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Non-Linear Superposition Law

for Soliton Equations
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Abstract

Bicklund Transformations of sine-Gordon and KdV quations are
studied. The purpose is {o generate solutions from a given one. Re-
cursive applications of the Backlund Transformations to any solution
of these equations generate a hierarchy of solutions. Every such hi-
erarchy thus admits a non-linear superposition principal. At the end
a matrix representation of n-th step solution of KdV is given as a

conjecture.



1 Introduction

Supose that we have two partial differential equations, in two independent
variables z and ¢, for the two functions ¢ and v. Two equations are expressed

as

Pu)y=0 and Qv)=0 1)

where P and @ are two operators, which are in general non linear. Let ; = 0

be a pair of relations
Ri(u, v, g, Vg, ug, 0y, ..; 2, 1) = 0 i=1,2 (2)

between the two functions © and v. Then R; = 0 is a Biacklund Transforma-
tion if it is integrable for v when P{u) = 0, and if the resulting v is a solution
of Q{v) = 0, and vice versa. If P = (}, so that » and v satisfy the same
equation, then R; = 0 is called an auto- Backlund Transformation. Of
course, this approach is normally useful only if the relations R; = 0 are, in
some sense, simpler than the original equations.

Example: A fairly simple example arises in connecting with Liouville’s
equation which we shall define as

Definition: Let z and ¢ be two independent variables and u be a function

of 2 and {. Then the differential equation
Uyt = e" (3)

is called Liouville’s Equation.

First we introduce an auxiliary dependent variable, v, which satisfies

1



Proposition: The pair of the first order differential equations
{u—v) utv)
Uy + vy = V2e 2 and utwm:\/ieg_}“ (5)

constitute a Bicklund Transformation between Liouville’s equation and equa-
tion (4)
Proof: Let’s cross differentiate (b) to obtain

1 u_
Ugt + Upy = —ﬁ(ut - v;)eLﬁ“l =e and (6)
1 (utv)

Ugt — Uyt = —=(w+vy)e # =e" ()

V2

It is clear that the two equations (6) and (7) imply equations (3) and (4).
Example: Let us find a solution of the Liouville’s Equation by using
Backlund Transformation (5). v = ¢{x:) +4(y) is a solution of (4).Then first

equation in (5) becomes
Ue + ¢ = V2erE V) = ¢y + § — ), = V239 (8)
Now we define a new independent variable X (z) = f®e~%. Therefore
(u+¢—P)x = Vit o Vo 2D = X 4 gy)  (9)

where g(y) is an arbitrary function of integration. Similarly second equation
in (5) gives

—V2e 31 Y | p(a) (10)
where Y (y) = [¥ e¥ Therefore

Ghwrsw) _ V2
X+Y



hence

—V2
is the general solution of equation (3) which Liouville(1853) first found by a

different method.

2 The sine-Gordon Equation
Definition: Let ¢ be a function of two independent parameters u and v.

Then the partial differential equation

Py = Sin 1Y (11)

is called sine-Gordon equation.

Proposition: The following transformation

bu = 1y + 22 sin(> ; ¥ (12)
Bo = —thy + 217" sin(#) (13)

between 7 and ¢ is an auto-Bécklund Transformation for sine-Gordon equa-
tion.
Proof: (12), -+ (13), gives ¢y, = sin ¢ similarly (12), — (13), gives (11)
s0 this is an anto-Béicklund Transformation for sine-Gordon equation.
Example: Let us generate a new solution of sine-Gordon equation from
the trivial one 1y = 0. Putting 9 = 0 in (12) and (13), and integrating both
equations we get 2Au = 2In(tan %’) + f(v) and 2A"'v = 21n{tan %) + g(u).

Adding these two equations and then taking exponentials we get

¢ = dtan"{cexp(lu + %)) (14)



where ¢ is arbitrary as f(v) and g{u) are arbitrary. Thus from the trivial
solution ¥, = 0 we generate a new solution (14) which is not that much

trivial.

2.1 Nonlinear Superposition Rule for

the Sine-Gordon Equation

By a similar way as above one can generate a new solution from ¢ by a new
A. Assume that from ; we generate i, and 5 by putting A; and A into
(12) and (13).And assume we generate ¥, from 1 by Az, and ¥y from 9
by A;. Then Bianchi’s Theorem of Permeability states that 112 = 1. Using

this property we can find %1, for sine-Gordon Equation.

W

,‘//\
Wo ‘\/\ P Wiz

P
A':.\

4
5

o
Wy

%

Proposition: Let 1,1 and 1), be the solutions of sine-Gordon equation

as mentioned above. And let 43 := 12 = 9. Then

Ao+ A 1
W3 = tho + dtan™! [ 2 + tan(= (12 — 1) (15)
Ao — Ag 4




Proof: Let 15 be a solution ( may be the trivial one)of sine-Gordon

equation. Using Béicklund Transformations we state the followings.

Y= o + 20 sin(2 T ) (16)
1o = =ty + 277 sin( ) (17)
Pau = thou + 29 sm( %) (18)
o = o + 25" sm(%) 19)
Pou = Pru+ 2 sin(“"”;%) (20)
oo =~y + 27" sin( B (21)
Py = Pau + 20 sm( %) (22)
=~ 27 sin(%) (23)
(16)-(18) and (20)-(22) together gives
osin(P00) i sin(P ) — g sin( P - asin 2 (24)

similarly combining (17)-(19) and (21)-(23) we get

A sm( % } — Agsin(

) = /\2 SiIl(

_ B — 1l -
(41 . 1y W3 5 ’4.)2)__/\1 sin(% . %1»'1) (25)

Using sin{z 4- y) = sinz cosy & sinycosz on all terms in (24) and (25) and
adding side by side we get

. a f N /) . 1
sin %ﬁ —sin¥ Ay Ap sin £2 -~ gin £

Pl : y ;
cc)s%'-%—cosf"?—" Az — A1 cos B +cos §

(26)
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. ) ) — / i frn — g . .
Now substitute 3%3 = 4”—%'"—" — -"”"—4‘”@ and —‘%‘1 = 5’3—11"—0 + ¥27¥8 and similar

expressions for i and ¥, we get

Y3 — o, At M Py — Py
tan( 1 )= N h tan( 1 } (27)
Therefore finally we get
W = o + dtan=t [ 2275 g (Y2 Y1,y (28)
)\2 — /\1 q

This is the nonlinear superposition rule for the solutions of sine-Gordon equa-
tion.
Example: For ¥; = 0 and under the transformations u = —21~(LL + ¢} and

= %(SL —t) we can write ¥, and ¥ from (14) as

P = 4tan™! [e\:p(—ult)] Py = 4tan {exp(—mm i )]

V1 —u? 1 —ud
2z

1- .
where u; = 3¢ ¢+=1,2and so

1—uy
A1 +/\2 V 1+u1 1+u2 _ k’('Uq 'UQ)
AI B ,\2 1+u1 Tra T V 1+u2

Then (28) becomes

ehp( T—ut ) . exp( m-;ugut )
Py = dtan "t k(ul’u2)1+ex~p(“’ ult)e - =T E=P (29)
21 1- u2
Putting the problem in a centre of mass coordinate system (i.e up = —u1)
we obtain ( )
usinh{ =
1y = 4tan™! —1{—& (30)
cosh( \/1"_7)
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Four solutions of sine-Gordon equation can be related in terms of two con-

stants Ax and A; such that

Okitr = Pr0org
Okl = BaOkyj
Orrnjtt = BryPnOrg = B Oriok,

(31)

k,7 =1,2,... where 3, is the Bécklund transformation operator associated

with A; (equations (12) and (13) )

617}+\
v /:T/"
,}\‘&/ - Ao
- e
/ ’ 3
Ok, E‘\H ,7_ Tune;

Ay \ - A

G/k%l)‘B

3 The KdV Equation

Definition: Let u be a function of two parameters @ and ¢, then the equation
P(u) = uy — 60ty + Upgr = 0 (32)

is called the KdV Equation. For Biacklund Transformation of KdV Equation
we will use Wahlquist & Estabrook {1973) approach. Let u = w, and

Q(w) = w; — 3w + wye,. We can easily check that
(Q(w))r = Wiy — BWpWyy + Wogey = Uy — BUUG + Ugze = P(u)

7



if P(u) = 0 then Q{w) = f(t) without lose of generality we may assume
f() = 0. Now let us state Bicklund Transformation for the KdV Equation.

Proposition: The following two equations
! 1 ! 2
wm+wm:2/\+§(w—w) (33)

wy +w, = —(w - W) (Wee — W) + (U +ure +u?) (34)

give an auto-Bécklund Transformation for the KdV Equation.

Proof: (33). + (34) gives Q(w) + Q(w') = 0, and (34), — (33); together
with (33), deduces Q(w) — Q{w'} = 0. Therefore w and w’ satisfies Q(w) =
Q(w') = 0 hence P(u) = P(u'} = 0. Therefore (33) and (34) gives an auto-
Béacklund Transformation for the KdV Equation generating a new solution
u from a given solution u .

Example: Let w' = 0 be the trivial solution of KdV. We can generate a
new solution from this trivial one. (33} and (34) becomes

1
Wy = 2\ + 5102 Wy = —WWgyp + 2t

Integrating the first one we get

w = —2k tanh(kx — f(1)) (35)
where A = —k? and f(t) is an integration factor. f(#) can be evaluated from
the second equation above, actually f(t) = —d4k3t + kzg. Another singular

solution is

w = —2k coth{kx — f(t))



3.1 Nonlinear Superposition Rule

for the KdV Equation

Assume we start with wp and produce two new solutions w; and w» from wyq
by A1 and A respectively. Then taking w; and w, as original solutions we
can produce w;o and wy from w; and w, by A and A; respectively. Then

by the Bianchi’s Theorem of Permeability wis = wo;.

W
Mo T,
T T
-
e W
W . 12
T //
4T Ay
rwz

We can easily calculate w; using the Backlund transformations for each
step.
Proposition:
Wiy = Wy + 4H (36)

Proof: Writing equation (33) for each step above we get the followings

1

Wig + Wop = —2A1 + §(w1 — wp)? (37)
1 2

Woy + Wop = —2A2 + 5(102 — ’H)g) (38)
i

Wige + Wig = —2Az + 5(“’12 — wy)? (39)



1
Wory + Woy = —2A1 + 5(1021 - 102)2 (40)

Knowing wyg = war, {37) - (38) + (40) - (39) gives (36).

3.2 wyas of KAV Equation

We can generate wipz from wyy by A3. As we may change the order of using
A1, A9 and Az, we can reach reach wyo3 in several ways as seen in the figure

below. Bianchi’s Theorem says that in all the ways we get the same solution

Wy23.
GYRIT)
W
Az
Wy
7(%'3 s VTS
A ;
;AT
s
S
."/
Wo
Proposition:
I My {wa — wy) + Agws(wy — wy) + Mw (we — w3) + Agws(wy — wa)
123 =

At (we — ws) + Ag(wz — wr) + Az(wy — wy)

(41)
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Proof: From (36) we can write the following equations

Az — A
Wi93 = Uh + 42——3—' (42)
Wiz — Wis
Az — A
wig = wo + 4——— (43)
Wo — Wy
Az — A
Wi = Wy + 4 2 ! (44)

Wg — Uy
subtract {44) from (43) and put the result into (42) to get (41).

3.3 n’ th Step Solution of K4dV

THEOREM: Let (n) denote the set of n parameters {1,2,...,n} and (n)
denote the set {1,2,...,n — 1,2+ 1}. Then
’\n - /\nml

= . 4 45
) 10(" ? * rw{nwl)' — Wn-1) ( )

Proof: We will use induction. Let w,_z) be the original solution, and using

equation (36) we get the n’ th step solution (45).

4 CONJECTURE

4.1 Determinant Representation of w,,

of the KdV Equation

For even n:

i) n=2: Let

1 M
1 X

11



Vo =
1 Wo
From equation (36) clearly
Uz
Yo =
i) n =4 Let
1 U Al X;f
U4 _ 1 Wo /\2 /\%
1wy Az A2
1 wy A M2
1w M A
1/4 _ 1 Wo /\2 /\g’wg
1 W3 /\3 )\3103
1 wy /\4 /\411)4

After doing some algebra we see that

o Us
4““‘/:1

iii) From this two equations [ want to make a guess for representation of

wan)- My guess is as follows, which is not proved but it is true for n = 2,4,

1 uh /\1 v /\?_2?.U2 )\'11_1 /\?
1wy Ay o AZgy AL oAn
U‘Zn ==
1 A D VT VD V.
Waon 2n 2n Wan 2n 2n
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1 uH /\1
‘/zn _ 1 Wo /\2
T woy, /\211
For odd n:
i}n=3: Let
U =
Vi

then comparing with equation (41) we conclude that

n-1
AY

n—1
A3

A2,

AL 2,

n—2 n—1
/\271 Wan /\211

2n

1 un /\17.02
1 Wy /\g'wg

1 s /\3’UJ3

A1
Az
A

l’wl
].'H)g

1'11}3

Us

Wy = i

APty

Ag_l’wg

n—1
/\2:1 Wap

ii) For 2n — 1 : We will iry to make a guess for Uy, ; and Va,_;. We will

consider two things in our guessing process; firstly part i) , and secondly the

equation (45). In equation (45) we see that ws, is obtained from wy, 1y by

reciprocating the difference Wign_1y — W(2n-1)- So Us,_1 should look like V5,

13




and Vo,_; like Us,,. Therefore we make our guess as follows:

— - —1
1 Wy )\1 Arf 2 .\rf 2'&)‘1 /\'f "
,\n~2 /\n~2 /\n~1
1 Wg Ay e 2 g Wg g W2
U2n71 =
1 A L An—? /\n—2 An—i
Wop—1  Adn-1 an—1 “p—1Wan--i Ay 1Wrn-
1 un )q L /\?“2 )\?“2'{01 /\71171
1 Wo Ao v /\,.21_2 /\3—2102 /\Eﬁl
V:?nﬁl =
n—2 n—2 n—1
1 wan 1 Asr o ARy Ay SiWano1 A
and
wy y = U2n—1
2n—-1} —
V'Znﬁl

4.2 Conclusion

In this paper I studied Backlund ‘Transformation for KdV and sine-Gordon
equations, and stated Nonlinear Superposition Rule for their solutions. Actu-
ally I didn’t do anything new. The only new thing I did is the final conjecture

for odd n’s.
I would like to thank my supervisor, Prof. Metin Giirses, for his help and

excellent guiding.
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