MATH 543
METHODS OF APPLIED MATHEMATICS 1
Final Makeup Exam
SOLOTIONS
January 18, 2019
Friday 09.30-11.30, SAZ-18

PROBLEMS: There are five problems. Choose any four of them.

[30] 1. Consider a second order linear differential equation L, u = f(z),z €
(a,b) with homogeneous boundary conditions B;(u) = 0, Ba(u) = 0. Pro-
vided the homogeneous equation L, u = 0 has no nontrivial solutions satisfy-
ing the boundary conditions By(u) =0, By(u) = 0, show that the Green’s
function associated with above boundary value problem exists and is unique.
Then the solution of the boundary value problem given by

b
u(@) = [ w(y) Gla.y) Fw) dy
is unique.
30]2. Let
w4+ p(2)u +q(2)u=0

be a differential equation having a regular singular point at z = zy so that the
difference of the indices is an integer, r;y —ry = N. Show that the solution
corresponding to the second index 75 has the form

up(2) = Cuy(2) In(z — 29) + (2 — 2)™ i dn (2 — 20)"

where (' 1s a constant.

(30]3. Prove that a sccond order linear differential equation having only
two regular singular points is of Euler type (a differential equation which can
be transformable to a differential equation with constant coefficients).

(30]4. TLet ey’ + 2y + y(1+ey) =0for 0 < e < 1, t > 0 with y(0) = 0,
y(1) = 1. Obtain a uniformly valid approximation of this boundary value
problem.



[30]5. (a) Using the WKB approximation find an approximation for
the large eigenvalues and corresponding eigenfunctions of y” 4+ Ae™ y = 0 for

0<z<1,A>>1, with y(0) = y(1) = 0.

(b) Find a two term approximation (first two terms) for large A of the

integral
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