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Since the beginning of special therory of relativity, a lot of thought experiments were presented as paradoxes that they are contradicting with the theory and thus violating it. But the detailed analysis of the problems showed that they are not violating the theory and arose from the wrong exploitation of theory. This project aims to clarify the so-called paradoxes in special relativity.
INTRODUCTION

In 1905, Einstein established his special theory of relativity based on two simple postulates. One is, all the physical laws are the same in all inertial frames of reference and there is no privileged inertial frame of reference. And the other is, light travels with constant speed c, with respect to all observers in inertial frame of reference. A lot of physicists found the theory difficult to accept because it contained arguments violating the common sense. Length contraction and time dilation of moving objects were among the examples. In Einstein’s theory, time was not absolute anymore unlike the point of view of Newtonian dynamics. Space and time are interwined such that they cannot be considered separately. 
After the theory was proposed, some people came up with thought experiments claiming that they are contradicting with the theory. Most of these thought experiments involve two different consequences observed by two people who are not in the same reference frame. Since an event should happen or not happen for all observers, this seems contradictory. Some of these thought experiments became famous and are called as paradoxes although they are not violating the theory. Train paradox, length contraction paradox, twin paradox are going to be examined. 

TRAIN PARADOX
In this paradox, there are two flashes on a moving train, one at the back end and the other at the front end. There is a receiver on the midpoint of the train that has two faces so that it can detect  both light signals emitted from the flashes. There is also a mechanism that if only one 

face of the receiver takes the light signal, the train explodes but if two faces take signal at the same time, the train does not explode. Now, we fire the two flashes at the same time. The problem is, will the train explode or not? The case is illustrated in figure 1.
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          Figure 1 – Train paradox [2]
Lets assume that the train is moving with constant velocity and let there be two observers, one on the train and the other on Earth. These two observers will give two different answers to the question. According to the observer on the train, the train is at rest, it is not moving. Flashes are at equal distances from the midpoint and light signals have the same speed, c. Thus, the time the back end signal to reach the receiver is equal to the time the front end signal to reach the receiver. So, receiver takes the signals at the same time and there is no explosion. 

But the other observer on Earth sees the event differently. According to him the train is moving to the front. Light signal again have the same speed c. But their path to reach the receiver is not the same because the moving train contracted the path of the front end signal to the receiver. Therefore the front end signal arrives before the other one does. Consequently, the train explodes. Figure 2 illustrates the events for both observers. 
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Seemingly there is a contradiction. The train is exploding with respect to one observer but it is not with respect to other one. This is not an acceptible result with special relativity. If there is an event observed in an inertial reference frame, it should be observed in all other reference frames. So, which observer is wrong? Which one is misinterpreting?

Solution of the Problem

The solution of the problem lies on the consept of relativity of simultaneity. At the presentation of the problem, we said that the flashes were fired at the same time, but with respect to which observer? This is the key point. The event of firing the flashes is not simultaneous for both of the observer at the same time. Simultaneity is also a relative consept. 

Now we assume that the flashes are fired at the same time in the reference frame of the train. Then the observer on the train guesses correct. The train does not explode. Lets go ahead giving specific values for the speed and the length of the train. Let Lo = 10c.s and υ = [image: image4.png]V3/2
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With this value of υ, γ becomes 2. Lo is the rest length of the train. The observer on Earth measures the length of the train L = Lo / γ = 5c.s With respect to this observer, first the back end flash is fired. The light from that flash travels a distance and then the second signal departs. We’ll see that the back end signal travels a longer distance to reach the receiver but both signals arrive at the same time.
In the rest frame of the train, the two flashes are separated by Δx = 10c.s and since they are fired at the same time, Δt = 0. Using the Lorentz transformations, 
Δxı  =  γ ( Δx – υ Δt ) = 2 ( 10c.s – 0 ) = 20c.s

Δtı  = γ ( Δt - υ /c2. Δx ) = 2 ( 0 + [image: image6.png]
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Δtı  is the time between the flash firings. That means, the front end signal departs after Δtı amount of time. Notice that Δxı  is not the length of the train observed by the observer on Earth but the separation between two flash firings. Figure 3 illustrates the case. 
At a time interval Δtı = 10[image: image10.png]V3
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 . c.s = 15c.s and the light signal will travel a distance 10[image: image16.png]V3
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           Figure 3 – Movement of the train with respect to Earth observer [2]
The parameters x and y as seen in the figure are as follows : 

x =  10[image: image19.png]V3



 c.s – 15 c.s
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Now let after a time interval Δtıı, the back end flash reaches to the receiver. The signal travels y + z distance and the train travels z distance. The ratio Δtıı = [image: image27.png]


  for the back end signal and the train should be equal. So,
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In the last step, we shall show that the light from the back and front ends reach to the receiver at the same time. We found the time for back end light. Lets find it for front end light. Let Δtııı be the time the front end signal reaches to the receiver. It’s simple the ratio : 

Δtııı = ( [image: image69.png]
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So Δtıı = Δtııı  and that means the light signal reach to the receiver at the same time. The train does not explode. The observer on Earth comes to the same conclusion. 
LENGTH CONTRACTION PARADOX
There are severals paradoxes in special relativity concerning the Lorentz – Fitzgerald contraction. In this section, we shall examine one of them, the rod and a hole paradox. The paradox can be stated as follows : There is a rod moving on the ground with a velocity υ such that the Lorentz contraction factor γ is 10. The rod is of 1 meter long. On its way, there is a hole of 1 meter diamater. The lengths are given in their rest frames. So, what is going to happen when the rod passes over the hole? 

Let there is an observer A, on the ground and B, moving together with the rod. The observer B will think that the rod, being ‘rigid’ will pass over the hole without feeling any obstacle on its way because, according to him, the hole is moving towards him and it is only 0.1 m = 10 cm wide. On the other hand, the observer A will think that the rod is 0.1 m long and due to gravity, it will hit the far end of the hole and then stop. So, which observer is correct?
The solution of the problem lies on the consept of rigidity. Objects moving with velocities close to the speed of light, lose their rigidity, they cannot be rigid anymore. So, the observer B misinterpretes the events. There is no mistake in the observation of A. It is illustrated in figure – 4. 
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Figure – 4. Four observations of A at equal time intervals [1]
Before continuing lets add that A observes all the points of the rod fall equally fast, so the rod remain horizontal during its motion. The gravitational field can be replaced by another fields in physics. Instead of the gravity, there would be a magnetic field attracting an iron rod. The physics would not change. 

We may think the rod in a shape of rectangular prism. Assume that the observer B sits at the back of the rod. This is going to be the inertial frame of B, we call it S’. A’s inertial frame is S. Let the common event observed by A and B be the motion of a point Q, at the front-bottom end of the rod. For simplicity, we use two dimension in our diagrams. The longitudinal motion of the rod is along x – axis and and falls along z – axis
Using Lorentz transformations, we get

                                 z = z’  and  t = γ.( t’ + υx’ / c2 )         where   γ = ( 1 – υ2/ c2 ) -1/2          (1)
Primed coordinates are for S’ frame. The equations of motion of point Q observerd by A are

                              z = 0           when t < 0       and        z = [image: image90.png]


at2         when t ≥ 0                      (2)

a is the acceleration along the gravitational field, here along z. Using eq.s (1), we can write eq.s (2) in the primed coordinates. 

                                                  z’   = 0       when   x’ < - c2 t’/ υ                                           (3)
                                      z’ = [image: image92.png]


a γ 2(t’ + υx’ / c2)2      when x’ ≥ - c2 t’/ υ                                 (4)  
We interpret Eq. (3) and (4) as follows. z’ defines a parabola .The point Q follows that parabola. The parabola has vertex at the back end of the hole and it moves along with the road. The rod is like it is “sliding” down the parabole. The horizontal length of the rod will be conserved until it strikes the front end of the hole. Then it will start to deform. When the vertex of the parabola comes to the point x = - Lo where Lo is the proper length of the rod, the rod will be completely contained in the hole. Figure – 5 shows the deformation of the rod at a time.
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Figure – 5. Events observed by B [1]
TWIN PARADOX

One of the most exiting consequences of special relativity shows itself up in the twin paradox. It existed almost since Einstein published his article on special relativity. The statement of the paradox is simple. One of the twins remains on Earth while the other travels to some planet or star  and returns back. Will the one making the travel be younger than his twin on Earth due to time dilation?
Now, lets consider two twins; Jack and Kate. At age 20, Kate decides to make a journey to a distant planet. She’ll go at high speeds during her trip. According to Jack, the clocks at the reference frame of Kate will tick slowly. By clock, we mean every kind of mechanism related to time. So, Kate’s biological clock will also proceed slowly and Jack expects Kate to age less than him. For Kate, on the other hand, Jack is moving away from her system and he is going to be the younger one when she returns to Earth. The answer is that, Kate, the traveling one will be younger. 

Let Kate’s spaceship takes off and reaches to a constant speed, υ = 0.8c observed by Jack. It will require some time for acceleration for the spaceship to reach that velocity but we assume it is very small and negligible compared to the total journey. Let Kate land in a planet that is 8 ly away from the Earth. So, it will take 10 years to arrive the planet. When arriving the planet, Kate decelerates, returns back without spending time on the planet, accelerates towards Earth. Again, deceleration and acceleration times are negligible. 10 years later, she arrives at Earth. So, Jack aged 10 + 10 = 20 years and become 40. For υ = 0.8c, γ = 10/6. Thus, Jack calculates Kate’s age using time dilation formula,
Δt = γ . Δto  ( Δto = Δt / γ  = 10 /  (10/6)  =  6
 Accounting the return, Kate ages 6 + 6 = 12 years according to Jack and he expects Kate to be 20 + 12 = 32 while he’s 40. All the calculations above performed with respect to Jack’s frame. His frame can be considered as inertial frame but Kate’s frame cannot. She’s accelerating and decelerating during her trip so she feels a force exerted on her. Jack does not feel any force. This is why this problem cannot be thought as symmetric. 
Kate’s calculation of Jack’s age is more difficult because she needs to take into account the accelerations and decelerations she made. Therefore, lets view it from a different point. In addition to the present problem, we assume both twin sends radio signals to each other in 1 year intervals. First, lets calculate the frequency of signals received by each twin during the journey to planet. We use relativistic Doppler effect formula to calculate it
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 fo            where β = [image: image97.png]


 
Here we have fo = 1 signal per year and β = - 0.8 when Kate moves away from Earth. 
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The signals are received once every 3 years.When Kate returns, this time  β = + 0.8 end frequency becomes

f [image: image105.png]
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 fo  = 3 fo
So the radio signals are received three times a year, every four months. Now, we examine the signals that Kate receives from Jack. During the first part of her trip to the planet, by which 6 years pass, she counts only 2 signals since she receives signals every 3 years. In the return part, also 6 years pass, she counts 6x3 = 18 signals. So the total number of signals she counted become 2 + 18 = 20. And that will give the age of Jack according to Kate. 

CONCLUSION
In all three of the thought experiments, we saw how one of the observers misinterprets the events, thus giving rise to the paradox opinion. Misinterpretation is mainly due to misunderstanding of the consepts of relativity of simultaneity, rigidity in special relativity and acceleration in special relativity. If we understand these consepts fundamentally, we see that there is no paradox in special relativity. The theory is still valid today with firm experimental verifications and all attempts to refute it failed. 
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