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In this project we will investigate time and length contraction in Special Relativity. The length

of an object is greater in its rest frame than in any other frames and the time difference between

two events is less in the rest frame of clock than any other frame. We see these results n cosmic-ray

particles, and in some other experiments like Michelson-Morley experiment. We will also study

causality principle in Special Relativity.

The Special Theory of Relativity has a deceptive look when it is first encountered- it might seem to someone as if it

were apart from the mechanics of Galilei and Newton. Such prejudices are natural since Special Theory of Relativity

incorporates a wider point of view since it also correctly calculates dynamics of object with speeds close to the speed

of light, c. Indeed, Einstein’s theory constitutes Galilei and Newton mechanics in a smaller domain in which objects

are considered to have speeds much lesser than the speed of light. It is quite useful to check equations that are in the

Special Theory of Relativity for speeds much lesser than the speed of light- namely for v/c << 1 situation.

Observers in this theory, is of crucial importance since there is always constant references to them, whose respon-

sibility is to make decisions on positions and times at which events take place. The observers that are confined

within different frames may report different space-time coordinates with respect to each other, that happens to give a

diversion on space-time coordinates of the same event. The core conclusion to be drawn from such a diversion is the

implication that same event has occurred relatively in two frames and the observers have a relativity between them.

therefore it is important that events and observers are described in a careful manner. Certain specific comments to

be added here in order to avoid misconceptions.

1. Regardless of its reference frame, any event in space leaves a certain record in space-time coordinates like an

enduring record of its happening. For example, annihilation of two particles leaves photons as their evidence of

annihilation.

2. Observers are not necessarily limited to making measurements about in the reference frame to which they are

attached. A certain information that is independent of an event can thus be collected by any observer regardless

of its reference frame. For example; if one observer is stationary but other is not, they can collect the information

about a sign in stationary reference frame. This is not a certain fact, in certain cases it is needed to have the

observers confided to make observations within their reference frames.
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3. By claiming that observers are not necessarily fixed in their reference frames, one may get an impression that

the observer ubiquitous- able to see everything within reference frames. Some kind of bird’s eye implication in

this theory is completely false; observers are restricted to physical possibilities of experiencing the event, they

can see as far as photons meet their retina. There is nothing artificial beyond human nature attributable to the

observers in the Theory of Special Relativity.

The purpose of the above discussion is to clear mind about some major misconceptions about observers in Special

Relativity.

I. POINT EVENTS AND THEIR TRANSFORMATIONS

Events that occur in space are space-time points that are transitory between reference frames and are result of

successful use of relativistic kinematics. Two points P and P ′ in two different reference frames S and S′, respectively,

are transformed by using Einstein-Lorentz transformations which can be stated as

x′ = γ(x− vt) y′ = y z′ = z t′ = γ(t− vx/c2)

x = γ(x′ + vt′) y = y′ z = z′ t = γ(t′ + vx′/c2)

If an event occurs in S at coordinates(x, y, z, t) and at S′ at (x′, y′, z′, t′), the measurements are related with each

other as written above.

If one has two space-point events that can be represented by two different space-time coordinates in each frame,

distance between them will differ according to Einstein-Lorentz transformations. First event’s coordinates can be

written as

x1
′ = γ(x1 − vt1) t1

′ = γ(t1 − vx1/c
2)

x1 = γ(x1
′ + vt1

′) t1 = γ(t1′ + vx1
′/c2)

Second event’s coordinates can be written as

x2
′ = γ(x2 − vt2) t2

′ = γ(t2 − vx2/c
2)

x2 = γ(x2
′ + vt2

′) t2 = γ(t2′ + vx2
′/c2)

The separation between two events can thus be calculated as

x2
′ − x1

′ = γ[(x2 − x1)− v(t2 − t1)]

t2
′ − t1′ = γ[(t2 − t1)− v(x2 − x1)/c2]
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II. TIME MEASUREMENTS

Mostly, time is considered to be an absolute quantity- a metaphysical idealization that is not variable; but the

Special Theory of Relativity has shown that time is nothing but is the reading on a clock. If all clocks were in the

same reference frame they would always ’tick’ at the same time and the time could only then be considered as an

absolute value. Whereas, clocks at different reference frames have different periods of ticking what makes time a

flexible quantity, so each frame has its own criterion of time. This criterion is known as the criterion of simultaneity-

if all clocks were in the same reference frame there would be simultaneously working. So, clocks in different reference

frames do not work simultaneously; this is the result of the transformation equations for time measurements as

t′ = γ(t− vx/c2) t = γ(t′ + vx′/c2)

A more subtle question arises from the above discussion; how does one identify the difference in space-time coordinates

for a pair of events that are separated by a length and a time interval? The implication that time is not absolute in

space is deeper here- the conceptions of classical mechanics are stripped away.

III. THE LORENTZ CONTRACTION

Suppose that a line’s length in reference frame S is measured to be

l0 = x2 − x1

Also; length of the same line in frame S′ can be measured as,

l = x2
′ − x1

′

Using Lorentz transformations one can find a relation between two lengths separately measured in both frames as

x2 − x1 = γ(x2
′ − x1

′)

l = l0/γ = l0(1− v2/c2)1/2

Just as the Michelson-Morley’s experiment has predicted. The lengths l and l0 represents the distances between

two space-time points separately- so the distances in different frames will not be equal to each other because of the

criterion of simultaneity as mentioned above.
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IV. TIME DILATION

Consider two different events (x0, t1) and (x0, t2) that corresponds time difference in frame S. The same time

difference as measured in S′, thus would be

t2
′ − t1′ = γ(t2 − t1)

τ = τ0γ = τ0(1− v2/c2)−1/2

By using Lorentz transformations. One can conclude that the length of an object is greater in its rest frame than

other frame whereas as the time difference between events represented by two readings of the same clock is less in

the rest frame of the clock than in any other frame- in colloquial terms ’Moving clocks run slow.’

The time dilation is the most unexpected result for classical mechanics because the absolute property of time was

thought to be rooted in philosophy, metaphysics and even theology. With the above equation Einstein’s theory not

only changed perspective of physical sciences but he accomplished a ground breaking achievement in philosophy.

Due to its unexpectedness, physicists wanted to examine time dilation experimentally- whether it is a valid con-

clusion or a madman’s dreams. Hence, the following section concentrates on the experimental verification of time

dilation.

V. OBSERVATION OF TIME DILATION WITH COSMIC-RAY MESONS

Radioactive decay gives a quite satisfying statistical picture because of its random processes. A sample of unstable

radioactive particles is very useful while examining the time dilation formula; if one is able to determine fraction

between how many particle still survives within a time interval between t0 and t. In this statistical test a number of

unstable particles are left stationary whereas another number of particles are speeded up to a certain velocity v with

respect to the other frame. Time dilation asserts that the particles with speed v will have a longer lifetime compared

to the stationary ones in the rest frame. Such a classic experiment on time-dilation phenomenon was conducted by

B. Rossi and D. B. Hall in 1941. In their experiment, unstable particles were µ-mesons (muons) produced by cosmic

rays entering earth’s atmosphere. The essential steps of this experiment are given as:

1. A muon is a charged particle which produces an electron (+ or -), a neutrino (ν) and and anti-neutrino (ν):

µ∓ → e∓ + ν1 + ν2

2. Most of the mesons travel to the earth’s surface with speeds very close to c.

3. It is experimentally possible to determine when the meson will decay- this gives the account about the lifetime

of mesons.
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4. From the previous step one can determine the time intervals between the arrival and the decay of muons.

5. Having accepted the result of the preceding step, one can derive a correlation between the distance traveled by

a muon and speed of light l/c.

6. Measurements showed that the downward journey of mesons (toward sea level) is more likely than a less lengthy

journey.

Table I shows the muon decay at rest. In the experiment, the experimental apparatus recorded the arrival of 563

muons/hour at an altitude of 2000m. At a speed ≈ c, it takes 6.5 µsec for muons to reach sea level from this altitude.

However, when the measurement was made the rate of muons that reach sea level turned out to be in excess of 400

TABLE I: Muon Decay At Rest

Elapsed time,µsec No. of muons surviving
0 568
1 373
2 229
3 145
4 99
5 62
6 36
7 17
8 6

muons/hour- so according to the clock of mesons (fixed in the moving reference frame) it would take less than 1 µsec,

actually 0.7µsec to reach the sea level. So the time dilation factor can be calculated as

γ−2 = 1− v2/c2 = (τ0/τ)2 ≈ 1/81

which gives

v/c ≈ 0.994

As the above experiment shows; clocks do tick slower if the speed of the object is considerable to the speed of light-

thus, time dilation phenomenon is experimentally verified.

VI. ANOTHER INTERPRETATION OF THE TIME-DILATION EXPERIMENT

In the previous section, the rest frame was fixed on the laboratory frame and muons with speed nearly c were in

the moving frame. It would be convenient to show that even the frames were exchanged, the result would be the same

and a high ratio of muons would reach to the sea level from the mountaintop. Since the Theory of Relativity dictates

no preference upon reference frames, the result must give the same result.
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If an observer fixes the motionless reference frame to the moving muons with himself, he sees that the mountain is

moving upwards with a speed close to c. Since the speed of the mountain is considerable with the speed of light, it

is expected that the height of the mountain to be contracted; this contraction will not be felt by the muon reference

frame-it will be stationary. This argument can be based upon a quantitative path as follows:

Suppose that vertical distance traveled by muons is H, so time to complete the journey with respect to two reference

frames can be calculated as

∆t = H/v

∆t′ = H ′/v

Therefore,

H ′/H = ∆t′/∆t =
√

1− v2/c2

H ′ = H
√

1− v2/c2

In other words, the distance between mountaintop and the sealevel is contracted as in the Lorentz contraction. So

the theory is consistent in both ways- there is no preferred reference frame.

VII. MORE ABOUT TIME AND LENGTH MEASUREMENTS

First, we define rest frame as a frame that moves with a particle and measurements made in it are called proper.

For example, length of an object measured in its rest frame is its proper length (l0). Similarly, proper time is time

measured in a frame of reference that our clock is at rest. Every other measurement done in other frames than rest

frame is called nonproper. Now, let us derive time and length contraction formulas by investigating some hypothetical

problems involving proper and nonproper measurements.

Take a clock that consists of a box which have mirrors at the ends.A light pulse is going back and forth between

these mirrors, and a detector is counting each return of the pulse.If the length of the box is l0(proper length), then the

time interval between two successive counts is ∆t0 = 2l0
c (proper time). Suppose this clock is moving with velocity v

with respect to some frame S (Fig.1).

An observer in S sees that light pulse tracks the path ABC and it takes a time interval ∆t to cover this path. We

know that transverse lengths do not change under Lorentz transformations. So we have

AN = NC =
v∆t

2
BN = l0

⇒ AB +BC = 2
√
{l20 + (v∆t/2)2}
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FIG. 1: time dilation

As stated in the postulates of Special Relativity, the speed of light is same for all observers. Hence ABC = c∆t.

c∆t = 2
√
{l20 + (v∆t/2)2}

∆t =
2l0√
c2 − v2

∆t =
∆t0√

1− v2/c2
(1)

Eqn(1) is nothing but time dilation formula.

Now, let us study length contraction. In this case, let our clock move in the direction of its length with speed v

relative to the frame S. Suppose the length of the box in frame S is l (Fig.2). Let the light travel A1 to B2 in ∆t1,

FIG. 2: length contraction
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and B2 to A3 in ∆t2. Then

l + v∆t1 = c∆t1

l − v∆t2 = c∆t2

∆t = ∆t1 + ∆t2 =
2lc

c2 − v2
=

2l/c
1− v2/c2

=
2l0/c√

1− v2/c2

⇒ l = l0
√

1− v2/c2 (2)

Here, Eqn(2) is the length contraction formula.

Let us discuss now the synchronization of clocks. As we discussed in our lecture, for synchronization process, we

allow a light or radio signal to transfer from one clock to another in some frame S, and calculate the time difference

(Einstein’s procedure). Why do we use this procedure but not simply set them at one point and then put them other

space points? We can’t do this because of time dilation. Moving clocks will lose time relative to fixed clocks. This

reading error is

∆t−∆t0 =
2l0
c
− 2l0/c√

1− v2/c2
=

2l0
c

√
1− v2/c2 − 1√

1− v2/c2

In the limit v/c� 1 we get

∆t−∆t0 '
1
2
v2

c2
∆t

This error of moving the clock to its final position persists even it comes to rest. If v/c is arbitrarily small, this

method still can be used.

VIII. A MICHELSON-MORLEY EXPERIMENT WITH LASERS

In 1887, A.A. Michelson and Edward Morley set up their experiment in order to prove the existence of ether, a

hypothetical media in which light could propagate (Fig.3).They constructed their device such that it can easily turn

with the ether wind. However, the experiment showed that ether does not exist [1]. This experiment was an analog

to perpendicular clocks that have the same rate of slowing.

In 1964, T.S. Jaseja et al. made a more analogous experiment (Fig.4).They used two perpendicular lasers and

rotated the apparatus through 90o. Characteristic frequency of both lasers was 3x1014cps. As the apparatus was

rotated, the difference of frequencies (the beat frequency) was recorded. There was no change in this beat frequency

in the range of the experiment (about ± 3kc/sec). This was nearly 1/1000 of the change that one would expect if

ether-wind theory was correct. This experiment is the most accurate experiment that shows the isotropy of space for

the light signals.
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FIG. 3: Michelson-Morley experiment FIG. 4: Jaseja experiment

IX. RELATIVITY IS TRULY RELATIVE

Relativistic transformations are equivalent for inertial frames, but there seems to be something paradoxical about

length and time contraction. Suppose we have two sticks of same proper length (say 1m) that are in relative motion

in the direction of their length. An observer A in the rest frame of one stick shall measure the other stick less than

1m. Then observer A may think that an observer B in the rest frame of other stick will measure his stick longer than

1m. However this is not the case. This is because the fact that an observation and conclusions driven from it are only

valid for the frame they refer. Each observer must measure for itself.

This reciprocity can be illustrated with the help of Minkowski diagrams (Fig.5). Let S and S′ be two inertial frames

that are related in the usual way.There are two sticks of proper length unity, one is at rest in S and the other is at

rest in S′. In Fig.5(a), we can see the world lines of one stick; ct-axis and AQ. Similarly in Fig.5(b), ct′-axis and B′R′

are the world lines of other stick.In both diagrams, the dashed curve is the calibration curve defined by the equation

x2 − (ct)2 = (x′)2 − (ct′)2 = 1

The intersection of this curve with the x axis of any frame corresponds to a unit length from origin in that frame.

Thus in Fig.5, OA = 1 and OB′ = 1.

In Fig.5(a) the world line AQ is tangent to calibration hyperbola at A, and in Fig.5(b) world line B′R′ is tangent

to the calibration hyperbola B′. This is because, in Minkowski diagrams, the time axis for any frame is parallel to

the tangent drawn at the point where the calibration hyperbola cuts the corresponding x axis. Let us see this. Take
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FIG. 5: Minkowski Diagrams

the equation of calibration curve in S and find the slope at any point

x2 − (ct)2 = 1

2x− 2(ct)
d(ct)
dt

= 0

d(ct)
dt

=
x

ct
(3)

Now find the slope at point B′,where x′ axis cuts the hyperbola. x′ axis is where t′ = 0. Thus, we have by the Lorentz

transformations

t′ = γ(t− vx/c2) = 0

t = vx/c2

From Eqn(3),at B′ we have

d(ct)
dt

=
x

ct
=

x

vx/c2
=
c

v
(4)

Now let’s find the slope of ct′ axis (x′ = 0) as measured in S.

x′ = γ(x− vt) = 0

x− v

c
(ct) = 0

slope of ct’ axis = ct/x = c/v (5)

This checks our proposal.
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We can see that the world line AQ cuts the x′ axis of S′ at point A′ that is less than unit distance OB′ from O. In a

similar way, the world line B′R′ cuts the x axis of S at point B that is less than unit distance OA from O.Hence, the

problem of if length contraction really take place is equivocal from a relativistic point of view. It is defined through

the observations we make in order to measure the length of an object that is in motion relative to us. In doing so, we

simply measure the ends of the object at the same instant as judged by us. Thus, the contraction is not a property

of matter, but inherent in measurements.

FIG. 6: Time dilation space-time graph

Let us now discuss the symmetry of time dilation. For two frames in uniform relative motion, we shall compare a

proper time interval recorded by a single clock at rest in one frame with an improper time interval that is recorded

by clocks spatially separated in other frame. Suppose we have five equally spaced clocks at rest in frame S.They are

synchronized according to the S definition of simultaneity. S is moving with −v relative to S′. Then according S′

definition of simultaneity, at a time t′ the clocks shows a progressive difference in readings(Fig.6).In Fig.6, vertical

lines are world lines of clocks, and points A,B,C,D,E are the space-time coordinates of clocks at a given instant t′

in S′ defined by a line parallel to the x′ axis. By the Lorentz transformations we have

t′ = γ(t− vx/c2)

Let clock C at x = 0 in S reads t = t0 at t′, then we have

t′ = γt0

If we substitute this value into Lorentz transformation, we find the reading of a clock at any point x in S as

γt0 = γ(t− vx/c2)

t(x) = t0 + vx/c2 (6)
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This progressive so-called error as judged by S′ is related to the radio signal procedure in S. If a radio signal was to

be sent from C,according to an observer in S′, A and B are moving away from it while D and E are moving to meet

it. Then, observers in S sets clocks far ahead if they are at x > 0, and far behind if they are at x < 0 as stated in

Eqn(6).

Now let us discuss another situation. Suppose we have two frames S and S′ moving with speeds −v and v in x

direction relative to a third frame S′′ respectively.S and S′ have a set of equally spaced (l0) synchronized (according

to its measurements) clocks. They will remain equally spaced in S′′ also, since length contraction formula involves

only v2. Let us assume also progressive error, as judged by S′′, is 1sec. Those errors run in opposite directions for

S and S′ because of their velocities. Fig.7 shows three consecutive observations made by S′′ when the clocks are

opposite each other. If we take one clock, we see that it loses time steadily with respect to its adjacent clocks. For

example, A′ in S′ is 4sec ahead A in (a), 2sec ahead C in (b), agrees with E in (c). So a clock in S′ loses 2sec with

respect to clocks in S at each stage. But this is also true for clocks in S. For instance, the clock F in S is 6sec ahead

of F ′ in (a), 4sec ahead of D′ in (b), and 2sec ahead of B′ in (c). When we choose corresponding observations in two

frames, there is an exact symmetry. Relativity is truly relative.

FIG. 7: Three observations made by S′′

X. SPACE-TIME INTERVALS AND CAUSALITY

Let there be two inertial frames S and S′ related in the usual way,and a point event P having space-time coordinates

(x, t) in S,and (x′, t′) in S′.(Here we consider a one-dimensional world). We define the invariant quantity s2 as

s2 = (ct)2 − (x)2 = (ct′)2 − (x′)2
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If we had two different events we would have

(∆s)2 = (c∆t)2 − (∆x)2 = (c∆t′)2 − (∆x′)2

The quantity ∆s is called the space-time interval between two events. If ∆s = 0, this means that two events are

connected by a light signal.

In Fig.8, there is a space-time graph for one-dimensional problems. Points P and Q represents two point events.

The two lines x = ±ct represents the world lines of light passing through origin O. They divide the space-time into

distinct regions. The regions specified by ”elsewhere” cannot be reached by observers whose world lines are passing

through O, since for this, velocities larger than c is required. For the value of (∆s)2 we have three possibilities:

FIG. 8: Division of space-time in 1D

1. ∆s = 0 : c∆t = ∆x A light line connects two events.The interval between two events is called light-like.

2. (∆s)2 > 0 : c∆t > ∆x It is possible to transform to a frame whose ct′ axis is parallel to PQ. Thus, in S′, P

and Q are occurring at the same place differing only by a time interval. Such intervals are called time-like.

3. (∆s)2 < 0 : c∆t < ∆x Similar to above, we can find a frame such that two events are simultaneous differing

only by a space interval. Such intervals are called space-like.

In order to connect two events in space-like intervals, one must have velocities greater than c. But this violates

causality. For example, suppose an event P (x, t) causes an event Q(x+ ∆x, t+ ∆t) through an agent whose velocity

is u > c. Then the time interval as observed by an observer in S′ is

∆t′ = γ(∆t− v∆x/c2) = γ∆t[1− v/c2(∆x/∆t)]

= γ∆t(1− uv/c2) (7)
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If u > c we could find some v < c such that uv/c2 > 1. Then ∆t′ ∝ −∆t. Thus, an observer having velocities uv > c2

would conclude that Q caused P . But this makes laws of physics different for different observers (for the direction in

which time is advancing).

Still, we have purely geometric velocities that are greater than c. Suppose we have a laser spot on moon’s surface

directed from earth. Angular velocity of the laser is 1rad/sec. The distance between moon and earth is 3.8x108m.

Then the velocity of the spot on the moon is 3.8x108m/s > c. But the spot traces only the locus of the points of

impact of separate photons, each traveling with c. Thus, this supervelocity is not related with the motion of any

object, or transform of energy or information from one point to another over the moon’s surface.

If we consider a two-dimensional world instead of one dimensional, the space-time interval would be

(∆s)2 = (c∆t)2 − (∆x)2 − (∆y)2

Light-like ((∆s)2 = 0) intervals with respect to the origin is given by

x2 + y2 = (ct)2

which defines a cone in space-time. This cone is called a light cone (Fig.9). Fig.8 is a section of this cone taken in the

xt plane.

FIG. 9: Light cone in 2D

[1] French, A. P., Special Relativity: The M.I.T Introductory Physics Series, W. W. Norton Company, New York (1966).

[2] http://en.wikipedia.org/wiki/Michelson-Morley


