PIIYS 405
'GENERAL THEORY OF RELATIVITY
Homework I

SOLUTIoN S
Qctober 14 , 2016

PROBLEMS.
2.1.In three-dimensional Euclidean space R?, write down expressions for the

change of coordinates from Cartesian coordinates {z*} = (z,y, z) to spherical
polar coordinates {z"*} = (r, ¢,6). Obtain expressions for the transformation
and inverse transformation matrices in terms of the primed coordinates. By
calculating the Jacobians J and J' for the transformation and its inverse,
find where the transformation is non-invertible.

2.2 Write down the line element for three-dimensional Fuclidean space in
spherical polar coordinates z° and cylindrical polar coordinates z™ Hence
identify the metric functions in each coordinate system and show that they
obey

; oz Oz°
9ea(z") = Gan() Bz Dl

2.3 In three-dimensional Euclidean space a coordinate system z'e’s related
to the Cartestan coordinates z® by

2t =g+ 3:;2, o B :c’z, 23 == 2442 4 o3
Describe the coordinate surfaces in the primed system. Obtain the metric
functions g, in the primed system and hence show that these coordinates are
not orthogonal. Calculate the volume element dV in the primed coordinate
system.

2.4 Consider the surface of a 2-surface embedded in three-dimensional Eu-
clidean space. In a stereographic projection, one assigns coordinates (p, ¢)
to each point on the surface of the sphere. The ¢-coordinate is the stan-
dard azimuthal polar angle. The p -coordinate of each point is obtained by
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drawing a straight line in three dimensions from the south pole of the sphere
through the point in question and extending the line until it intersects the
tangent plane to the north pole of the sphere; the p-coordinate is then the
distance in the tangent plane from the north pole to the intersection point.
Show that the line element for the surface of the sphere in these coordinates
is ) \

dp + 14 dgp?
(L4 2y 1% Pl

At what point(s) on the sphere are these coordinates degenerate? If
instead one works in terms of the Cartesian coordinates x and y in the tangent
plane at the north pole, what is the corresponding form of the line element?
At what point(s) on the sphere are these new coordinates degenerate?

ds® =

2.12 Consider the two-dimensional space with line element

dr?
d 2 — 2d 2
SE Ty T
Using the result (2.25), show that this geometry can be embedded in three
dimensicnal BEuclidean space, and find the equations for the corresponding

two dimensional surface.

3.1 Show that, in general, e, = gae® and e* = g%¢,. Show also that, under ‘
a coordinate transformation, '
oz , , 0Ozb

T o T g

‘a

3.2 Calculate the coordinate basis vectors €® of the coordinates system z'*
in Exercise 2.3 in terms of the coordinate basis vectors e* of the Cartesian
systerm. Hence verify that the metric functions g/, agree with those found
earlier. Calculate the dual basis vectors ¢} in the primed system and hence
the quantities ¢®®. Find the contravariant and covariant components of e;
in the primed basis. Hence verify that e; is of unit length.

3.3 For any metric gab show that g ge, = N, where N is the dimension of
the manifold.

3.4 Show that the affine connection can be written as I, = ¢® - §,e,. Show
further that, in a torsionless manifold, 8, ep = &, e,.
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3.5 Show that, under a coordinate transformation, the affine connection
transforms as

oun a0 |, out 0af e
Oz oz 9z ¢ Hz Oz’ Hz? Hxf

ra
Fbc -

3.6 For a diagonal metric gg, show that the connection coefficients are given
by (with a #%= b # ¢ and no summation over repeated indices)

a FsGaa a
Th=0, =50, =0 (In(v/lgu)

3.12 If a vector field v* vanishes on a hypersurface S that bounds a region V
of an N-dimensional manifold, show that

L(Vav“)\/HdN:E:O

3.14 If the two vectors with contravariant components v® and w?® are each
parallel transported along a curve, show that v*w, remains constant along
the curve. Hence show that if a geodesic is timelike (or null or spacelike) at
some point, it is timelike (or null or spacelike} at all points.
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