S LA e,

by Kelvin-Mébius invariance of E, where || L] is the norm of L on (E,| - ||g). If L,(1) = 0 for every a € B,
then by (14) we would have L(1/[z,a]"~2) = 0 for every a € B. But by Lemma 5.1 this would imply L = 0.
Thus there exists a € B such that L,(1) # 0 and L, is the asserted decent linear functional. 0O

Theorem 5.3. Let E be a Kelvin-Mobius-invariant space. Then the point evaluation functional f — f(0) is
bounded on E.

Proof. Let L be a decent linear functional on E with L(1) # 0 which exists by Lemma 5.2. Define a new
linear functional £ on h(B) by

() = / L(foU)duo(U)  (f € h(B)). (25)
SO(n)

where p is as in subsection 2.1. The above integral is well defined since the map U + f o U is continuous
from SO(n) to h(B) and SO(n) is compact.
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We first verify that £ is continuous on h(B). A linear functional A on h(B) is continuous if and only if
there exists a compact set K C B and a constant C' > 0 such that [A(f)| < Csup{|f(z)| : = € K}, for every
f € h(B) [25, p. 1]. Hence there exists a K, = {x € B : |z|] <r < 1} and a C' > 0 such that

IL(HI < Csupf[f(2)]: 2 € Kr}  (f € h(B)).

The same inequality also holds when |L(f)]| is replaced by |L(f o U)| since K, is O(n)-invariant. Thus

LI [ LoDl duo®) < Coup|f(a)] s € Ko,
S0(n)

because pg is normalized. This shows that £ is continuous on h(B).

It is clear that £(1) = L(1) # 0. We proceed to show that £(Y2) = 0 for every j = 1,2,...,5,,
m = 1,2,..., where Y is as in subsection 3.1. For this, for fixed f € h(B), we consider the vector-valued
integral

foUduo(U) (26)
SO(n)

as defined in [27, Definition 3.26]. Noting that the map U — f o U is continuous from SO(n) to h(B), by
[27, Theorem 3.27] and the remark preceding it, the integral in (26) exists in the sense that there exists a
unique g € h(B) such that

Alg) = / A(f 0 U) duo(U)

SO(n)

for every continuous linear functional A on h(B). The value of the integral in (26) is then defined to be
equal to g.
Since L is continuous on h(B), taking A = L we obtain

Loy = [ Loty dn@) =L | [ YieUdu(v)| =L 20
S0(n) SO(n)

where V7 = |, S0(n) Y7 o Uduo(U). To find V7 note that for every x € B, the point-evaluation functional
A, given by A,(f) = f(z) is continuous on h(B). Thus taking A = A, and writing £ = z/|z| for z # 0, we
see that

Vi) =002 = A | [ VieUdu(©) | = [ Al (00) duo(©)
SO(n) SO(n)
- / Y3 (U(x)) dpo(U).
S0O(n)

The last integral can be computed to be

/ Y3, (U () dpo(U) = || / YI(U(E)) dpo(U) = ||™ / Y3.(¢) do(¢) = |2|"YE (0) = 0,

SO(n) SO(n) S
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where in the first equality we use the homogeneity of Y,/ in the second equality we use Lemma 2.1, in the
third equality we use the mean-value property, and in the last that m > 1. Hence V() = 0 for  # 0 and
by continuity V7 = 0. By (27) we conclude that £(Y,7) = 0 for m > 1.

We can now find £(f) for any f € h(B) easily. If

Om

0)+ > > fiYix) (f,€C, zeB)

m=1 j=1

is the expansion of f, then, since the above series converges in h(B), we have

00 Om
LN = LFOD) + 3 > L) = FO)IL). (28)

m=1 j=1
We now show that £ is decent on FE, that is, £ is continuous also on (E, | - ||g). To see this, first note
that since L is decent, it is continuous on (E, || - ||g). Next, by the Kelvin-Mdébius invariance of E and (13),

we have ||foUllg = ||[Ku(f)|lg ~ || fllg for every f € E and U € SO(n). Therefore

IL(f)] < / [L(f o U)[dpo(U) < [IL] / 1f o Ulledpo(U) S ISl (29)

SO(n) SO(n)
To finish the proof, let f € E be arbitrary. Then by (28) and (29),
FOL)| =L S 1 f 2,
and since L(1) # 0, we conclude that |f(0)| < ||flle. O

Corollary 5.4. Let E be a Kelvin-Mdébius-invariant space. Then for every a € B, the point-evaluation func-
tional Ay : E — C, Ay(f) = f(a) is bounded on E.

Proof. Since K, (f)(0) = (1—|a|?)"~2/2f(a), using that ||K,, (f)|z ~ || f||z and Theorem 5.3, we obtain
(1= 1al)*=272|f(a)] = [Ke (HNO)] S e (Dlle S Il O (30)
The maximality of b _9)/2 AMonNg Kelvin-Mé&bius-invariant spaces is now immediate.

Proof of Theorem 1.13. If F is Kelvin-Mdobius invariant and f € E, then (30) and (6) shows f € bin—2)/2
and [[floz=_, . S Iflls. O

We next show the minimality of bl_(1 +n/2)-

Proof of Theorem 1.11. Suppose E is Kelvin-M&bius invariant. Pick f € bt Applying Theorem 3.4

(14n/2)°
with p = 1, ¢ = —(1 4+ n/2) and s = —2 shows that there exist a,, € B and a sequence (c,,) € ¢! with
lemller S £l ., such that
Z Cm ]- - |a (n 2)/2R (:L'aam) = leccpa,m (1)($)a (31)
m=1 m=1

where the second equality follows from (20). The above series converges to f absolutely and uniformly on
compact subsets of B. We claim that it converges to f also in (E, || - || g). To verify this, first note that since
1€ E, for each m, Ky, (1) € E and ||[K,, (1)||g ~ |[1]|g. Because (cn,) € £,
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oo oo
D llemKe., Oy SIE Y leml < oo,
m=1 m=1
and the series Y ¢k, (1) converges in the Banach space (E, || - ||g) to some g € E. Since point-

evaluation functionals are bounded on E by Corollary 5.4, we must have

5N
8
~—
I
NgE
o
s
=
)
&l
3
,\
S
~—

(x € B).

m=1

Comparing with (31) we conclude that f = g € FE and

Iflle =

(14+n/2)"

Y enkon, W) < leml Koo, Wl S IElen)la S IElf
m=1 m=1

E

This completes the proof. O
The following corollary follows from the fact that every harmonic polynomial belongs to b (14n/2)"
Corollary 5.5. A Kelvin-Mobius-invariant space contains all harmonic polynomials.

We finish this section by proving Theorem 1.15 and its corollary. The proof utilizes same ideas we used
before.

Proof of Theorem 1.15. First observe that if 1 € A, then A = h(B). This is because if 1 € A, then by the
invariance of A under the Kelvin-Mé&bius transform and (14), 1/[z,a]"~2 € A for every a € B. Since A is
closed, A = h(B) by Lemma 5.1.

Suppose that A # h(B). Then 1 ¢ A and since h(B) is locally convex, by [27, Theorem 3.5], there exists
a continuous linear functional L on A(B) with L(1) =1 and L(f) = 0 for every f € A. Define £ as in (25).
Then, as shown in the proof of Theorem 5.3, £ is continuous on h(B) and for every f € h(B),

L(f) = F(0)L(1) = f(0) (32)

by (28).

Now let f € A. Since Ky(f) = foU € A for every U € SO(n) and L vanishes on A, we have L(f) =0
by the definition (25). Thus, by (32), f(0) = 0 for every f € A. Next, since Ko, (f) € A for every a € B, we
have K, (f)(0) = 0, and because K, (f)(0) = (1 — |a|?)"=2)/2f(a), we conclude that f(a) = 0 for every
a € B. Thus f vanishes on B and A = {0}. O

Proof of Corollary 1.16. Let A be the closure of span{/C,(f) : ¢ € M(B)}. Then A is a closed subspace of
h(B) and A # {0}. By Lemma 2.2 (ii) and (v), A is invariant under the Kelvin-Mébius transform and thus
by Theorem 1.15, A =h(B). O

6. The unique Hilbert space

We first show that b2 ,, endowed with the inner product (-,-); given in (5), is strictly Kelvin-M&bius
invariant.

Proof of Theorem 1.10 (i). By Theorem 1.8, (b2, (, Jp2,) is Kelvin-Mobius invariant and since [ - [|; is
equivalent to || - [|,2 ,, it follows that for all ¢ € M(B) and f € 0%,
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1Ko (H)llz ~ 11F 1 (33)

We need to show that exact equality holds in (33). For this we show

(Ko (f),Kp(g))r = (f.9)1, for every ¢ € M(B) and f, g € b*,. (34)

By Corollary 5.4, point-evaluation functionals are bounded on (b2 5, (-,-)). We first determine the corre-
sponding reproducing kernels. For a € B, let

R, (z) := Z Z nj2 -1 m(a)Y,Zl(x),

i “m+n/2-1

where second equality follows from Lemma 3.1 and (16). As R, is harmonic on B, it belongs to b%,, and by
(5), {f,Ra)r = f(a) for all f € b?,. Thus R,(x) is the reproducing kernel of %, with respect to the inner
product (-,-)s.

We next compute K, (R,). Because

()2 (272
R = ) e

1= [af? yalr?

using (11) with y replaced by ¢~!(a) we obtain

(=l @\
Ko(Ra)(z) = ( ) [z, 01

1— |a|2 (a)]n—Q
_ 1 a 2\ (n—2)/2
= (%) Rgp—l(a)(x). (35)

We verify (34) first when g = R,. Let a € B, ¢ € M(B) and f € b*,. Then

(Ko (), Ko (Ra))r = (%

— o112\ ("2/2
- <1lf|a|(2)> ICsa(f)Uﬁil(a)) = f(a) = (f, Ra)1,

(n—2)/2
) <IC<P(f)aRga_1(a)>I

where the first equality follows from (35), the second equality from the reproducing property, and the third
equality from the definition of Ky,. Thus (34) holds when g € span{R,},cp by the linearity of /C,.

Finally, let f,g € b, be arbitrary. By the general properties of reproducing kernels, span{R,}.cp is
dense in (b3, (-,-)1). So there exists a sequence (g,,) with g,, € span{R,},cp such that

gm — g in (bg’ (- 0)-
By (33) it also holds that
,CQD(gm) - ’Ctp(g) in (b%, <'a >I)

Hence

(Ko (£):Ke(9))r = Nim (Ko(f): Kelgm))r = lim (f, gm)r = (f,9)1-

m—r o0
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This shows (34) and the proof is complete.
Note that (33) and therefore Theorem 1.8 plays an essential role here. That is, we first verified the
Kelvin-Mobius invariance of (b2, (-,-)7) and then using this we showed its strictness. O

We next show that (b2, (-,-)7) is essentially the only strictly Kelvin-Mobius-invariant Hilbert space.

Proof of Theorem 1.10 (ii). Let (H,(-,-)y) be a strictly Kelvin-M&bius-invariant Hilbert space. That is,
o (F)llr = || fll & for every ¢ € M(B) and f € H. By polarization we also have

(Ke(f):Ke(9)m =(fr9)n  (pe M(B), f,g € H). (36)

By Corollary 5.4, the point-evaluation functional f — f(a) is bounded on H for every a € B. Therefore
for each a € B, there exists S, € H such that for all f € H,

fla) = (f,Sa)n-

We show that S, is a positive scalar multiple of the function 1/[z,a]" 2. For this let us first compute
K4 (S.). By (36) and Lemma 2.2 (iii),

([, Ko (Sa)) it = (Kp-1(f), Sa)u = Kp-1(f)(a)
Lo i@\ TR
= (%) f(‘p_ (a’>) = (%) <f7 S¢*1(a)>H-

Since this is true for all f € H, we conclude that

1— |~ (a)|? (n—=2)/2
ICSD(S(I) = <1|_|a|(2)|) Sapfl(a)a (37)

which is the same as (35) with S, in place of R,.
We first determine Sy. Taking ¢ = U € O(n) and a =0 in (37) and using (13) we obtain

SooU = Ky (So) = So.

This implies that Sy is constant on the spheres |z| = r, 0 < r < 1. Because Sy is also harmonic on B, by
the mean value property, Sy is constant on B and Sy = A1, for some A € C. Since

1= (1,5 = (1,A1) g = 1],

we see that A = 1/||1||% is positive.
We now find S,. For any a € B, taking ¢ = ¢, in (37) shows

1
Ko, (Sa) = A= [Py So-

Applying IC;al =K _-1 =K, to both sides and using that Sy = A1, we obtain

©

1 A A

Ky, (1)(z) = W,

Sa(z) = A a7 Ky, (So)(x) = A= Jap)oo72 Mo

where in the last equality we use (14). It follows that the reproducing kernel of (H, (-, )g) is \/[x,a]" 2
and therefore the reproducing kernel of (H, (-, -)g) is 1/[x,a]"~2. On the other hand, by the proof of part
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(i), 1/[xz,a]"~? is the reproducing kernel of (b%,, (-,-)s). By the uniqueness of reproducing kernel Hilbert
spaces ([28, Theorem 1.4]), we conclude that H = b, and A\(-,Yg = (-,-);. O

We finish this section by giving an integral description of the invariant inner product (-, -);. This is similar
to [24, Definition 5.4], but since in our case the invariant Hilbert space corresponds to ¢ = —2, first-order
derivatives are sufficient. On the other hand, in the holomorphic case the Mébius-invariant Hilbert space
is B2 (n+1) and as n gets larger higher order derivatives are needed in the integral description of the inner
product.

Let f € h(B) and f = >",°_ fm be its homogeneous expansion. The radial derivative Rf of f is defined
by

o0

Rf =D m fm.

m=1

For n >3, let R := (n/2 — 1)""R + I, where I is the identity. It is clear that

RS = Z’“:/;‘/Q‘lfm.

Theorem 6.1. Let n > 3. For f,g € b2_2,

1o’ 5

<f’

Rf(x)Rg(z) dv(z).

|
n/2—113/|1

Note that the factor 1/|z|? causes no integrability problem since n > 3.

Proof. Since f € b?,, the first-order derivative Rf is in b3 by [17, Theorem 1.2]. Also since b%, C b3, f is
in b2. Thus Rf is in b3 C L?(dv). Similarly Ry is in L?(dv) and we can pass to polar coordinates to write

1

1 =, = 1 -
B/ S @ Rg(@) dv(z) = / ' S/ R (r§)Rg(r§) do(§) dr.

0

Let f=%_, Zgzl f2Yiand g=3 ijl g} Y3 where Y is as in subsection 3.1. Then

m+n/2—-1 . m+n/2 -
21 Y (), Z Z %Yﬂl(ﬂ?),

m=0 j=1

where the series converge uniformly on rS. Using also the orthogonality (15), and the homogeneity of Y
we deduce that

1

o0 Om 2
/ LR f(@)Ry(@) dv(z) = 3 (M) i o / n p2mAn=3 g
0

J || == n/2—1
n/2
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The integral inner product given in Proposition 6.1 is in terms of radial derivatives which are well known.
If we want to use the differential operators D!, then we have other choices. Note that the reproducing kernel
of (b?,,(-,-)1) is R_a(x,y). So [17, Theorem 5.2] provides us with an integral inner product such that R_o
is the reproducing kernel. For example, if we follow the proof of [17, Theorem 5.2] and choose t = 1, s; = —1
and sy = —2, then we see that

(f.9 I—/Dl_lf D g(x) dv(x).

To verify the above formula, just integrate in polar coordinates and use the homogeneous expansions of the
functions. The integral on the right does not look like (conjugate) symmetric in f and g, but it actually is.
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