MATH 543

METHODS OF APPLIED MATHEMATICS 1
Final Exam

May 18, 2017
Thursday 09:00-11.00

PROBLEMS: Choose any four of the following eight questions:

[25]1. Let P,(z) denote the Legendre polynomials of degree n, where 2 €
[—1,1]. The Rodriguez formula for P,(z) is given by
(=" a 2
P, = 1 g2y
"opl2n dan (1-27)
foralln=0,1,2,-- and z € [-1,1]. First two terms

P,(z) = kpa™ + k;m"'l 4.

and the norm of P,

1
hn = / P.(z)%dz
1
are given by

 2T(n+1/2)

e /‘/: _ —1
"= TLITA) , k=0, h,=(n+1/2)

(a) Find the constant o in the following formula

(n+ 1) Pris1(z) = axPo(z) = nP,1(2)
(b) Prove that P,(z) has n real roots in [~1, 1].
[25]2. Let

w dz dx

1 d
d (p(:ﬂ)i{)—kcu:f, a<z<b,




and the boundary conditions B (u) = 0 and By(u) = 0 are defined at 2 = a
and z = b respectively. Solve the Green’s function and give the solution of
the problem. Discuss all possibilities. Here w(z) > 0 for all z € [a,b], pis a
differentiable function and f is a continuous function in [a, b]

35] 3. Let y” +y +ey® = 0 for ¢ > 0 with y(0) = 1, ' (0) = 0. Solve this
equation up to second order in € and justify your approximate solution.

[25]4. Using the method of Green’s function solve the following boundary
value problem
W 46w +9u=2z, x>0,

and u(0) = 0, v/(0) = 1.

T

[35]5. Find the curves (geodesics) on a right

cylinder so that the distance between

any two pints A and B is the shortest on a right cylinder.
Any point on the cylinder is defined by the z and ¢
coordinates Here ¢ is the angle measures from the plane
y = 0. For the cylinder, arc-length is defined as

ds? = dz? + a® d¢? where a is the radius

of the cylinder. You can assume that Lagrange Function

Las L= (%)*+a (4)2. Then you minimize the functional J = ff Lds.

[25]6. (a) Prove that for a real Hermitian second order operator, the corre-
sponding Green’s function G(z,y) is symmetric, G (z,y) = G(y,x).

(b). Let u;(z) and ug(z) be two independent solutions of the homogeneous
equation Lu = 0, where L is second order linear Hermitian operator. Let
G(z,y) be the Green’s function of the problem and let the boundary value
problem

L(u) = f(z), a<z <D,
Bl(u) = 0, BQ(U) =0

has the solution ;
@) = [ Glo) f) dy

where By (u) = 0 and Ba(u) = 0 are the boundary conditions.



Prove that
v(z) = Auy(z) + Bus(z) + u(z)
with
e By (ug)er — Bi(uz)f —By(u1)o + Bi(u1)8
Quy, Uy) Q(ur, uz)
and Q(u1,up) = Bi(w1) Ba(uz) — Bi{uz) Ba(u1), gives the solution of the in-
homogeneous boundary value problem with inhomogeneous boundary values

, B=

L{v) = f(z), a<z<b,
Bi(v) =a, By(v)=7

[25]7. Consider the boundary value problems

(i) ey’ +y +y* =0, t>0,5(0)=0, ey'(0) = 1.

Use the singular perturbation methods to obtain a uniformly valid approxi-
mate solution.

[25]8. Find the first two dominating terms of the following integral

/°° sinjt V-
0 t

where A >> 1.
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2 %, e de= A
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