Second Homehork Problems: Chapter 4 of the Text Book

Nov. 4

Exercises

4,1 If £ is a rank-2 tensor, show that
tu+y, wtz) =1, + o) +27).

42 If 5., = 5, and ¢, = —1;, are the component of a symmetric and an antisymmetric
tensor respectively, show that s,,1% = 0. '

4.3 If ., are the components of an antisymmetric tensor and v, the components of a
vector, show that

i
L'[rztll:u:] = E(Uarbc + Uelap + Ubtm)'

4.4 1If t,, are the components of a symmetric tensor and v, the components of a vector,
show that if

Uatbc + Ucrab + ubrca =0

then either ¢, =0 or v, =90,
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b

If the tensor £ satisfies £, v wbv w? = 0 for arbitrary vectors »* and w”, show
ahed abed

that

lrab-:(! + fcﬂ'ab + 'rcbad + tadcb =0.
Consider the infinitesimal coordinate transformation
X =x" 4 ev (),

where v*(x) is a vector field and € is a small scalar quantity. Show that, to first
order in €,

g:tb (x’) = 8ub (I) - E(gacabvc +gcbaa UC) ’

By investigating their transformation properties, show that V,»® are the mixed
components of a rank-2 tensor.

If v, are the covariant components of a vector and A, are the components of an
antisymmetric rank-2 tensor, show that

Vovy — Vi, = dyvy, — dyu,,
Valpe + VoA + VA = 8,4, +0.A, + 6, A,
Determine the symmetry properties of the rank-3 tensor
By, =0,A,, 0. A, +0,A,,.
Show that covariant differentiation obeys the usual product rule, e.g.
V, (A BY) = (V,A3) BT + Ay (V, B°).

Hint: Use local Cartesian coordinates.

For a general rank-2 tensor 7%, show that the covariant divergence is given by
1

Vet

Show further that if A®* = —A*" are the components of an antisymmetric rank-2
tensor then

VI = o (IR T 1 T

1
VGAUb == au(\" IgIAUb)
Vel

Hence show that if the antisymmetric tensor field A** vanishes on a hypersurface
S that bounds a region V of an N-dimensional manifold then

fv (V,A%) /=5 d"x =0,

Any coordinate transformation x* — x’ under which the metric is form fnvarian,
i.e. such that

8an(¥) = 841 (%)
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Tensor calculus on manifolds

is called an isometry (note that the argument is the same on both sides of the above
equation). Show that the infinitesiral coordinate transformation in Exercise 4.6 is
an isometry, to first order in €, provided that 1* satisfies

gncabvc + gcbanvc + vcacgab =0.
Show further that this expression can be written as
V,u,+ Vv, =0.

This is Killing’s equation and any vector satisfying it is known as a Killing vector
of the metric g,;. Show that if v® and w® are both Killing vectors then so too is any
linear combination Av®+ pw®, where A and u are constants.
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