MATH 543
METHODS OF APPLIED MATHEMATICS I
First Midterm Exam

November 01, 2018
Thursday 13.40-15.30
SA-Z02

SOLOUTION S

PROBLEMS: There are four questions in this exam.
1[25]. Let wp(z), (m = 0,1,2,---) be one of the classical orthonormal
polynomials with weight function w(z) and x € [a,b]. Then the sequence

n

ha(z) = w(z) u(x) ug(zo)
=0

o~

where xy € [a,b] defines the delta function d(z — x)
(b) Let u,(z) = +=e"™ , (n=0,1,2,---) with = € [-7,7]. Prove that

V2T ¢
the sequence
n

In(T) = Z u () uk (o)

k=0

where zy € [—m, 7| defines also the delta function §(z — xo)

2[25].  Assume that there exists an orthonormal basis |e; >, (i = 1,2, -+)
in L2 (a,b). Then , for any |f >€ L2, the sequence of vectors

k
|fk: >:Z fé ‘6,; >

i=1

with _
f"' = Bi‘f >

has |f > as the limit vector in the sense that

lim p(|f >.|fe>) =0



3[25]. If (e, €9, - - ,€,) is a finite orthonormal family of functions in L2 (a, b)
and f € L2 (a,b) , then

NF =) e >l
k=1

has its minimum value when f* =< flex > and

D < flee > [P <IAIP
k=1
4[25]. Cyy(x)’s are the classical orthogonal polynomials of degree n and k,,
k!, hn, and Fy(z) are defined as
C(n)({L‘) =k,z" + ]Cfn e + p(n_g)(ﬂ:), (1)
b
f 2l = 2)

N

Fi(@) = 3 an Cos (2) Cl2) 3)

n=1

where pg) () is a polynomial of degree less or equal to k& and a, are real
constants.

(a) Show that Fy(z) has at least one real root in [a, b].
(b) Find a,

kn C(nJrl)(Z') G kn+1 T C’(n)(m) = OénSCﬂ + p(n_l)(m)

(c) Evaluate the integral ]f w(z)z (Cny)? da

bo
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