NEW IDENTITIES FOR 7-CORES WITH PRESCRIBED BG-RANK

ALEXANDER BERKOVICH AND HAMZA YESILYURT

ABSTRACT. Let 7 be a partition. BG-rank(w) is defined as an alternating sum of parities of parts
of w [1]. In [2], Berkovich and Garvan found theta series representations for the t-core generating
functions }_, < a¢,j(n)q™. Here, a; j(n) denotes a number of t-cores of n with BG-rank = j. In
addition, they found positive eta-quotient representations for odd t-core generating functions with
extreme values of BG-rank. In this paper we discuss representations of this type for all 7-cores with
prescribed BG-rank. We make an essential use of the Ramanujan modular equations of degree 7 [3]
to prove a variety of new formulas for 7-core generating function
7j)7
j>1
These formulas enable us to establish a number of striking inequalities for a7 j(n) with j = —1,0,1,2
and ar(n), such as
a7(2n + 2) > 2ar(n), ar(4n+ 6) > 10a7(n).

Here a7(n) denotes a number of unrestricted 7-cores of n. Our techniques are elementary and

require creative imagination only.

‘Behind every inequality there lies an identity.” — Basil Gordon

Dedicated to our nephews Sam and Yusa

1. INTRODUCTION

A partition m = (A1, Aa..., A.) of n is a nonincreasing sequence of positive integers that sum to n.
The BG-rank of 7 is defined as

T

(1.1) BG-rank(n) := Z(—l)ijaT(/\j),

Jj=1

where

1 i Aj = 1(mod?2)

par(A;) = { 0 if X =0(mod?2)

If ¢ is a positive integer, then a partition is a t-core if it has no rim hooks of length ¢ [8]. Let T¢—core
denote a t-core partition. It is shown in [2, eq.(1.9)] that if ¢ is odd, then

(1.2) — {%J < BG-rank(m—core) < {#J

Let a;(n) be the number of ¢-core partitions of n. It is well known that [9], [5]

0 Liweanw (@545  E'd)
(1.3) Dot = Y, T = (@) E(@)’

n>0 wezt, W.1,=0
where

(1.4) b= (01,2, t—1), 1, :=(1,1,...,1),
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(@;@)n = (a)n == (1 = a)(1 — ag) ... (1 — ag" "),

o0

(@; @)oo = [[ (1 —ag™), la| <1,
n=0
E(q) = (¢:9)

The product [],., E%(¢') with §; € Z will be referred to as an eta-quotient.
Next, we recall Ramanujan’s definition for a general theta function. Let

(1.5) f(a,b) := Z gt/ 2pn(n=1)/2. |ab| < 1.

n=-—oo
The function f(a,b) satisfies the well-known Jacobi triple product identity [3, p. 35, Entry 19]
(1.6) f(a,b) = (—a;ab) oo (—b; ab) oo (ab; ab)

Two important special cases of (1.5) are

_ _ E5(¢%)
(1.7) v(q) == f(g,q n_z_:ooq == ) (q q ) W,
and
—n 3. 4 4, 4 _ E2(¢12)
(1.8) b(g) = n;ooq 40" oo (0% ¢V (0" 0" o)

The product representations in (1.7)—(1.8) are special cases of (1.6). Also, after Ramanujan, we
define

(1.9) X(@) = (—4¢*)

Let a; j(n) be the number of t-core partitions of n with BG-rank=j and define their generating
function by

(1.10) Crj(q) =) ar;(n
n>0

In this paper, we find representations for C7 o(¢) and C7 1(¢) in terms of sums of positive eta-quotients.
Such representations for C7 2(q) and C7 _1(gq) are known (see (1.31)—(1.32) below). Here and through-
out the manuscript we say that a g-series is positive if its power series coefficients are nonnegative

. We define Plq] to be the set of all such series. Obviously, »(q), ¥(q) and E7(¢")/E(q) € Plg). In
fact, Granville and Ono showed that [6] if ¢ > 4, then a;(n) > 0 for all n > 0. Our proofs naturally
led us to certain inequalities that relate the coefficients of C7 ;(¢), j = 0,1, —1,2, and to equalities
and inequalities for the coefficients of 7-cores. The main results of this paper are organized into two
theorems whose proofs are given in sections 4 and 5.

Theorem 1.1. For all n > 0, we have
1.11) a7(2n +2) > 2a7(n),
) a7(4n + 6) > 10az(n),
) azo(n) = 9azz2(n),
1.14) az1(n) > 2a7,_1(n),
) a7(28n + 4r) = baz(14n+2r — 1), r = 1,2, 6,
) a7(28n + 4r + 2) + 4az(Tn +r — 1) = 5az(14n + 2r), r = 2,4, 5.

By equation (1.35) below, we see that (1.12) and (1.13) are equivalent.
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Theorem 1.2.
28 3
(1.17) Cralq) = qE( M;((q DE(" {a )+ @Y(?)v(g)}
28 3(,,14 4
Craola) = wla) {4 (@) a™) + V) a) + P I
(1.18) + Y@ (@) (@) + 20" P ()P (0 + 4420 ()P () e(d?),
where
(1.19) w(q) == ¥(g")e(q") + *¥V(¢**)p(q®) and o (q) := p(q)e(q") + 467V (q*)(q"*).
Observe, by (1.6), that
28 3(,.,14 4
(1.20) PP B ) 0t )10l

Therefore, each term in (1.17) and (1.18) is a product of six theta functions which are in Plq]. Tt is
instructive to compare these representations with those given in (1.27)—(1.28) where for example C7 4
is expressed as sum of 21 multi-theta functions.

Our proofs employ the theory of modular equations. The starting point in our proofs is one of
Ramanujan’s modular equations of degree 7 from which we obtained the identity

E"(q") 13 3 11 5 9 7 2 s E7(¢*®)
1.21 AU q,q q°,q°)e(q")o(q”) + 8¢ :
(121) By = J0a @ a0l o) + 80
Using several results from Ramanujan’s notebooks we obtained the following, new, analog of (1.21)
E™(q") 6 2 5 3 4 7 2E7(ql4)
1.22 = fla, ) f(q",q°) f(q°, ¢ )(q")wlq) +q :
(1.22) Bl = 0 ) g WA ola) +

The identity (1.22) provided a natural compliment to (1.21) and was essential to our proofs. For
proofs of (1.21) and (1.22) see (4.4) and (3.23). From (1.21) and (1.22), we will deduce the following
interesting manifestly positive eta-quotient representation for the generating function of 7-cores

(7
EEEZ)) =o(¢") f(a.4") f(d®,a"") f(d®, a°)o(q")
EB(q28)E2(q14)E3(q4) E7(q28) ) (q14)7
(1.23) +2¢° B2 (g) + 64" B B
Observe, by (1.6), that
3(,.28 2 14 3( 4
(1.24) Bl )gzgzg))E @) _ F( @ a") (% ) fFa* ") (@) (¢,
) i 7 E4 14
(1.25) Fa.a™) (a0 a")e(d") = w(%ﬁq);(qz(gq) )

The proof of (1.23) is given at the end of §5.
In [2], it is shown that the generating functions Cy ;(q), t odd, can be written as sums of multi-theta
functions. We record them here for the case t = 7. Let

B = (07 1’0) 1707 1’0)7
B =(1,0,1,0,1,0,1).

and for 0 < i < 6 let €; be the standard unit vector in Z7. Then
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6
Ti=2,.7 —
(1.26) 07,_1(q) = Z Z q2HnH +b7.n’

Ti=n2,1° —
(1.27) Cro(q) = E : Z q2\|n|\ +b7.n’
0<ip<i1<i2<6 7627, Wl_;:()
WEB+?1O+?11+?12 (mod2Z7)
Ti—=n2, —
S| “+br. 7
(1.28) Cral)= 3 3 GBI
0Sio<ii<6 ezl w.Ii=0
W=B+7¢€i,+¢€i; (mod227)
Ti—=n2 1" —
§ : sl “+br.
(1.29) C7’2(q) = qQH H 7 .

wWELT, W.17=0
7=B (mod 2Z7)

Eta-quotient representations for

1.30 C — q) and C q
Y o1 )

are obtained in [2, eq.(1.10)—(1.11)]. For ¢ = 7, they are as follows
5 B2 (q*) E*(¢") E*(¢%)
E%(¢?) ’

(1.31) C7,-1(q) = ¢

(1.32) Cra(q) =" — 57~

As we shall see next, it is easy to find eta-quotient representations for C7 ¢(¢) and C7 1(q) but these
representations are not manifestly positive. Observe that if 7 is a partition of n, then, by definition

(1.1),
(1.33) BG-rank(7) = n (mod 2).
Therefore, Cy ;(q) is either an odd or an even function of ¢ with parity determined by the parity of j.

In particular, C7,(q) and C72(g) are even functions of ¢ and C71(q) and C7 _1(g) are odd functions
of ¢g. Moreover,

D
(1.34) Z ar(n)q" = Bla) C7,-1(q) + Cr0(q) + C7,1(q) + Cr2(q).
n>0

Therefore, by (1.32),

Cr.0(q) = even part of {E;EZ;) L —Crala)
R
and by (1.31),

Cra(g) = odd part of { E;EZ;) e
w gy megpea

The rest of this paper is organized as follows. In the next section, we give a brief introduction to
modular equations. Then, we prove three lemmas. In Lemma 3.1, we give several identities for o(q)
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and w(q), which were defined in (1.19). The identity (1.22) in its equivalent form is proved in Lemma
3.2 (see (3.14), (1.20) and (3.23)). These three lemmas are then used in sections 4 and 5 where we
prove Theorems 1.1 and 1.2.

2. MODULAR EQUATIONS

In this section, we give background information on modular equations. For 0 < k < 1, the complete
elliptic integral of the first kind K (k), associated with the modulus k, is defined by

/ 17k2 sin?

The number &’ := /1 — k2 is called the complementary modulus. Let K, K’ L, and L' denote
complete elliptic integrals of the first kind associated with the moduli k, &/, ¢, and ¢, respectively.
Suppose that

K L
2.1 A _ L
for some positive rational integer n. A relation between k and ¢ induced by (2.1) is called a modular
equation of degree n. There are several definitions of a modular equation in the literature. For
example, see the books by R. A. Rankin [10, p. 76] and B. Schoeneberg [11, pp. 141-142]. Following
Ramanujan, set

a=k and 8 =12

We often say that 3 has degree n over a. If
(2.2) ¢ = exp(—nK'/K),

two of the most fundamental relations in the theory of elliptic functions are given by the formulas [3,
pp. 101-102],

¢'(—q)

©*(q)

The equation (2.3) and elementary theta function identities make it possible to write each modular
equation as a theta function identity. Ramanujan derived an extensive “catalogue” of formulas [3,
pp. 122-124] giving the “evaluations” of E(q), ¢(q), ¥(q), and x(q) at various powers of the arguments
in terms of

(2.3) ©*(q) = %K(k) and a =k*=1-—

2
z: =2z :=—-K(k), « and gq.
T

The evaluations that will be needed in this paper are as follows

(2.4) e(q) = V=,

(2.5) p(—q) = Vz(l — a)'/*,
(2.6) P(—a%) = Va(l - )%,
(2.7) W(q) = —1/8\f s,

(2.8 —q) q_l/s\r{a )},
(2.9 )y =27 1/4\fa1/4

(2.10) ( q)=2" 1/24\[{0[(1 B a)}1/24
(2.1 @) =2"1/3 _1/12\f{a( a)}/12,
(2.1 @?) = 21/3q1 /120 1/12(1 — o)/,
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We should remark that in the notation of [3], E(q) = f(—q). If q is replaced by ¢", then the evaluations
are given in terms of

2
7K(Z)a ﬂv and qn7
™

where 8 has degree n over «.
Lastly, the multiplier m of degree n is defined by
2
(2.13) m= 9"2@ -z
¢*(q")  zn
The proofs of the following modular equations of degree 7 can be found in [3, p. 314, Entry 19(i),(iii)]

(2.14) (aB)F+{(1-a)1 - B} =1,
(2.15) (31 + @) 5+ {(1 = )1 = A} = 1-{ap1 — a)(1 - )} *
(2.16) (((11‘_@)7)”8—(5)”1 m(3(1+ @)+ {1 -y -5} "),
T(1 = B)T\1/24 aT(1—a)Ty1/24
(2.17) . L-4 (ﬁaglii) 171_ ! 4( 5&1,@’?) .
(a-a-mp-@of ™ {1-a)0- 9}t
— 1/8 T\1/ 7 7\1/24 m?
(2.18) <((11 —ﬂa))) / *(i) + (ﬂoﬁ 53 ) / 3+4
3. THREE LEMMAS
Lemma 3.1. If o(q) and w(q) are defined by (1.19), then
(3.1) o(6?) = p(@)pd) — 2ap(—a)b(~a"),
(3.2) o(q) = o(q®) + 2q(q)¥(q"),
(3.3) w?(q) = w( )0(d") (0(d®) = q(a)(a"))
(3.4) 02(¢?) = 4wt () + ¢ (—q) e (—q7).
Proof. We start with two identities from [3, pp- 304, 315, eq. (19.1)]
(3.5) (=) p(=a"") = o(—=a)p(=q") + 240 (@)Y (=q"),
(3.6) P(@v(q") = v(@®)e(@®®) + ®b(@*)e(q") + ap(d®)e(g?).
We will frequently use (3.6) in the form
(3.7) W(@)P(q") = w(@®) + q(a®) (™).
Using the well-known identity, [3, p. 40, Entry 25 9(1),(ii)],
v(a) = ¢(q") + 240 (¢°)
it is easily verified that
0(Q)p(q") = 0(g")e(d*®) + 4¢%(¢®) ¥ (¢>°)
+24{0(a®)p(¢*®*) + ¢*¥(a™)p(q")}
(3.8) = o(q") + 2qw(¢®).
Using (3.7) and (3.8) in (3.5), we find that
(3.9) p(=a*)p(=¢"") = o (q") — 2qw(¢®) + 2qw(q®) — 2¢*¥(a*)¥(q").

Replacing —q? by ¢, we conclude that
(3.10) o(¢®) = ¢(0)p(q") — 200 (=q)¥(—4"),
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which is (3.1). Similarly, using (3.7) and (3.8) in (3.10), we arrive at
a(@*) = p(@)p(a") — 20(~a)¥(~q")
o(q") + 29w (q”) = 20w(¢”) + 24°(*)v(q")
(3.11) a(q") +2¢*9(¢*)v(q"),

which is (3.2) with ¢ replaced by ¢%. Lastly, by (3.7), (3.8), and by the trivial identity ?(¢q) =
»(g*)p(q), we find that

10%(¢%) =(V(@)e(q") + Y(—q)(—q"))
=¥ ()*(q") + ¥* (—)v* (—q )+2¢( )(aN) (=) (—q")
= (*)(q") (e(@)e(q") + v(—q)p(—4"))

+2(w(g®) + qv(¢*)¥(¢")) (w(q )—qu( $)(g")

(3.12) = 20(¢*)¥(q")o(q") + 2w (¢%) — 2¢°¢* (¢*)¥*(¢"),

from which (3.3) immediately follows.
The identity (3.4), which is not employed in this manuscript, was first proven in [4]. Here we
provide a short new proof. By (3.1) with ¢ replaced by —¢, we find that

*(¢*) — *(—q)¥*(—q")
(04 ~ p(=a)p(~a")) ((a®) + p(~a)e(~a"))
(3.13) = 200()¥(a") (o(6®) + w(-a)p(~a")).
Now, by (3.13), (3.3), and (3.1) with ¢ replaced by —g, we deduce that
*(¢*) — *(—q)9*(—q") — 4qw?(q)

= 2q9)(q)¥(q") (0(612) + o(—9)p(—q") — 20(¢°) + 2q¢(q)w(q7))

=0,
which is (3.4).
(]
Lemma 3.2. With w(q) defined by (1.19),
(3.14) Fla,a°)f (@ a*) f(e*,¢") = ?¥°(q") + U (g)w(q).
Proof. By (1.6), we find that
(3.15) Faa®) () = B0 ) = XL o

In (3.14), if we replace ¢ by ¢2, and use (3.7), and (3.15) with g replaced by ¢2, we are led to prove

X(—ql4) 3/ 14 4,3 14 _ 14
(3.16) X(_qQ)E(q ) =" (¢") + () {v(9) a(a*)v(g' )}

Transforming (3.16) by means of the evaluations given by (2.12), (2.11), (2.9) and (2.7), we find that

1 . al/1281/6(1 — g)7/4
54 / V & (1—a)l/24

*5/4[53/“ ~q 1/4f0¢1/4{ gt zz(aB)® - q L ziz(aB) 4.

Simplifying and using (2.13), we arrive at

(3.17) 4(“)”22(5)1/8+m(a6)1/8{2(a6)”8 — (aB)'/*}.
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Set t := (3)'/8. Then, by (2.14), we have

1/8
(3.18) {(1-a)1 -3} =1t
The equation (3.17) now takes the form

1— 1/3
(3.19) 4{“} = g +mt(2t — 12).
It is shown in [3, pp. 319-320, egs. (19.19), (19.21)] that
_ t— 6
(3:20) T DAt )
and
1— 1/3
(3.21) 1-2)m=1- 4(M) .

Using (3.21) in the left-hand side of (3.19) and solving for m, we obtain (3.20). Hence, the proof of
(3.14) is complete.

We now make several observations which will be used later. By (3.14) and by (1.20) with ¢
replaced by ¢, we find that

14 3(,7 2
(3.22) Bl @((;) JEW@) _ 2y (q7) + d(ayola (o).
Multiplying both sides of (3.22) by E((?;(Eqal‘*)’ we conclude that
E"(q") _ ,E™(¢") | E(¢")E*(¢")E(d%)
52 g B T Bg Y@

which, by (1.20), is equal to (1.22).

We should remark that if § has degree seven over «, then «, § and the multiplier m can be written
as rational functions of the parameter t = (3)/® [3, pp. 316-319]. This parametrization is a very
efficient tool in verifying modular equations of degree seven. O

Lemma 3.3.

T(_ 7 14 T( A2
(3.24) ;{E;EZ? EEE—Z))}: s ) —4q6EEEZ4? + B3 (g% B3 ().

Proof. From (2.17), we find that

T(1 _ A\T a’(1—a)? m2
(i) e ) =

(3.25)

Upon comparison with (2.18), we conclude that
BT BNy a7 @)\ (1= BT\ 5Ty 1S
3.26 () () = () ()
(520 o) 51-5) o) G
Transforming (3.26) by means of the evaluations given by (2.10), (2.6) and (2.7), we find that

(3.27) 104> VZ EN(=q")  , oVE ET(=g) _ VE T(=a) | o6 VE U

+ 1.

vzr E(—q) " vz E(=4") " e(—¢?) e vz ()

VZ (—4,¢%)
N G Y L

Multiplying both sides of (3.27) by and using (2.13), we obtain (3.24). O
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An interesting corollary of (3.24) will be given at the end of the next section. We should add that
(3.24) can be rewritten as

7( 7 7( 7
(3.28) T (g EEEZ)) )= 5¢? EEEZ)) +4qE*(q)E*(¢"),
where, the Hecke operator Ty is defined by
(3.29) Tg(Za(n)q”): Z(a(2n) + 4a(n/2))q",

with a(n/2) = 0 if n is odd.

4. PROOF OF THEOREM 1.1

By (2.15) and (2.16), we have
— 37 7.1 1
(4.1) (((11 _@) )" —(E) "= ma—{as1 - )1 - 8)}).
Transforming (4.1) by means of the evaluations given by (2.6)—(2.8), we find that
VZ o= o VE T oz 2 o7
(4.2) 77 o) 8\/2761 W) = (1 ﬁﬁqw( a)¥(—q ))-

Simplifying, and using (2.4) and (3.1), we conclude that
PT(=a') ¢ 6¥7(d)

Wy Eo st = D {ela)eld) - 200(-0u(=d) j= ¢ (@o(e?)
Multiplying both sides of (4.3) by M we find that
' (—q",¢")7’
ET(q") o 6ET(¢*) _ v(@Q¥(adNE ") o
4 Bg TR BB ()
which, by (1.25), is equal to (1.21).
Next, by (3.7), (3.2), and by (3.23), we see that
E"(q")
even part of{ 00 }
= BB 7 g
_ E4(ql4) 2 2 2 14 E7(q28)
= WW(Q )(o(q*) +2¢%%(a*)¥(q ))+SQ6W
_ B oy ooy o 2 B@)EX (@) E(Y) |, "(a*®)
= Ww(q )o(q”) +2q (¢ (¢*) +8¢° o)

= ww(q%(q“) + 2q2{ —q }+8q6

E(q*)E(¢*®) E(q?) E(q*) E(q*)
2E7(q14) 6E7(q28) + E4(q14) w(qQ)a(q4).

E(q?) E(q*)  E(¢*)E(¢*)

Recall that we defined Plg] to be the set of all g-series with non-negative coefficients. Now, by (3.7)
and (1.25),

(4.5) =2q

+ 6q

E4(q14)
E(q*)E(¢*®)

Therefore, we conclude

} € Pla)

(4.6) w(q?) = even part of{w(q 4
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E'(q") . ,E"(¢")

E(q) ' E@)

which is clearly equivalent to (1.11). Alternatively, one can directly establish that

ww(éﬁ) = f(@" NP (@%,6") + ¢ f(d",¢'%) (%, ¢°°) € Plq]

E(q*)E(q*®) ’ ’ ’ ’ '

We will not use (4.8), and so we forgo its proof.
From (4.5), we have

(4.7) € Plq,

(4.8)

) _ BT | BT

E(q) E(q?) E(q*)
where s(q) € P[q]. Iterating (4.9), we find that

E7(q") L E(e*) 12 E7(¢%) 2 ¢ E7(a*®)

= 2¢* <2q B + 6q Bl + s(q ))—I—Gq Bl + 5(q)

6E7(q28)

E(q*)

where s1(q) € P[q]. This last identity clearly implies (1.12). We already remarked that, by equation

(1.35), (1.12) and (1.13) are equivalent.
To prove (1.14) we return to (4.4). We have by (3.7), (1.31), (3.2) and by (3.3)

(4.9) +s(q),

(4.10) = 10q + s1(q),

odd part of{ E7E ;) }—307,71((1)
()P EN ™) s B2 (¢*)E° (¢ E® (¢*)
o(q”) —3q
E(q*)E(q*®) E2(g?)
E(q4)E(q28)E3(ql4) 2 2 2 14
=q B@) {U(q ) = 3q”(q")(q )}
_ B(@HE@)E* () !
== el - Pl |
EA (™)
(4.11) = qu(qz)W
By (4.6), we see that
(4.12) odd part of{ E;EZ;) }—3077_1(q) € Plq,

which, by (1.36), is clearly equivalent to (1.14).
Lastly, we prove (1.15) and (1.16). Let b(n) be defined by

(4.13) > _b(n)g" = E*(9)E*(").

n>0
From (3.24) with ¢? replaced by ¢, we find that
(4.14) Z az(2n)q" = 5q Z a7(n)q" — 4q¢* Z ar(n)g*™ + Z b(n
Equating the even indexed terms in both sides of (4.14), we arrive at
(4.15) a7(4n) — baz(2n — 1) = b(2n).
Using Jacobi’s well-known identity for E3(q) [7, Thm. 357], namely,

(4.16) P2k — 1)gF k=172,

HMS
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we easily conclude that b(n) =0 if n = 2,4,5 (mod 7). This observation together with (4.14) implies
(1.15). The equation (1.16) is proved similarly by equating the odd indexed terms in both sides (4.14).
Corollary 4.1.

(4.17) 3az(n — 1)+ b(n) > 0 for all n > 0.

Proof. By (4.5), we can write (3.24) in its equivalent form

E"(q") 3 3.7 s E7(¢") 2 2y E'd")
4.18 3q + E°(q)E”(q") = 10q +0(q@°)w(@°) =
e R 7 A R oy
By (4.6), we see that the right-hand side of (4.18) is in P[g], from which (4.17) is immediate. O

5. PROOF OF THEOREM 1.2 AND (1.23)
By (1.36), (4.4), (3.7), (1.31) and by (3.2), we have that

7
C71(¢) = odd part of{ EEZ))} C7,-1(q)

U(@®)e(d' ) E*(¢") s B (¢ B (¢") EP (¢*)
E(q*)E(¢*) E?(q)
E( QS)ES

= HEE IR (o) - oot

_ E(q28)E3(q14)E(q4) 4 202 14
(5.1) = o) u@ta )
This completes the proof of (1.17).
Next, we prove (1.18). Combining (3.22) and (3.23), we have

(5:2) P p B 4t eto) + 00000

Using (3.23) with ¢ replaced by ¢ in (5.2), we find that
E'(q") oy 4E(¢®)  E(@*®)E*(¢"*)E(")
E(q) ! {q E) BE(q?)
7(,28 28 3 (14 4
53 =By p PR ) 2y hata) + w00

It now remains to find the even part of the last two terms on the right side of (5.3). This is is easily
done with the even-odd dissections of w(q) and ¥(q)(q") given by (1.19) and (3.7) and the formula
(see [3, p. 40, Entry 25 (iv)—(vii)])

o(q®) —

w(g?) J+a*0* (@ )wl@) + ¥la)e(d e (g)

(5.4) ¥ (q) = ¥*(@*)(¢*(¢*) + 4av*(¢"))
with ¢ replaced by ¢7.
Lastly, we prove (1.23). Arguing as in (4.11), we find that

T(,7

EEEZ)) }—207,—1(9)

E(q28)E3(q14)E(q4){
E(q?)

E(¢*®)E*(¢"*)E(q")

(5.5) =q &) o(q"),

odd part of{

=4q

o(a®) — 2% (a*)b(a™) }
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where in the last step, we used (3.2). Using (5.5) together with (4.5), and by (3.7) and (1.25), we
arrive at

P _ BOE G o) 1 9r 1 (0) + 20 S
o e+ o)
—20n o)+ 2 ) o0 B 4 B futt) + avta?yota™)
= 20r )+ 2 2 ) o EXED 4 B i
(5.6) =2C7_1(q) + 2q2LjE7£ZI;> +6g E];Esz) olq") f(a.a) f(@® ") F(d®, a)eld"),

which, by (1.31), is equal to the right hand side of (1.23).
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