SOLJ TIONS

MATH 543

METHODS OF APPLIED MATHEMATICS I
First Midterm Exam

November 08, 2019, Friday 13.40-15.30, SA-Z19

PROBLEMS: There are four questions in this exam. Solve as many prob-
lems as you wish. The total number of points must be at least 100.

[50]1. Let

Cr(z) = I (w(z)s(z)*), n=0,1,2,---,z € [a,]

w(z) dz™
where
(a) w(z) > 0 for all z € [a,b].
(b) s(z) is a polynomial of degree < 2 with real distinct roots.
(c) Ci(z) is a polynomial of degree 1.
(d) w(a)s(a) = w(b)s(b) = 0 (boundary conditions).
a. Prove that C,’s are polynomials of degree n.
b. Prove that C,’s are orthogonal to any polynomial of degree less then
n.(Orthogonality with respect to the L2 (a,b) inner product).
c. Show that C,’s satisfy a second order linear differential equation.

2[20]. Cn)(z)’s are the classical orthogonal polynomials of degree n, Fiy(z)
and Qy(x) are defined as

N
F(2) = Y 0 Crar(z) Cala), )
n=1
N
QN(SE) = Z bn Cri (:C) Gn-f-k(‘r) 02n+r(w)? (2)
n=k
where a, and b, are real constants, and r=1,2,--- and k=0,1,2,---.
(a) Prove that f; w(z) Qn(z) pe(z)dr = 0 for all £ < 7 and for all k =
0,1,2,---. Here py(z) is a polynomial of degree < /.

(b) Show that Fy(z) and Qun(z) have (r-1) real roots in [a, b].
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3[30]. An ordinary differential equation is given as
zy' +(z+ 1)y +y==

One of the solutions of the associated homogeneous equation is given y; (z) =
e”®. Find the general solution of this differential equation.

4[30]. 5. Consider the following sequence:

0 1f:c§§
ho(z) =4 52 i l<a<]
1 if:r,'z%

(1) Prove that h,(z) — 6(z) where 8(z) is the step function and
(i1) %@ — 6(z). Hence formally we may write that %(f} = 0(%)
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