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ASSIGNED EXERCISES OF MATHbB44: PDE set 5 March, 2001

THE METHOD OF RIEMANN
Ronald B Guenther and John W Lee, Partial Differential Equations of Math-
ematical Physics and Integral Equations

1. Solve the following initial value problem

Upy — YUy = 1, ¥y > —2,—00 < v < 0o, (1)
w(z, —a) = 2, uelz, —2)=2% wlz,—z)=2"-1, (2)
D= (n,ye Ry ) 3

step 1. Define the Riemann function v(z, y) which satisfies the homogeneous
adjoint equation
Uy + (Y0)o = 0

Using the equations for # and v we obtain
Ay, + By =w

where . .
A= E(vuz —uy,), B= i(vuy — uv,) — Yyuv

step 2. Integrate the above divergence form in a triangular region with the
vertices M (zo,v0), P{—vo, %), and ((wo, —2¢) and using Green’s theorem

/ [~ Adz + Bdy] = / f v(z, y)dedy
c T(zo,ya)

where C = LopyuLjpuLpg. Evaluating each integral

1
/ = / Bdy = - f {(vuy — wvy)|p=zody — / YUV |z Yy
or  Jom 2 Joum QM

1 ;
= Loy - fQ w(zo,3) (v, + yo)dy
A

we get

2

1



Since the last term contains an unknown value u(wo, y) of the function u(z, y)

we then let its coefficient to vanish,
vy(@o, y) + yv{20,¥) =0, ¥ <o (4}

Hence

1 1
fQ = ()~ Gu@v(Q)

. Similarly we find that
1 1
/ =— Alyyodz = zu{M)v(M) — su{P)v(P)
MP MP 2 2

with
U:B(‘q;ayﬂ) =0, <2 (5)

We then find that

! ! A {11, mME ar
w(M (M) = Eu(P)v(P)+—2~u(Q)v(Q)—/I:[—Ad:L+B £J]+fT(a:u,yo (z,v) l.((;s;y

Here
w(M) = ulzo, o), v(M)= v(2o, Yo),
U(P) = u(_yﬂayﬂ) = Yo, 3U(P) = ’U(ﬁyO)yG)
U(Q) = TL(.’SU, _3:0) = Zp, U(Q) = 'U((Ug, Hﬂ:ﬂ):

step 3. Determination of the Riemann (Green) function: Let us collect
all the conditions on the {Riemann) function v(x,y). We usually use the

notation v{xz,y) = R(zo, %0, %, )

vgy(w,y) +yo(2,9) =0, y> v, € R, (7)
vy(@o, y) + yo(ze, ¥) =0, ¥ < ¥, (8)
vz, 90) =0, x < g, (9

v{zg, ¥o) = 1. (10)



The complete solution of the above problem (known as the Goursat-Problem)

is easy and given by
vz, y) = o3 (-¥ %)

step 4. Solution: Inserting the above result in the equation (6) we obtain

that
1 1 3 [
u((go}'yo) = — 1o 3+ _ﬂ;oe(yﬂz“l‘ﬂ?‘)/2 + = / $26(302_$2)/2d33
2797 2 2/ _y

1 /yﬁ e(yaz—y2)/2(1y+f e’ )2 gy dy,
2 3o T{zo,y0}
o

3, 1 2
2 (56— Fao — €02

Ya

]

. Solve the above problem without using Riemann’s method.

e

Uzy = F("an): u(:c,rc) = f(q,), ux(m,w) = g("‘)

Y

. Solve the following initial value problem:
Upy F U, =1, Yy>T TE R,
ulz, —3) = Ug(®, —z) = 0.
5. Solve

Upy — Uz = TY,

u(z,2%) = sina, ug(®,2%) = cosz, uy(:v,:v3)=0,

in the region above the curve I': y = 3,

_ Solve the initial value problem by the use of Riemann’s method:

(11)
(12)
(13)

(14)

(15)
(16)

(17)
(18)
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