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ASSIGNED EXERCISES OF MATH544: PDE set 6 April, 2001

THE HEAT EQUATION
Ronald B Guenther and John W Lee, Partial Differential Equations of Math-
ematical Physics and Integral Equations

1. Solve the following initial value problem

U = QlUyy, (@ >0),£>0, 2€]l0,L], (1)
w(0,8) =u(L,t)=0, t>0, (2)
u(z,0) = f(z), zel0,1] (3)

step 1. Formal Solution: Using the separation of variables we first let
w(z,t) = T(t)X (z). Then find that

T = akT, X'"=kX
where % is any constant. It must be a negative number £ = —A2. we find

that
T=e M X = sin(A,a) ,n=1,2,.-

where A, = ZF. Hence

o
u(z,t) = Z a, €~ sin{\,z) (4)
n=1I

Here oy, are constants , will be determined by the initial condition {assuming

the ¢ goes to zero exists which requires the uniform convergence of the sine

series)
[(z) = Z , sin(Ap ), (5)
n=1
with
2 [* .
oy = Ef fla)sin{\2)de, n=1,2,--. (6)
0

1

Yo



step 2. Is the formal solution a solution of the initial and boundary value
problem we started with?. For this the given function must satisfy certain
conditions. Term-by term differentiation of the series representing u(x,t) in
{4) can be justified at each point (#,%) with £ > 0 and 0 < # < L by showing
that the series in (4) and the series representing u;, u, and ug, that result
from term-by-term differentiation , converge uniformly in a region D which

contains the point (#,1). Such a region is

1.

We first assume that the function f(z) is bounded in [0, I

B ey

D={{z,t)j0<a <L, t>

Ifla)l <M, forallxel0,L]

Then from (6) we have
loee| < 2M

and series (4) satisfies

o0 oo
[Z an e sin(A,@) | < ZMFZ,\?t e~ 2
n=1 n=1

The series at the right hand side converges uniformly in D. Similar reasoning
applies also for the series representing wg, u,, and u,,. Consequently (4)
satisfies the equations (1) and (2).

To guarantee that (4) will also satisfly the initial condition (5), we need
further assumptions on f(z). For the uniform convergence of the series in
(5) we need 3.7, [an] < co. If f(0) = f(L) = 0 then

9 L

Hence , if f” is continuous on 0 < z <, then it is bounded say by M”, and

2M7L?

S m2n2




This estimate implies that the series (4) for u(x,t) is uniformly convergent
for t > 0and 0 < z < L. Since u(x,t) is the uniform limit of continuous
functions , it is continuous. Hence we have the following:

Theorem. If f(x) is bounded and integrable, the series in (4) yields a solu-
tion to (1) and (2) fort > 0 and 0 < & < L. If in addition f has continuous
second derivative and f(0) = f(L) = 0, then u(x,t) defined in () is uni-
formly convergent and continuous fort > 0 and 0 < & < L and also satisfies
the initial condition (3).

2. Solve the following initial and boundary value problen::

U - Ay = Fat), t>0,0<a <L, (7)
w(0,t) =u{L,t} =0, t >0, (8)
u(z,0) = (@), 0<z <L o)

Complete the method of solution given in class. The method of solution is
similar to previous problem.

3. Solve the problem:

U — Qg = Flx)t), 0<a<l,t>0, (10)
ug(0,8) = ug(L,1) =0, t>0, (11)
w(z,0)= f(z), 0<a<L. (12)

Explain also how you can prove the uniqueness of the solution of this problem.

4. Let u{x,t) be a solution to the problem

U — QU =0, t>0,0<2 <L, (13)
w(0,8) =u(L,t) =0, t>0 (14)
w(z,0) = f(z), 0<a<L (15)

let # be a solution of the above problem with f replaced by f . Denote the

respective Fourier coefficients by e, nad ci,. Show [y, —di] < 2[|F”— F7]I/ A2

3



and hence

. =1
lfe || < 20" - 7| (Z '{5)

n=1
where [|h]| = maz|h(2)} for 0 <z < L. Deduce continuous dependence and
hence the well-posedness of the problem.

5. ForT > 0 let
Qr={(z, )0 <z <L, 0<t<T}

(this is exactly the region D defined in the lecture), be a rectangle with its
bottom and two vertical sides removed. Let

Or = {(@ )0 <w <1, 0<E<T),

Then By = Qp — Qp consists of the three missing sides of the original
rectangle Q7. Suppose that w(z,1) satisfies the differential inequality

wy — a(@, DWer — ble, thw, — ez, w < 0 (2,t) € Qr

where a(z,t) > 0 and e(z,f) < 0 in @r. Then w(z,f) can not achieve a
positive local maximum in Q¢

6. Let a,b and ¢ be as in the previous problem. Suppose that u(z,t) is
continuous on Q7 and satisfies
wy — (&, Dtge — bz, e — o2, Hu <0, (a,1) € Qr, (16}
w(z,t) <0, (z,t) € Br (17}
Then u(z,t) <0 on Q.

7. Let a,c and ¢ be as in Prob.4. Suppose that u(z,t) is continuous on Qr
and satisfics

uy — a{®, it — b(x, gy — e, thu =0

43



in Qp. If « has a positive maximum , it is assumed on the boundary By and

if # has a negative minimum , it is assumed on By.

8.Let a,b and ¢ be as in Prob. 4. Suppose that F{x,t) is defined in Q7 and
bounded by the constant N there. Suppose that u(z,%) is continuous on Qr,
M = mazxplu(z, )}, and u(z,t) satisfies

1y — a(®, Dy, — b, tu, — oz, thu = F(z,t)
in Qr. The ju{z,t)] < M +TN in Qr.

9. Let a(z,t) > 0 and c{z,#) < 0 for all 0 < 2 < L and ¢ >). Show that the
initial boundary value problem

wy — alz, Duge — bz, thu, — oz, )u= F(z,t), 0<z,L, t>0, (18)
uw(0,t) = g(t), w(L,t)=h(t), t<0, (19)

w(z,0) = f(z), 0<a<L (20

has at most one solution which is continuous on 0 < o < L and ¢t > 0 [Notice

that if there is , in fact a continuous solution, then the boundary and initial
data must be compatible. That is ,g(0) = f(0), h(0) = f(L)].



HOMEWORK 111 (MATH 544): March 7, 2012
(For March 21, 2012)

1. An initial value problem of the wave equation:

Uy~ C ity =0, t>0, 0<a <[,
w(0,8) =0, wuy(l,t)=0, t>0,
w(e,0) = £(@), (@0 =g2), 0<w <L

where f(z) and g{x) are given functions (data) for all € (0, L). Find the
conditions on the data so that the above initial value problem is well posed.

2. Solve the following initial value problems.
2% Uy + 3TY Uy + 29wy, =0, (2,y) € D CR? (1)

with the following initial data:
(a) u(z,z )= f(z) and u, (=, © /z) = g(z) where f(z) and g(z) are given
functions of x and wu, is the directional derivative of v along the normal vector

of the initial curve.

(b) u(z,z) = f(z) and u,(z,z) = g{a) where f(2) and g(z) are given
functions of x and w,, is the directional derivative of u along the normal

vector of the initial curve.



Solut b \-a fe sewd Queobisn

L
7—) X My + DEY Ay Hjluyj:o
X 1

- L X
S5 775
NE (/(MAaM fo gl 2515,

3 Tlyw) =W F)1 &)

UU\’IM ,: and G o a/b!fn/j ﬁuadj,‘:u,f/u,,

/{,{Lg“d]: Zé*?— /:/X/(y) JfG'[XL/y}

C\) Caf\/(’.. T's 'ﬂb}‘ a Chﬁ.f@gﬁeu'j}rc X:é/,g;-{’/e_

n 1 E?—-:-f—“—— {’1%"“)
Vit F(ﬁ) b G(VELS f14) ‘/”gt
A B Y
«(":*i)(m )+2i[%r»)& — T
8 qu
oy (31L)6, Ve §Y

W' i

p—y =
) l—(:
2%(9/% e )
( ; JT lG’(\(?]
Gl—.: 8"—%/?&":,‘:&‘

’{:LU’/L we. o ke ey cnd G /'/I/me;fﬂcja



19) Lave @ LLt,uuQ-er( %?EL{T:’{?

@ E0) +GLH = ) =L (1,4)
[ xzp_/x y ;
YAATH | o
+
-
~ . (o 2t - F
Loy Rho ST 77
v
74L G J - Cdf“] v ¥
A

- gl

_gpal -2 ) AT Gy (4) =V g/

J) /’L(&/MAVLL . f “:"3{

fF oAyl 9447’#&}@‘: f@éé we % /44@”[,,%
4 Spluhs oD esse Shoo exsh 19 ol d




