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If we put §y'= a— B, 8, =+ f, this becomes
//!_,/.- 4“2 — 4ﬁ5 a 4&83

7 = (2 8 -4 8]
e ,.,="(61+62+8W)2—a%
T et /
83 = 8,

v

[}

z ——;‘,x'a-i-y', y= z' =1

Then
rms of th/ese/new variables,

Exercises

1. Find the types of the following differential equations, and reduce them
to normal form: '

(i) y*r—t =0,

(il) y2r42ys4+t=1p,

{iv) r—2s+3t—gq—u=0, .

(v) (L+2*)r—t =0,

(vi) 2% —2zys+y* <=0,

(vii} 2%r+2zys+yit = 0,

2. Reduce the following equations to normal form:
. w0 P &*u Fu o Pu

W s+t tim iy Vi na o
oty S*u a2
do— pd e g — = 0,
+ 6yaz+43y3t+63:c3t 0

N T I
(i) Gttt 2 2ol b2 =0,

3x32+ Sxdt Ozdt

(i) 82u+ *u + 8% + otu -0
5zt | 0xby  Oxdz dzdt

3. Prove that qir—2pgs+pi = 0

has an intermediate integral p = gf{u), where f is an arbitrary function.
Hence show that .
y+zf () = g{u),

where g is a second arbitrary function.




CHARACTERISTICS {43

@Transform the equation

?u au
—t Y
G~ Rk

into one with charaoteristic variables. Hence show that

' u=f(xy)+xg(§).
whera f and ¢ are arbitrary functions,

Find the oharacteristics of r - y¢ = 0. Reduce this equation to normal
when y > 0.'

6.) Find the oharacteristics of (1 +2%)7—(1+y%¢ =0, and reduce the
tion to normal form.

Prove that 2% +2zys + y* = 0 has an intermediate integral

PE+qy—1+f (g) =0,

where f is an arbitrary funotion, Hence show that

w21+ 2)
where g is also an arbitrary function.
Show that gr + (ug —p) s ~upt = 0 has an intermediate integral
, P+qu =f(u),
where f is an arbitrary function. Hence solve the aquation.

9. Prove that the two families of characteristic atrips of

$=Flz,y4%pq9
are given by :

(i) de =0, du—qdy=0, dp—Fdy=0,
and

() dy =0, du—pde =0, dg—Fdz =0,
Henco solve the equation-s = pq.




Well po;aof Problers 3

I o bounday velu p oblent satifur e folloe g

Ahea. condibors -

5) Thewe esists & soly b

) The SOCaﬁm [s wunique

m) T he 50[44}1‘0/1 /s 57‘29/6/ if./ the
solghoa  epend onhwsty 7 The oleda | Shoq
flars lﬂowo&/j value JDfol?f&/vr S5 called f%e//@&/f/{
o (uwie 1t is an /7/~p0fe./ Do hleas

EXam,p[e: ,{,{Hfaxx;—.o y tyo , X €R

o) zero Taikal Coadiboas: ixo)=0, U lnelzo,
x eR . 14 is not cilfiell 4o shoo fu<t
Uk b)Y =0 Y tz0 au YXER

b) Small Mf/ﬂ‘aﬁ o@{a > Ylxo) 2O, ué/x,o}:gsz,,(i&)
whew € 5 Sc([gé'dauj smald. This Cepresah a

smatl Change 11 e inifial Aata . The

50&{;)'01 aj) ’ﬂtf} /ﬂ//—m,g Value ;Dfab/e,q /'

T . g
Ux 1= & sin(f )ginh ()



A small Ghanf/_ in the Inibad atx  lead,

o an afbf’)m?rf[y /Qf;{ /@)(P«%Mﬁfﬂﬁ%) Solyhaa
) t—w ( fethen [m}M\/ﬁ/&wf}‘ IOy Problen

is not well posesl.

. t
() an t—@ M) ¢ /s
i) an 130 [s;‘n(X/,:){ < D
Wiser| = bt
for atl 70

Hente fle Soluﬁro,\ s unbounde

i) AF g0 W
lero  datx fom  pat (a) we Fhoald Have
Tero Soluhoa Bt in (1) wWE gel an arhowded
o lubin , @ soafadichic.

Hona fhrs Ts a1~ posed plobley.



Wav e EC{LLQJ\“{M ﬁmj j@ﬂ@(a[f’lqd(ﬁmj -

R.B. Guale and Soha W. lee Dy |l
le,q@(ﬂ/l!’fwg Equ{aéfuj aaﬂ /‘{éﬂquhzgﬁ?%—w&,
gnd l&@fd Eqwﬁ‘w ‘(.

I) Wave @th‘«m and af(ﬁ/cm Ww{} S0l b

Uy -t YER , E70
(A) U (x0) = fexl X €
U%[?fﬂ’)?g“/ ) X EIR
The .50[4’/4&« y&]p 7174/«/: /)’l(%a.f Valua /7/09/6/—/ /s
X #ef
’u(’Xl'H-’ = [‘F(ZHC% 1"[()( ¢t/ ]f fﬁ'fh)&fﬁf
x~cf

whee ¥ aed 9 o g’/}/w foie Ailfewss s
Punihos . THIs Soly b is known an dhka

J(A/@n/ém( solahm. 11 > clear Tact Ao
nifed valua 06 Slem g above s, Heae , X

wellposed provlen

| I" ’ 1 4(;
A7 9 % AN S PEX IR
/D/oo[!




3
1L 7s  clear W?‘[ f)[ 3[ 75 e 5‘{/}%&42%

cynd g I's Défl[ﬁxmﬁcue Thor  Solub exits

and  unigua Whibe T Clese Tou Hha o Hlosdeot

Soly fm.
Sabilly of fle solubn: Depeschen of e
Con otl)mpu.,% oM JL\.Q oo ta |

L@[‘ [1[:, 9,) Qﬂ‘/ [[L/%) )Zé ﬂ-a Olota
et

{b{ EJ! Gnd (JL
'f\'{ul<£ / 13;“3z,l<f

v xeloll axed T I a yﬂzwﬁaﬂ?{;e
reall vianeA. Y Ly 1l p/‘/y?/ewéa/ Soluhi

Utw,k! - Ul (24] < { ( ’fn [Hc%)-d{z [xfc%})

Jr—?[ ( ft (x-c} *1[1 (x-cA] )

‘ xred

( ' {
1 (g eog e

%t
X 5l
TRCHE Ew;-ﬁj [ g,-g0dx" = EHET
A
v L s T

3 - U] ¢ T (T



0

lut'uml Lan Ye ads 07 Cloe 'kﬂje,h»uu an
Adesied O 4 Linile Hhme mleveX 19(«74
e had olatas For e o Solabig

Ohooﬂlg /ﬂ‘ﬁ
GM 6/&9%\4 ) @Vl D/)M/Wevd/l /ﬁ«_gjaé,}éh o
< 5_}(%”
Theown:  Let fal 2 Jwice dibleseheite @l

P

qcr) be itfescnhable o R . Thes 1ia
)/li}faﬁ valtua @ﬁ)%ﬁ.ﬂ/f /5 wedd }78)’&4{.

D’l//)uQ Jadua (0o i wan O

This
). led w ched  tohefrie

recd Line  Cx etk
N mih Jelue Pl
Mlgvd T el WOW o 75t

M G 7@)41[@ wleved
Londy o



uSTA‘S OLL“Q O(qlu"fgnc’g'f'f a‘éP /ﬂ& ‘[Ulickaz;

Sialdax) os(daxl , malitos

WEM
L

Gy > lj }zx)sm(ﬁg-’f) ¥

L
L
Y, * B S gc;s}ﬂ//[ﬂfl)a{x
¢l
N e we have J12
tm‘u ba= T J

o solcho | T abore

5170@[00 Le al /M/ 7‘0-1/%0@

Thi fequLilen o um'ﬁw Lonvpus
[ nis ,
Afwuf:«f ﬂfe (m:ylw (DAR P

For (he exishing 0j)

L
U, = - ZA (a,.,'e\:" o5 (Math ] ba i Jm[ﬂ,,d/)ﬂmx
X¥

U et ) £ b e Se(Pach 1) Sia \

& (e

< 7: /1\,:1— (JQ/}! Jr[bnf)

~N



My, - &l =0, 170, 0¢XdL

(%) Ay, 0) = fex) , /Ut(x,o):glx) , o£xX <L

Ulo, 4 )= Ul t) =0 {7 0

solution: oy Wi o sppets H :JU vartables
and fqye/@osi//fm prmuM

2
Uil = Z_ An (K€

yol
W hoe |
Up st ) = [0 cos (Bact) +ba sta(Dacd)] sialaax)
i |
W:“[/L/‘--/N/ //\V" ""_L"

v/ e Lol ,t 720

N
UL\ho) = Z ay‘l S]V] ()Vtx )‘

n=f

s
Al (%0l = 7 chy da STV [ Dok}
viZ )
Ler'ncf N —s ao fhes e hawe
00
—th) = Z Go Sin (M) D<X S L

Ay
goxl = T b, ¢ da Sialax) 04X SL
o



H@/Lc@ ]KD, U/l{(’J[O/WT fonveryu e Wl Whas T @
Nave
1 C 1 .
' r>‘n C{Al & { ) [ A ‘bﬂl < ~§—-~
nt e
L hew C( cad Cq dr oM ﬁo}fé‘fe fo §

Yoty ers. Whea, it a, au by Sabsh Re @hre

Cont A hia /ﬁ/l—ﬁ/l 7‘2«2 « '[[OKMJ “« fD/‘vfé:M Iy fﬂ&%
'fo? Valua pooblea We ceq-

flo solukn =f e 77
il at leaf oica, @) A < hrly

foo | The above conhihng on

LDa )
{
NCI 51%) (1) - L J{ ' adex i)
Y " M



No new tondihn
” Z

aﬂ:"“’z‘“‘ L esaux o
! (X) JH/ Cof)/))(al)(]

L}\,;L -(\/l
Led
i (
g/o)?{I(L)::o (2}
L
C{ - A il
ncT T [x) (o5 Dax bx
L Dp 4
© L
- ‘ [ A Sina ’f),,/; f’”m }L* | T "
Loy b / 5 {1"1x) 50 0y

Op2 — 5 (iv)
Ry £E70x) S (Bans) el

L

Z (fv) ZLﬁ [ L ("Y]
EH‘ [/\)\a{)ﬁzz 7% ?""-zjéll[ o/
ZL jl(“ ') | A

1[ [0) > ]L(L) = ) F”(o) = ](”[LJ - aud ]p/(u

1) fﬁle{)fcue_ in [O,L]

/Ax



)

S‘XM{{(Ciﬁj
7 L
b, = — S (x) Sia (Dax] oty
4 C dal J g
L L
- _,__}___.4 [ _ 8“‘ cos(”\,,,zs)/ +,\n ijgaf@ax aij
) ¢ L Pa A o /
ﬁLo],
= (K) fﬁf(r\m“/d‘l‘(
bﬂ ) cL 7M J 3 )
= L
1 [ B 5,/7,,/2( 5[»:// W‘ JCC,?”,IMAV,XO(KJ
cLaE /
o j 31'514/\»43‘ Ax
cL’\3
L
L i
[ Lo | g G
g CLA} ;’)n o ~ J
' %@U WO
- 1 L
:~f_}___,[& 8£U(X) (05 Dk Axﬂg (2§ OJ
oL
' /
M bl € [W“' ) 4180 1150)]
T (,‘17-

U

1L y ,
5 (= ﬂtﬂjgfux FoLgt

]



qi-gui= @, JULHUSD @ g @

Is  Ilepreble 1M (o,L)
Wit e au ad b, T infuck  sedes
c‘j fle &3 u:f fla ﬁl[aw;ﬁ équa/fm AU
glss unitesty fonveged

G0
{KP‘/ = Z,, A S Dax)
nol

g&) - i— b€ O Soal an % ) &

) / m/
ad, "~ p ) by~ T;,_{ , 2 Y

Bty of Ao Emtr S/ Jy e KHS e

Laifornty Lot veed

Th@or@M, L@} f(x) have o (oA Fhas 7%L/UL14

e ivehie (or Fourhs Aoy chioc he “’j) £ i inlefrila
5 (oL)) ea o <sbL , g Vigve A
tondimen (Wicd dvwche €7 ocxst (or
Ahid dowihe o 90 indefreite m (o)), and
FLs):f(Ll:f”[o)"ffﬂ/(,):J, glol=g(L)=0

TLQA 41\9\ bOqu[cy \/@éu_o_ Pfob[&.u @ 7%f ﬁ—i
han 4 Unique ol b 24

lLave equs han



1o g ru by @

Uat) = ) ((Qn 514(00ct) 1 bp03(ncd)) 110003
ik
L
A
an: TJ ]C()\) Sin X 017{
L.

W;"//C, -

b,z — < j goc) ik Ak dx

Coal

Theoreat « The imﬁaﬂ vadua prohles (k) s u/a///ﬂay@/

p(bhf.‘ L@‘{’
U (ul)  conep o olate (#,4,)
Uy (%, ¢) Y oo (hit)

(U (vt ) uz(w] Z (0,,-a,4( [ ], - )
a?f fle mhnde 2um (fro pogp %)

for e (oaveysre

/aml‘aﬂL! ' L,\HS [(|“ (1,

| b -ba | < L)\@[[gcﬁl{—o%”[»[




¢ - :
{ 7/10

b L | |
& g A
¢, ﬁil@, 9|

fov”

u-uwl < }(f{f,’irs‘m ! [1gtga)

Twis lells w duet @ small  Chergr
in ola  cotirpoads Ao
CLMAP@ (ke Solubr, -2,

IR S lg'-9'] ¢ £C

L.
(U= Ul <% 2

FO/ /fka p»ﬁ)o( Dj) JLQ 54141’[(% ﬂ@fﬂm s o
‘FDUGwS

=



o} Ml wihad clels { e g @

“’]_ /[7,2_ M(A\L’Q baur(.éé‘/'a‘[ vl PIJW&{ (6)

frr=fe) =Gl =ftc=0 a=d
[ s el Ailleiodebte  aed
}_Vl [31‘1) M /L’Q

g[f! p;



EYerciva )
e

7 1, 3
ULO,H: Ux( L, k) =0 17,5

Ulx =) = "f‘ﬁ/x) L U (x,el= (C/(x)

oA

o A
D loy Ul e wxtt, t)eo €705

M xe) = ')["(/‘)/ Ly Cxyo) = jtx/

DgKSL,-



‘\""\

®

Tuhowsgencoes Juih BV provle @

'U~H { )ﬁ C{_;C o (fl Ay o 4 F[X[J‘}

V) by }d';n a f/,)g?_,/b!ﬂ et cfﬂlf !7"
C

M N ﬁg A / P} 451)71‘/‘#’
Gt f)) <7 ¢ | ’
f e j,@ 1 C/Q \'fa/c:ﬁ- /ééj%/f/fo{y, )

L an . epn pr;gle inith aé, bauyu&;j valae  pivblea

.jf@\/ J’J\,Q {)’é{w%ﬂ e A wane &t 4/%@« o
/‘l —

u%k t g\/u.g'“: C Axy t FC)‘,%] oL, 7o

ol = x) ) U (x0) g O&x<L

Glo,0)z rled i, 6 )z s Lo

a

(oviia bbb // Lomeld ises

*-.1—-;,
o
il

clo] , S ()= Slo]

RO IR

-
[-4

—
{4

\We @ 7‘P"2' P 0[" //)L,gil (/ 71.;,, })\/o l; (.4?4,'. ,;.

Loé’,u - ,ﬂ ssed.

R



Lo Ui eV Let u) cond U Lok, Swhyp

e ebue

' 0 A O <X <L Lo
f=d-dy oy, ko, s & y
- 5 < x< b
U(,)(;o)i?), Uy (X, = O, O
{7 o

uza}{‘)gol uflL, =0

’P:f.. R

— J— e /’ /_:."
ITheorewm . Thee Q}smh m‘ »Mag}“ ond -ahhé%w

et

fre

hovg “ o oo
Lo ffLe\%v Lisuepeao e 14 ol )by p “”:@“ /‘f‘“, bt
| f {7 -J{L,Q S“;z&g/y'“;ﬂ (

P%L . lef

0 L
5 (U:,{J (¢, ul 1 ¢ Ul )de | Lloleo
D
L\))’LC‘A} C = F\) (’{L’ & ajlfi i
' !

go ’u'(-l t & '(Zu& = T thyx

L
5 C%.U{" ( T Uyy ~ 5y ! “y ) 4 TUx Uyy Jdx

e

ne
i

.

L
S [T (UM Wy by Uxe ] = 5, ﬁ 'u}ij AKX

E
L 1
5 j "

B C U’x (J{.




© ﬂ ,
— =y P< S ALy o <O

dE o =5 EW) & EL)

AUy )= 0
g 7
Ny
) . , P Y U B
‘ ‘ ; PR Y PP /6 Jiel Veril i J»’“_
Howte 11 hall vataw il . J

hay o Aigee solalyr



=)

!L‘/L {b) (oS oﬁﬂ/L ) ¥ "LD vl o j Lod (Lt &é""‘,’l ¥) . Lo JL--}

le v @é{(/&\_

Uy ¢ yy 7 J ) e o o XL, Lo
'L/J %, 0 ) O , | Lid\ [(x) o] v O 2 (X <
Lh —~)/ P

-uta)yt—,)::a/ U(,LJL(.‘)-:D

S el o0 C/“ﬁpdwi,s'i oA A

'ul)(,{ )= j: A, ).5)»1{)\W)<) /"\w - _,@

v 1 1
Ay (L)} C N JUVH} v )

) mi)ﬁ A conddi b

/
'Uﬁls]:t;)) AL, lo) = O



| 57)[.1,4',’/() b
! -t

Ady W J f’v) (T ) Sim [C’/\,, ('{“'C]]("/C'
CN

-
v

¢

Toem ve %o(&u{ -

Theorew Lel Te) have oudineon A

Ov o P 4rh & /() deve heen {L‘V D <Cx<e o o af

(7,0 . /) s5unce Moo ot )= Flo4)z
F\/\% [O ) [j = F)‘\ » [ L ) t ] Y, [ o &l ~E 7/ o

Iy /) zQ’ J A \/

‘TLW\A /h«@_, |1 Ll-awufwgcw )
Wan a ctrque <coliihn g e LT% .

l/\/lu,tl /l\-»z - ’iﬁ?
L



HOMEWORK II (MATH 544): February 22, 2012
(For March 5, 2012)

1. Obtain the Euler-Lagrange equation and the associated natural boundary

conditions for the problem §J = 0 where

b
I6) = [ Bwu)de - By(t) + apla)
Here a and 3 are arbitrary constants and y{a) and y(b) are not prescribed.

2. Tind the shortest distance between the line y = z and the parabola

Py=a-1

3. If b is not prescribed (moving end point), show that the stationary func-

tions corresponding to the problem dJ = 0 where

b
Iy) = f @) + 4y - )] de

with y(0) = 2 and y(b) = b? are of the form y = 2 — 2(x/b) + 2, where b is
one of the real roots of the equation 2b* — 26% — 1 = 0.

4. Obtain the stationary functions of the problem 6/ = 0 where
J(y) = f PY)? - wy’lde
0

with »(0) = 0, where A and w ave constants. Determine whether J has

minimum or maximum value for these stationary functions.
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