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MATH 337
INTRODUCTION TO SOLTT'ON THEORY
Homework set 2

March 1, 2012
Due March 13 , 2012

PROBLEMS.
1. Find, if they exists, the eigenvalues and eigenfunctions of

¢+ (A=TUo)p =0
where {Jy is any real constant.

2. Find the eigenvalues and eigenfunctions of

¥+ (A—u(z) =0

where
Uy, O<a<]

u(z) =
0, z<0,z>1

where Uy is a positive constant.

3. Find the eigenvalues and eigenfunctions of
W+ (- ul@)) = 0

where u(z) = ~Upd(z) — Uy 6(x — 1). Here Uy and U are positive con-
stants, and show that there is only one one discrete eigenfunction if (Up +
Ul)/(U() U]) > 1.

4. Find the discrete eigenfunctions for N = 3, where u(z) = —N{N +
1) sech®z.
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INVERSE SCATTERING AND SOLITONS
FOR THE KDV EQUATION

Annegret Burtscher

November 21, 2007

This term paper deals with the inverse scattering problem and the N-soliton solu-
tions of the KdV equation. It continues the last talk about direct scattering and the
initial value problem of the KdV equation. Therefore a lot of references can be found
in {2]. For more details and proofs see [1].

The inverse scattering method is used to determine solutions for the KdV equation
based on a known initial valie gg and given scattering data S at every time. In 1.3
we will see that the scattering matrix 5 can be reconstructed from both §_ and S,
The key idea is then to reformulate the scattering relation using Fourier transform to
gain the GLM equation. This integral equation can be solved for certain conditions
on the scattering data. Finally ¢ is obtained as a partial derivative of this solution,

In the last seetion N-soliton solntions for the KdV equation are treated. Since
these are reflectiontess potentials of the Schrédinger equation they are easier to handle
and will be solved explicitly.

1 Inverse Scattering

1.1 Premises
As in the direct scattering step we denote by T4 (k) = Tk} = gy the transmission
coefficient, by Ry(k) = cj(%) the reflection coefficients and by

v (T Re®)
sw=( =l =0 )

the scattering matriz S{k}. The scattering matrix contains the asymptotic information
describing the scattering process. The sets

Sy = {Ru k> 0k59¢ 5,0 =1,...,N}

ave called the scaftering daia Sy for the Schrodinger operator H = “3%:12 + ¢. For
more information on the variables mentioned above see [1] or [2.

1.2 Motivation
Direct scattering starts out with a real valued solution g of the KdV equation
G — qu-.r + Grrx = 0

and deseribes how te obtain the scattering data Sy for go = ¢(.,0). It was shown in
Theorem 3.1 in [2] that if g satisfes certain conditions then the scattering data Sy (2)



associated with g(., ) evolve according to
Su(t) = {exp(L8ik*O)Ry(k,t=0)k € R;
#5(t = 0), exp(Fdust)ye ;{t = 0),5 = 1,..., N}. (1)
The goal in the inverse scattering step is to consider these sets Sy (for ¢ fixed) and
then find a ¢ € L1 that has scattering data S; and solves the KdV equation.
1.3 Reconstruction of the scattering matrix

First of all we assume that we have already given a scattering matrix and try to
reconstruct it using the scattering data:

Theorem 1. The scattering mairiz S(k) can be reconsiructed from either of the two
sets of scattering data Sy or S_ and one from the other.

Sketeh of Proof. W.Lo.g. suppose Sy is given. Define for Sk > 0

A
hky =THE [+
f=1"‘+”“f

Since d(k) has simple zeros (cf. Theorem 2.4, {2]), T(k) has simple poles at ix;,
4 =1,.., N and hence h is analytic for Sk > 0 and continuous down to the real line.
The only possible zero of £ is &£ = 0. We therefure distinguish two cases:

1. d{0) is finite, i.e. h{k) has no zeros:
Here In h(k) is analytic in the upper half plane and continuous down to the real
line. We consider the closed curve Tz consisting of the semicircle Cr in the
upper half plane and the segment {—R, R} of the real line. Cauchy’s integral
formula yields

1 1nh(§) Roroo 1 Inh{{)
luh(k) = 5~ e e Inh(k) = szoos ¢ (2)

for &k > 0.
For the function A(k*)* and the closed path T'} in the lower half plane we con-
clude via Cauchy’s theorem that
O
_ L[ mAGY) . Ree o 1 lnh(f)
2wt fry E—k i o € —

de, (3)

hence by combining (2) and (3)

1 {= In]h(e)?
Inh(k) = %/ né (‘T de,

which finally yields

Shaing f 1% 0 - |R ()

for Sk > 0, since |h{€)]? = |T(E)]* = 1 — |RL ()2

2. d{k) blows up as k — 0, i.e. h(0) =
In this case zero is circumvent on a small semicircle ¢, with radius ¢ < k| and
proved that the contribution of this integral tends to zero as ¢ — 0.




All this was done for §k > 0. For k € R we get a slightly different formula using
continunity of 7"

Tk = 1'11r{1)T(k+-iE)

Nk ik {i/w In(1 — |Ry (&)

sk e E—k

Il

&4 Lmi IR, (k)&?)} (%)

where this integral has to be interpreted as Cauchy's principal value.

So far we have obtained T(k) for known R, (k) and for known values k;. R_ is
determined by the equation

R (kY T() + 1) R-(k) = 0,* (6)

thus the scattering matrix is reconstructed. Since we know T'(k) and vy ; the y_ ;
can be derived by calculating the residues of T', hence the scattering data S_ is recon-
structed as well. O

Note that for Theorem 1 we assumed that the Sy are scattering data, i.e. that the
Ry, &; and <4 ; are really what they should be — reflection coefficients, eigenvalues
and norming constants. In the inverse scattering step we don’t actually have this
information and therefore have to find conditions for these variables such that they
become scattering data for some g, which needs to be found as well. Theorem 2 states
the first requirements to whatever should become S

Theorem 2. Consider a continuous function Ry : R — C salisfying the conditions
1. Ri(k) = Ry(—k)*
2 [RR) <1, |Ry(BYf=1= k=0

3. IF|R4(0)] = 1, then limp_o HEe8 — p 2 ¢
4o |RL(R)| = O(py) ws k — o0
and positive distinct numbers k1, .., KN,

Define the function T on Sk > 0 by (4} and (5) in the previous proof. Then T is
meromorphic in the upper half plane, having only simple poles at iky, ..., ikn, and is
continuous down to the real axis. It has asymplotic behavior 1 +O(]%[) as k — oo and
satisfies T(—k) = T{k)* for real k. Furthermore |T(k)] > O ezcepl possibly if k=0.
The behavior at k = 0 is either [T(0)] = 0 or limy_q T&) — o £ 0,

Nezt define R_{k) := mmﬂié%)—?ﬂ 2, R_ satisfies all the above mentioned condi-

tions on Ry with p, replaced by a p_.

Finally the matriz

T(K) Rk
S(k)_(R((Iz) TYS;)))’ hCR

is continuous end unitary, in particular [T(R)|2 + [R (K)}* = 1.

tsee [1]
2cf. (6) above



Proof. The argument of the exponential function in (4) is analytic in Sk > 0 by [3]
and the fact that the sequence obtained by integrating only over [—R, R} converges
uniformly. Continuity follows by definition. This yields at once the statement on the
meromorphicity and continuity of 7.

For the rest of the proof see [1]. £

1.4 Gelfand-Levitan-Marchenko equation

The key idea now is to take the Fourier transform of the scattering relation {cf. (2.15),
(2D
fulkym) = g fr (ky2) + dlk)az (k, 2) ™

and then again use the inverse Fourier transform to gain the Gelfand-Levitan-Marchenko
equation {GLM) which will be solved in the next step. In this section we will gain an
insight of how to derive the GLM equation from (7}.

Recall: The Fourier transform of f is denoted by f*, the inverse Fourier transform
by fY and they are defined by

+oo . 1 +oo .
Poy= [ f@ea, e [ sy,

—o0 27 —o3

A function k which is analytic in the upper half plane and satisfies

+oo
supf [h{e + ib)]*da < oo
>0 J—co

is called a Hardy funclion. It can be shown that a function is a Hardy function if and
only if it is the Fourier transform of some f ¢ L*(R) vanishing on the negative real
axis®. This also shows that h|g is a function in L*(R}.

So how are we going to use this knowledge? Again we suppose that we have already
given a ¢ ¢ Li(R) and the Jost solutions fy of the time-independent Schrédinger
equation

"+ qf =K/

For $k > 0 and z € R we introduce the function
my (k,2) := T £, (k, 2). {8)

It can be shown that my{k,z) — 1 is a Hardy function for each £ € R and hence is
the Fourier transform of a certain function By (z,.) € L#(R) vanishing on the negative
real axis.

A similar construction is done for a function Ny, which depends not only on fi
but also on T, &5 and vy ; for j = 1,..., N. Ny contains the information about the
residues of T, For more details see [1].

Now we are ready to use the (inverse) Fourier transform for (7). For a start we
multiply (7) by ¢T™¥ on both sides, divide by d(k) and simplify it using g+ (k, ) =
Fio(—k,x) (for k real, cf. (2.13}, [2]) to obtain the equation

T(kymy (k,x) = Re(k)eT?  my (k,x) + mg(—k,z). (9

The left hand side may be rewritten in terms of N4 and hence be evaluated using
the residue theorem. The right hand side yields a product of two Fourier transforms

3For a proof see [4].



- of my — 1 and Ry {note that we have to assume Ry € L*(R) so that this makes
sense!). Finally we take inverse Fourier transforms on both sides and evaluate at F2y.

Thus the following theorem holds:
Theorem 3. The function By(z,y) defined by

+o0

€$ikrfi(k,m) - 'mi(k,ﬂ;) =14+ f B (.’B,y}gikydy (10)

—00

for Sk > 0 satisfies the Gelfand-Levitan-Marchenko equation
+o0
Bi(z,+2y) twilz + y}+2/ Bylr, £22)wy{z+y+ 20z =10 (11)

for Xy > 0 where

N
] 1 oo ika
wi{z) = Zyiﬂ—en"’z—l—g Ry (K)et2*adk (12)

j=1 e
N
= Y oahsettp RY(F2). O
=1

Note that the first term of wy is derived from the residues of T and the second
term from the convelution with Ry. For a given set of scattering data both w, and w_
are given funetions, since the other set may be calculated from either set by Theorem
1. Hence (11) is an integral equation, which can be used to obtain By from a given
set of scattering data.

If Ry = 0 we are in the much easier case of the so-called N-soliton solutions {cf.
chapter 2).

1.5 Inverse scattering theory

In this section we want to provide more conditions for §_ such that the GLM equation
(11) has a unique solution B_ (this applies analogously to B.). To understand why it
is so important to be able to solve the GLM equation we will first establish an actually
quite simply connection to g.

Suppose again that ¢ € L3(R) is given already. Using the definition (10) of B_ via
m_ and the unique solution

f:t(k:m) — ghikz _ fioo M(I(Tt}f‘i (k,CL‘I)dCE’

of the Volterra integral equation {cf. Theorem 2.1, [2]) one obtains by applying Fourier
and inverse Fourier transform that

T—y/2 v prt(z—p)/2
2B_(z,y) =f q(:rs')ds:'Jrf f glz")B_{z', z)dz'dz. (13)
4] —o0

—00

A formal proof using iteration yields

Theorem 4. Let ¢ € Li(R). Then the integral equation (13) has a {unique) solulion
B_(z,.) : Ry — R such that B_(z,.) € L=(R) N L}Y{R") (that implies B._{z,.} €
L2(R), so its Fourier transform exists in L%} and

d

EB_ (z,0) = %q(’n) almost everywhere. {14)

(=



What happens if ¢ isn’t given but the scattering data S_ instead? S_ defines the
function w_ and hence the kernel and inhomogeneous term of the GLM equation (11).
This equation is a so-called Fredholm iniegral equetion. It may be rewritten as

Aal) 42 [ walyd DAl = o al), (15)

=P A My}

where A_ .(y) := B_{z,2y) and w_ ,(y) = w_{z — y). Hence the GLM equation is of
the form
1+ F A =—w_,

where F_ is compact. Since 1 is not an eigenvalue the equation has a unique solution
B_ (¥redholm alternative):

Theorem 5. For distinct positive numbers r; and positive numbers y_ ;, § =1,..., N,
and ¢ function B_ on R satisfying the conditions of Theorem 2 and having en abso-
lutely continuous inverse Fourier transform RY with (1-+].))(RYY € LY(R) the function
w_ defined by (12) is such that the GLM equation (11) has o unique solution B_.

By Theorem 4 the potential ¢ can be recovered from
() =218 (2,0)
q - dﬂ? - L]
and we are more or less finished with the inverse scattering step. Two points are still
left open:
1. Prove that ¢ is in class L3 and has the set S as its scattering data.

2, Prove that there is a one-to-one correspondence between g and S4.

1.6 Solutions of the KdV equation

Throughout this chapter we always considered ¢ as a fixed parameter. To finally get a
sohution g¢{z,1) of the KdV equation two more steps remain to be done:

1. Check that Sz (t) evaluated in the time evolution {¢f. Theorem 3.1, [2]) forms a
set of scattering data, i.e. check that Si(i) satisfies the conditions in Theorem
1 and 5 for each fixed .

2. Verify that the constructed g{z, ) which was obtained from go{z) and the time
evolution of the scattering data does indeed satisfy the KdV equation.

2 Solitons

The N-soliton solution gn(z,t) is a special solution of the KdV equation. It is a
reflectionless, i.e. Ry = 0, potential of the Schridinger equation and has N bound
states. Hence it is defined by either of the sets of scattering data

S1(t) = {r;, exp(4rit)ye,;(0); 5 = 1,..., N}
via the inverse scattering method.

The restriction R4 = 0 simplifies the above equations and the XdV equation be-
comes solvable via a system of linear equations:



First of all the kernel wy of the GLM equation reduces to

N N
wilz) = Y 9% ;67290 =3 "0f s ;(2),
j=1 j=1

where wy ;(z) := eT2%  Using that wy ;(z +y) = wy j(@)ws j(y) and defining
c+,5() := 73 jwx ;() the modified GLM equation (15) simplifies to

N +oo N
Arelt) 42 cr i@y | Avaloss (e =~ Y erj@horsw). (16)

=t j=1

By making the ansatz Ay . (y) = Z‘;‘;l ot jlzhws ;(y) equation (16) yields a system
of linear equations for {0y j);. Combining a few results (from the previous chapter
and others) one obtains

Theorem 6. The N-soliton solutions of the KdV equation are of the form

d2
qanN ((E, f) = —23‘1—_2‘ hl(det(]. + AN(.’E, t))),
where Ay is a N X N mairiz with elements
Ajp = 74 ,5{0)v4,1 (0) exp(d(sd + ] W)(r; + k)" exp(—(x; + ri)).

TFurthermore it can be shown that any N-soliton solution is asymptotically a su-
perposition of N solitary waves of different speed and amplitude as ¢ — Loo. In the
general case Ry (k) # 0 the situation is more complicated.
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1. INTRODUCTION

The Korteweg-de Vries equation (KdV, for short) is used to model propagation of
water waves in long, narrow, and shallow canals. It was first formulated [1] in 1895 by the
Dutch mathematicians Diederik Johannes Korteweg and Gustav de Vries. Korteweg was a
well known mathematician of his time, and de Vries wrote a doctoral thesis on the subject

under Korteweg.

After some scaling, it is customary to write the KdV in the form

at LB:L‘ da?

=0, r€R, t>0, (1.1)
where —u{z, {) corresponds to the vertical displacement of the water from the equilibrium
at the location z at time t. Replacing w by —u amounts to replacing —6 by +6 in {1.1).
Also, by scaling z, t, and u, i.e. by multiplying them with some positive constants, it is

possible to change the constants in front of each of the three terms on the left-hand side

of (1.1) at will,

Note that the KdV is a nonlinear partial differential equation (PDIS, for short) due
to the presence of the uu, term, where we use a subscript to denote the partial derivative.
The 145, term makes it dispersive, i.e. in general an initial wave u({z,0) will broaden in
space as time progresses. In addition to its solutions showing behavior of nonlinearity
and dispersiveness, the KdV possesses certain special solutions, known as solitary wave
solutions, which would not be expected from a nonlinear and dispersive PDE. A single
solitary wave solution to a PDE retains its shape in time and moves either to the left or
right. Tt turns out that such a solution to (1.1) only moves to the right. In general, any

solitary wave solution asymptotically resembles a train of single solitary wave solutions.

It was a Scottish engineer named John Scott Russell who first observed a solitary water
wave. This happened in 1834 on the Edinburgh-to-Glasgow canal, some 60 years before the

formulation of the KdV as a model for water waves. Russell reported [2] his obscrvation to
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the British Association in 1844, The details of Russell’s observation. including the rivalry
between him and George Airy who did not believe in the existence of solitary water waves.

can be found in [3-6].

As outlined in the famous preprint 7], which was never published as a journal article,
Enrico Fermi in his summer visits to Los Alamos, jointly with J. Pasta and S. Ulam,
studied a one-dimensional (1-D, for short) dynamical system of 64 particles with forces
between neighbors containing nonlinear terms. These computational studies were carried
out on the Los Alamos computer named Maniac I. The primary aim of the study was to
determine the rate of approach to the equipartition of energy among various degrees of
freedom. Contrary to their expectations from a nonlinear system, Fermi, Pasta, and Ulam
observed very little, if any, tendency towards the equipartition of energy, but instead the
almost ongoing recurrence to the initial state, which was puzzling. After Fermi’s death in
November 1954, Pasta and Ulam completed their last few computational examples. Their

preprint appears in Fermi's Collected Papers [8] and is also available on the internet [9].

The importance of the KdV arose in 1965, when Zabusky and Kruskal [10] were
able to explain the Fermi-Pasta-Ulam puzzle in terms of solitary-wave solutions to the
KdV. In their analysis of numerical solutions to the KdV, Zabusky and Kruskal observed
solitary-wave pulses, named such pulses solifons because of their particle-like behavior,
and observed that such pulses interact with each other nonlinearly but come out of their
interaction virtually unaffected in size or shape. Such unusual nonlinear interactions among
soliton solutions to the KdV created a lot of excitement, but at that time no one knew

how to solve such a nonlinear PDE, except numerically.

In their celebrated paper [11] of 1967, Gardner, Greene, Kruskal, and Miura presented
a method, now known as the inverse scattering transform, to solve the initial-value problem
for the KdV, assuming that the initial value u(z,0) approaches a constant sufficiently

rapidly as # — 420, There is 10 loss of generality in choosing that constant as zero. They



showed that u{x.t) can be obtained from u(x, 0} with the help of the solution to the inverse
scattering problem for the 1-D Schridinger equation with the time-evolved scatlering data.
They also explained that soliton solutions to the KdV corresponded to the case of zero
reflection coeflicient in the scattering data. They observed from various numerical studies
of the KdV that, for large ¢, u(z,t) in general consists of a finite train of solitons traveling

in the positive x direction and an oscillatory train spreading in the opposite direction.

In our paper, we present an elementary review of the inverse scattering transform
for the KdV. We consider the time-evolved Schridinger equation, where V(x) in (2.1) is
replaced by w(x,t); namely, we deal with

d®p(k, x;t)

o Rk ) = u(w, ) ok wit), v ER, (1.2)

where £ > 0 is a parameter that is usually interpreted as time. Thus, we view V{a) as
the initial value 1u{x, 0) of the potential u(z, ¢} and look at ¥(k, z;t) as the time evolution
of ¥(k,z) of (2.1) from the initial time t = 0. The scatlering coefficients T{(k;t), R{k;t),
and L{k;t) associated with (1.2) are viewed as evolving from the corresponding coefficients

T(k), R(k), and L(k) of (2.1), respectively, from ¢ = 0. Thus, our notation is such that
V() = ulw,0), p(k, ) = #lk,:0),
T(k)="T(k;0), R(k)=R(k;0), L(k)=L(k0).

Our review paper is organized as follows. In Section 2 we consider scaftering solutions
and bound state solutions to the Schrodinger equation (2.1) and introduce the scattering
coefficients, bound-state norming constants, and dependency constants corresponding to
a potential in the so-called Faddeev class. In Section 3 we present an outline of the
inverse scattering problem for {2.1) and review some solution methods based on solving
an associated Riemann-Hilbert problem. In Section 4 we consider the time evolution of the

scattering coefficients, bound-state norming constants, and dependency constants when the
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potential evolves from u(x,0) to u{x.?). We also introduce the Lax pair associated with
the KdV and derive the IKdV by using the Lax method. In Section b we study the AKNS
method and derive the KdV via that method. In Section G we present some of the methods
to solve the initial value problem for the IKdV. In Section 7 we concentrate on soliton
solutions to the IKdV and obtain various representations of the N-soliton solution. Finally,
in Section 8 we provide certain remarks on the Bdcklund transformation, the conserved

quantities, and some other aspects related to the KdV.

2. SCHRODINGER EQUATION AND THE SCATTERING DATA

Consider the Schrodinger equation

d®p(k, x)
dz?

+ k2 ap(k,2) = Viz) vk, 2), xz € R, (2.1)
where V' is real valued and belongs to Li(R). Here, L1 (R) denotes the class of measurable
potentials such that [ foco da (14 ]2|"} |V {(2)] is finite. The class of real-valued potentials in
Li(R) is sometimes called the Faddeev class, after Ludwig Faddeev’s analysis [12} of the
inverse scattering problem for (2.1) within that class of potentials. In appropriate units,
(2.1) describes the quantum mechanical behavior of a particle of total energy k? under

the influence of the potential V. The inverse scattering problem for (2.1) consists of the

determination of V from an appropriate set of scattering data.

There are two types of solutions to (2.1). The scattering solutions consist of linear
combinations of e/** and e ** as x — 4co, and they occur for £ € R\ {0}. Real k values
correspond to positive energies of the particle, and a particle of positive energy can be
visualized as capable of escaping to 4-co a result of scattering by V. Heuristically, since
V(@) vanishes at 400, the particle will still have some kinetic energy at infinity and hence
is allowed to be at infinity. On the other hand, a bound state of (2.1) is a solution that
belongs to L2(R) in the 20 variable. Tt turns out that, when V belongs to the Faddeev

class, the bound-state solutions to {2.1) decay exponentially as @ — toc, and they can
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occeur only at certain k-values on the imaginary axis in CT. We use C" to denote the
upper-half complex plaze and C* := Ct UR. Each bound state corresponds to a negative
total energy of the particle, and as a result the particle is bound by the potential and does
not have sufficient kinetic energy to escape to infinity. We will use N to denote the number
of bound states, which is known to be finite when V is in the Faddeev class, and suppose

that the bound states occur at & = ix; with the ordering 0 < ny <+ < rp.

Among the scattering solutions to (2.1) are the Jost solution from the left, fi, and the

Jost solution from the right, f., satistying the respective boundary conditions
e )y =1+0(1), e RTf(k,x) =tk +o(1), a— +oo, (2.2)
e k) =14+ 0(1), e*fli(k,2) = —ik +0(1), a— —oo, (2.3)

where the prime is used for the derivative with respect to the spatial coordinate . From
the spatial asymptotics

eikrc L(rla.) emik:v
OO

L e—ika: R(’\,) eikn:
felk,z) = 700 + (%) + o1},

filk,x) = + o(1), z — —0o, (2.4)

x — +oo, (2.5)

we obtain the scattering coefficients, namely, the transmission coefficient T', and the reflec-
tion coefficients L and R from the left and right, vespectively. It is also possible to express
the scattering coefficients in terms of certain Wronskians [12-16] involving fi and f,. We
have

2ik AN [fl(k,ft‘);fr(—k,fb‘)] R [fl("‘["“:m);fl‘(ka‘r)]
T hma) 2O e o 0= oy ilea)] |

(2.6)

T(k) =

where the Wronskian is defined as [F; G] := FG' — F'G.
It is known {12-16] that, for each fixed © € R, the Jost solutions fi(-, ) and fi(-, 2)
have analytic extensions in k to C7. Moreover,
(=K% 2) = flk.2)".  fi(—k". ) = fe(h, 2)", ke CF,

G



T{=k)=T(K), R(—k)=R(k)", L{—k)=L{k)". ke R,
where the asterisk denotes complex conjugation. We also have
R{EYT{k)" = —L{k)" T(k), k€ R. (2.7}

T2+ LR =1 = [TR) + R, keR. (2.8)

Thus, the scattering coefficients cannot exceed one in absolute value for real k. IFurther-
more, T(k} # 0 if k € R\ {0}, and hence the reflection coefficients are strictly less than
one in absolute value when k € R\ {0}. In general, R and L are defined only for real k

values, but T has a meromorphic extension to C*. For large k one has
T(k) =1+ O(1/k), k—occ in CF,

R(k) =o(L/k), L{k) = o(1/k), kE — +oo.

Each bound state corresponds to a pole of T in CT and vice versa. It is known that
the bound states are simple, i.e. at each k = ix; there exists only one linearly independent
solution to (2.1) belonging to L*(R). The bound-state norming constants ¢j; and ¢,; are

defined as

o —~1/2 0 —1/2
gy = {/ dx fl(‘iﬁj,iv)2:| , Cpj i [/ da fi(ir;, '1,)2] ,
g0 J—oc
and they are related to each other via the residues of 1" as
e
- o 2 ~ 2 r;
Res (T, iks) =ici;yy =i j/%, (2.9)
i
where y; is the dependency constant given by
o= D02 2) (2.10)
fr(l‘h‘j: 'L)

The sien of ~; is the same as that of (=1} 7 and hence
g 1

Crj = (—1)N7j"fjc;j.
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The normalized bound-state solution ¢;(x) at k& = ix; is defined as
. N TAN —f e .
wi(@) = ey iling, @) = (=) Ve filing, v).

The scattering matriz associated with (2.1) is given by

T(k) R(Ae)}

cR,
L) T(k)

and it can be constructed in terms of the bound-state energies and either one of the
reflection coefficients R and L. Given R{k) for k € R and the bound-state poles k = ix;,
one can construct T as

N .
ko in 1 log(l —|R(s)?) —
Tk) = | eq Is keCr .
(k) = e\p(%[ ds ot ) e CF,  (211)

v O

and use (2.7) to construct L(k) for & € R. Similarly, given L(k) for & € R and the
bound-state poles & = ix;, one can construct T [cf. (2.8) and (2.11)] as
N

T 0o loefl — 2 -
Tk = H GRAL exp (-1—/ ds og(l — |L{s)] )) , ke CH,

o ke —ing 2mi o s —k — 10"

and obtain R(k) for k € R via (2.7).

3. INVERSE SCATTERING PROBLEM

When there are no bound states, either one of the reflection coefficients R and L
uniquely determines the corresponding potential in the Faddeev class. However, when
there are bound states, for the unique determination of V| in addition to one reflection
coefficient and the bound-state energies, one must also specify a bound-state norming
constant or, equivalently, the dependency constant for each bound state. To recover V'
uniquely, as our scattering data we may use either the left scattering date {R, {x;}, {ci;}}
ov the right scattering data {L,{r;}, {c:;}}; these two are equivalent to each other, and

each is also equivalent to {S, {v;}}.



A characterization for a specific class of potentials consists of specifying some nec-
essary and sufficient conditions on the scattering data which guarantee that there exists
a corresponding unique potential in that class. Such conditions are usually obtained by
using the Faddeev-Marchenko method [12-19]; this method is also known as the Marchenko
method, and sometimes in the literature it is referred to as the Gel’fand-Levitan- Marchenko
method even though this is a misnomer [20]. The characterization conditions can be stated
for the left scattering data, for the right scattering data, or for the combination of both.
For a characterization in the elass of real-valued potentials belonging to L3(R), the reader

is referred to [14). Various characterizations in the Faddeev class can be found in [13,17-19].

Since k appears as k2 in (2.1), the functions fi{(—k,x) and f.(—Fk, 2) are also solutions
to (2.1) and they can be expressed as linear combinations of the Jost solutions fi(k, x) and
Je(kyz) as

fi(#k': ;l?) = T(f\‘) fl(‘l"a 3;) - RU‘“) fl(‘l“‘ag")a ke R,
Fo(=k 2y = Tk) filk, z) — L(k) felk, x), ke R,
or equivalently as
m(—k, ) = T(k)yme(k, ) — R(E) &2 my(k, 2), keR, (3.1)
me(—k, 2} = T(k) mi(k, ) — L{k) e m(k, z), keR, (3.2)
where my and m, are the Faddeev functions defined as
my(k,2) = e F Rk, x), melk,x) =R f(k, ). (3.3)
Each of {3.1) and (3.2) can be viewed as a Riemann-Hilbert problem [6,15], where, knowing
the scattering coefficients for &k € R, the aim is to construct my and m, such that, for
each z € R, my(+,2) and m,(-,2) are analytic in C*, continuous in CF, and behave like
14+ O(1/k) as k — oo in C*. Once my(k,x) or m(k, 2} is constructed, the potential can
be obtained with the help of (2.1) and (3.3), namely, by using
mi(k,2)

gl A ORI
my (k, ) 0; my(k,x) Vi) = my (kv) 2l (3.4)

Vi) = ik ——>—= ,
() mylk,z) my(k, z)’ my (k) (k)
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where the right-hand sides can be evaluated at any particular value of k € C+.

Alternatively, the potential can be constructed by the Faddeev-Marchenko method;
namely, V can be obtained from the left scattering data {R, {x;}, {c);}} by solving the left
Marchenko integral equation or from the right scattering data {L, {x;}, {cy;}} by solving

the right Marchenko integral equation.

The left Marchenko equation using the left scattering data as the input is given by

Bl(m‘,y)+§21(‘2w+y)+] dz (22 +y -+ z) Bi(z, z) =0, y >0, (3.5)
0
where
1 o N
— X RYR7. 2 K
N(y) = —2—;/_00 dk R{k)e'™ —I—;cu e Y,

One can obtain (3.5) from (3.1) via a Fourier transformation. Once (3.5) is solved and

Bi(z,y) is obtained, the potential is recovered as

(EBI(.’E, 0+)

Vi{z) = -2 3.6
(z) T (3.6)
and the Faddeev function from the left is constructed as
m -
my(k,z) =1 —I—f dy Bz, y) eV, (3.7)
0

Similarly, via a Fourier transformation on (3.2), using the right scattering data as the
}7 bl H (=

input one obtains the right Marchenko equation
o0
Bz, y) + Q. (22 +y) + f dz Q(—2x + y + z) By(z, 2) = 0, y > 0, (3.8)
0

where

1 o0 . N ' )
Q(y) = %/ dk L{k)e™™¥ + Zcfj e Y,
j=1

— O
Once (3.8) is solved, the potential is recovered by using

dB.(x.07)

Vie) =2 dr

(3.9)
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and the Faddeev function from the right is constructed as

el

me(k,x) =1 —|—/ dy Be{x, y) ety (3.10)
0

When the characterization conditions on the scattering data corresponding to poten-
tials in the Faddeev class are satisfied, both the left and right Marchenko equations are
uniquely solvable, and the right-hand sides of (3.6) and (3.9) are equal to each other and
belong to Li(R). Thus, V can be obtained from either (3.6) or (3.9). There are various
other methods to recover V from an appropriate set of scattering data. We refer the reader

to [16,19] for a review of some of those methods.

4, LAX METHOD AND EVOLUTION OF THE SCATTERING DATA

Soon after Gardner, Green, Kruskal, and Miura showed {11] that the initial value
problem for the KdV can be solved by the inverse scattering transform, Peter Lax gave
[21] a criterion to show that the KdV can be viewed as a compatibility condition related
to the time evolution of solutions to (1.2). Since Lax’s criterion is applicable to other
nonlinear PDEs solvable by an inverse scattering transform {e.g. the initial-value problem
for the nonlinear Schridinger equation can be solved [4,6,22] via the inverse scattering
transform for the Zakharov-Shabat system), we first outline the general idea behind the

Lax method and next demonstrate its application on the KdV,

Given a linear operator £ with Lt = Ay, we are interested in finding another operator

A (the operators A and £ are said to form a Lax pair) such that:
(i) The spectral parameter A does not change in time.
(ii) The guantity ¥ — Ay must remain a solution to £¥ = Ay,

(iii) The quantity £; + LA — AL must be a multiplication operator.

11



As the following argument shows. for compatibility, we are forced to have
Li+LA— AL =0, {4.1)

which is interpreted as an integrable PDE and in general is nonlinear. Irom condition (ii)

above we see that

L (1hy — Ag) = Xt — AY),

or equivalently,

Lapy — LAY = Mpg — A (M)
— O () — ALY
(4.2)
= O (Ly) — ALY
= Ly + Ly — ALY,

where we have used L1 = Ay and \; = 0. After canceling the £, terms in (4.2}, we get
(Ly + LA— ALYy = 0. (4.3)

Because of condition (iii} listed above, from (4.3) we obtain the compatibility condition

(4.1).

Let us write the Schrodinger equation (1.2) as
L= Np, L= —02 4 u(x,t), (d.4)

and try

A= a2+ B2+ €0, + 1, (4.5)

where the coefficients o, 3, &, and n may depend on a and £, but not on A. Note that

Ly =y and X is the same as &2, Using (4.4) and (4.5) we can write (4.1) explicitly as
: I :

()ay+ () + () + ()97 + ()2 + () =0, (4.6)

12



where each ( ) in (4.6) denotes the appropriate coefficient. The coefficient of 93 automat-

ically vanishes. Setting the cocfficients of &2 equal to zero for j = 4, 3,2, 1, we obtain

a =y, ﬁ = C2. f = L3 — ZC1U, 1) = C4 — w0l — C2U,
2 4
where c;, ¢z, c3. and ¢y are arbitvary constants. Using ¢; = —4 and ¢z = 0 in the last

term on the left-hand side of (4.6) and setting that last term to zero, we obtain the IKdV
equation given in (1.1). Further, by using ¢ = ¢4 = 0, we obtain the operator A associated
with £ as

A= 403 + 6ud, + 3u,. (4.7)

Let us remark that condition (ii) stated above allows us to determine the time evolu-
tion of any solution to the Schridinger equation (1.2) as the initial potential u(z, 0) evolves
to u{z,t). For example, let us find the time evolution of fi(k, 2;t}), the Jost solution from
the left. By using (2.2) and (2.5) with T'(k) and R(k) replaced by T'(k;t) and R(k;t),

respectively, we see that

e fk, xt) = 14 0(1), et @ t) = ik + o(1), T — +00, (4.8)

X e—ik.’c R(h, t) er’km
Felk 23 t) = T(k;t) + T{k;t)

From condition (ii) of the Lax method and (4.7} we obtain

+ o(1), 2 — 400, (4.9)

Hhilk, x;t) — (ﬂia;’t + 6udy + 3uy ) ik, @y t) = plk, t) filk, x5 t) + gk, t) folk, z;5t), (4.10)

where we have used the fact that the quantity 8,fi — Afi remains a solution to (1.2)
and hence can be expressed as a linear combination of the two linearly independent Jost
solutions fi{k,z;t) and f.(k, z;t) with coeflicients p(k, t) and ¢(k, 1), respectively. For each
fixed £, assuming that w(z,t} = o(1) and u.(2,t) = o(1) as z — +o0, the cocfficients p(k, ¢)
and g(k,t) can be evaluated by letting 2 — oo in (4.10). Using (4.8) and (4.9) in (4.10),

we get

e—ik:c_i_ ’ e":: ) (411)

D, A3t = k.t S k,t
O™ AT = plh ) e F (ke ) | s T(k;t)
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iker ik

From (4.11). by comparing the coefficients of ¢'** and ¢7** on both sides, we obtain

q(k,t) =0, plk,t) = —dil>. (4.12)
Thus, the time evolution of fi(k,2;t) is determined by the linear third-order PDE
O filke, ;) — Afi(k, a3 t) = —4ik® Ak, 2 0). (4.13)

Similarly, letting x — —co in (4.10), with the help of (2.3), (2.4), and {4.12) we obtain

1 : i . -
eu’.‘:v + L(‘l"t) efz.‘lrb — [_4af _4“11-3}

—ikm
O\ T T(k:t) | @)

ik
T(kit) e T{k;t)

where we have also used u(z,t) = o(1) and u,(z,t) = o(l) as & — —oo. From (4.14),

comparing the coefficients of ¢’** and e % on hoth sides, we obtain
AT (k;t) =0, O L(kt) = —8ik3L(k;t),
and hence
T(k;t) = T(k;0)=T(k), L(k;jt) = L(k;0) e8Ik L{k) =8Ikt (4.15)

Thus, the transmission coefficient remains unchanged and the reflection coefficient from

the left undergoes a simple phase change as t progresses.

Proceeding in a similar manner, we can obtain the time evolution of the Jost solution

Je(k, z; t) and the right reflection coefficient R{k;t). With A as in (4.7), we get
Oy foll, w3 t) — Afelk, 2y t) = dik® fo(k, 21 1), (4.16)
R(k;t) = R(k;0) Bkt — R{k) eSik, (4.17)
In order to evaluate the time evolution of the dependency constants +;(t), we can

substitute v;(¢) fe(in;, z;t) for filing, ;) [ef. (2.10)] and evaluate (4.13) at k = ix;. We

get

Folivg, at) Qpyy(8) + 45 (8) Opfiliney, i 8) — v (VA feling, wy 1) = —di (£) foling, 231,
(4.18)



On the other hand, from (4.16) at & = x5, we obtain
V() O fe(ineg, @i t) — 5 (8) Afeling, ait) = 4“?7,?’(15) Selirg, ait). (4.19)
Subtracting (4.19) from (4.18) we conclude that dyy;(t) = —8x3v;(t), which leads to
—8rt —8x3t
v () = v (0) 72T = ;e 77T (4.20)

Then, from (2.9) and (4.15) we obtain the time evolution of the norming constants cj;(t)

and ¢;(t) as

¢ (t) = ¢ (0) gihit = clje'l""?t, i (t) = er(0) e 5t — cl.je“‘i""?t.

5. AKNS METHOD TO DERIVE THE KdV

In the previous section we have seen that the KdV arises as a compatibility condition
in the Lax method. There are other methods to derive nonlinear PDEs that can be
solved by the inverse scattering transform, i.e. by solving the inverse problem with the
time-evolved scattering data for a corresponding linear differential equation. One of these
methods was developed by Ablowitz, Kaup, Newel, and Segur, and it was first applied
to the Sine-Gordon equation [23]. Here we outline the basic idea behind the method of
Ablowitz, Kaup, Newel, and Segur {AKNS method, for short) and use it to derive the KdV

equation.

Given a linear operator X associated with the system v, = Xv, we are interested in
finding another operator 7 (the operators A’ and 7 are said to form an AKNS pair) such

that:
(i) The spectral parameter A does not change in time.
(i) The quantity v, — 7v must remain a solution to v, = Xv.

iii) The gquantity Xy — T, + X7 — TX must be a (matrix) multiplication operator.
) ] !
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Note that in general A contains the spectral parameter A, and hence 7 also depends
on A as well, Usually, X' and 7 are matrix-valued with entries depending on x, f. and
A. As the operator A in the Lax method determines the time evolution of solutions to
L = Ay, in the AKNS method the operator 7 determines the time evolution of solutions

to v, = X'w according to condition (ii) listed above.

As the following argument shows, for compatibility, we are forced to have
(Yt - {]-L + .;\,)T - T(Y = O, (5.1)

which leads to an integrable PDFE and is in general nonlinear. From condition (ii) above
we see that
(v — T}, = X{vg — T),
or equivalently,
Vg — 7;;‘?] - TU,L - (Y'Ut —XTv
= (fY’U)t - (Yt'U - XTv
(5.2)

= ('U;,;)t - (Y;'U —XTv

= Vgt — rYt'U — (},)T‘U.
We expect v to be smooth enough so that vy, = vy, Let us replace Tv, by 7/Xv on the
left-hand side in (5.2), from which we get (X, — 7, + YT — T X)v = 0, which in twrn as a

result of condition (iii) listed above gives us the compatibility condition {5.1).

Let us write the Schrodinger equation (1.2), by replacing the spectral parameter A?

by A, in the form of the first-order linear system v, = A'v by choosing

W 0 ulx,t)— A
U= y & o= ( ) .
Wb 1 0

We will construct 7 so that 7 and A will form an AKNS pair. Let us try

a 3
T = .
£ n
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where the entries o, 3, &, and  may depend on =z, £, and A. The compatibility condition
(5.1} leads to

0w g

0 0 § M

0 u—Ajja f a B110 u—A G 0
+ - = ,
1 0 & 7 £ n 1 0 6 0
or equivalently

- BHE-N) w—Batu(e N au-N] [0 0 (
=&y + =7 —Ne + 53— 5(“‘ = A) - 0 0 .

5.3)

From the (1,1), (2,1) and {2, 2) entries of the above matrix equation, we obtain

B=—a,+(—N¢, n=a—E&, = —0,. (5.4)

Then the (1,2) entry in (5.3) is given by

1

uy -+ afmm —ul — 28, (u — A}y = 0. (5.5)

Letting £ = A{ + p¢ in (5.5), where A is the spectral parameter, we obtain

. (1 1
20 A" + 5(;1‘3;3; — 200 + 2ty — g ) N+ g A Eﬂ-;z::va: — 2pptt — Ugpt | = 0.
BEquating the coefficients of each power of A to zero, we get

3 .
(=c, p= 5(:111.% €2y U~ HCLUUy — Calty + 1 C1tteas = 0, (5.6)

where c¢; and ¢y are arbitrary constants. Using ¢; = 4 and ¢z = 0, from (5.6) we obtain

the I{dV given in (1.1). Moreover, with the help of (5.4} we get
O =Uy + 3, 3= -4\ + 2 u+2u% —wy,, € =4\ + 2u, N =03 — Uy-

Letting ¢3 = 0, we obtain

Uy —4)\? + 2 u + 2u” — Upe
7= - (5.7)
4N 4 2u —

17



It is possible to obtain the time evolution of the Jost solutions and of the scattering
data via the AKNS method. Note that condition (i1) of the AKNS method is equivalent

to having

v —Tv=p(t,\N)wv, (5.8)

for some (scalar) coeflicient p(¢, A). For example, if we choose
fith, 5 1)
0 [f;(k,ﬂ:;t)} ,
by letting & — +c0 in (5.8) and by using (2.2), we obtain the time evolution of fi(k,z;t)
given in (4.13). By using (2.4) with T'(2) replaced by T{(k; 1) and with L{k) by L{k;?), and
by letting 2 — —co in (5.8) and using (2.2), we get the time evolutions given in (4.15). In
a similar way, with the help of (2.3), (4.9), and (5.7}, by choosing
Fllk, 25 t)
T {fr(k:m; t)} ’

and by letting  — £oo in (5.8), we obtain (4.16) and (4.17).

6. SOLUTION TO THE CAUCHY PROBLEM ¥FOR THE KdV

The Cauchy problem (initial-value problem) for the KdV consists of finding w«(x,t)
when u(z,0) is known. As shown by Gardner, Greene, Kruskal, and Miura [11], this
problem can be solved by using the inverse scattering transform. Let D{f) denote any
of the equivalents of the scattering data for the the Schrodinger equation with the time-

evolved potential w(x,¢). In other words, we have
D(t) S {R(km t)a L(}“'; t): T(‘I": t)a {Hj(t)}: {hfj(t)}: {Clj(t)}a {C!‘j(t)}} ( )
, o ‘ 6.1
_ {R(lﬁ) eSik“t’ L(:’i?) e-—Szk‘t,T(k), {Rj}’ {’Yj B_SH?t}, {Clj edh‘?t}: {er e—tlh“?t}}‘

Note that D(0) corresponds to the initial scattering data associated with the potential

V(). where u(x,0) = V{z).
Below we outline the solution to the Cauchy problem for the KdV.
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(i) Given u{z,0), determine the corresponding scattering data (0). This is done by
solving the direct scattering problem V{x) — D(0). The solution to this problem is
essentially equivalent to solving (2.1} and obtaining the Jost solutions fi(k,x) and

fe{k, &), from which D(0) can be constructed.

(ii} Evolve in time the scattering data as D(0) — D(t) in accordance with (6.1}, Note
that the time-evolution of the scattering data is really simple. On the other hand,
the time evolution of the potential u(x, 0) — w(z,t) will be much more complicated.
Similarly, we expect that the time evolution of the Jost solutions fi(k, )} — fi(k, 2, t)
and f.(k,2) r— fo(k, z;t), governed by the PDEs (4.13) and (4.16), respectively, will

be complicated.

(iii) Having obtained the time-evolved scattering data D(t), solve the corresponding inverse
scattering problem D(f) +— wu(z,t) for (1.2). This problem is known to be uniquely

solvable {13] when the initial potential V' belongs to the Faddeev class.

As indicated in Scction 3, in step (iii) above one can obtain the solution to the inverse

scattering problem by solving, for example, the time-evolved Riemann-Hilbert problem [cf.
(3.1}

mi(—k,z;t) = T(k) me(k, 2;t) — R(k) p2ikw I8kt my(k, x; t), EeR, (6.2)

and recover u{z,t) by using [cf. (3.4)]

my'(k, a;t) -9k mi(k, z;t)

o (ke e 1Y i k —C? 6.'
e wd) k) T (6.3)

ulx,t) =

where the right-hand side can be evaluated at any % value, including k& = 0 and k& = +oo.

Equivalently, one can solve the time-evolved Riemann-Hilbert problem [cf. (3.2)]
me(—k,x;t) = T{E) m(k, x;t) — L(k) g2tk =8kt me(k, 25 t), keR,

and use [c¢f. (3.4)]

my (ki) . (k@i t) cr

e, ) — —mmm- =th ! K cr.
u(l" t) nl[-(ka CE; t) 1 ”2’1‘(1{5 O t) © |
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where the right-hand side can be evaluated at any & value in C*.

Alternatively. one can solve the time-evolved left Marchenko equation [cf. (3.5)]

o
Bi(a, ity + h(2x + i t) + f dz Q22 +y + ;1) Bi{z, z3t) = 0, y >0,
Jo

with
N

Wy t) = o / dk R(k) Bk ttiky 4 Z ci‘)‘,j eS“Et_"’ya
27 o =

and recover u(x, t) by using [cf. (3.6)]

N OB (a, 01 1)

w(x,t) = — 9

Equivalently, one can solve the time-evolved right Marchenko equation [cf. (3.8)]

o0
Bz, t) + Q. (-2e +y50) + / dz (=22 +y + z1) Bz, z38) = 0, y > 0,
Jo

with
1 o0 . N N . '
Qf((l‘;t) = —/ dk L(}l) e*Sal\-stJrlAy + Z:ng G—Sh?t—hjy’
27 | o =~
and obtain u(z,t) by using [ef. (3.9))

OB (z,0%; 1)

wlxz, t)y =2
u{z,t) 9

7. SOLITON SOLUTIONS TO THE KdV

(6.4)

(6.5)

(6.6)

(6.7)

Consider the Cauchy problem for the KdV corresponding to the initial scattering data

with zero reflection coefficients, N bound states at k = ix;, and dependency constant ~;,

where we have the ordering 0 < Ky < -+ - < . When R = 0, from (2.11) we see that the

transinission coefficient is given by

(7.1)



In this case, the inverse scattering problem D(¢) v u(r.t) can be solved algebraically in
a closed form, and the resulting solution u(x,t) to the KdV is known as the N-soliton
solution. Using (7.1) we can write (6.2) as

N N

my{—k, ;1) H(k —ir;) = me(k, 2 t) H(Lr +iKj), k € R. (7.2)

J=1 j=1
From the analyticity properties of my and m, it follows that each side in (7.2) is entire in &
with a polynomial growth of leading term k" as k — oc in the complex plane C. Further,
since k appears as ¢k the Faddeev functions, both sides in (7.2) must be a polynomial of
the form

EN ik ay_1(z, )+ + iV aglz, 1), (7.3)
where a;(z,t) are real valued and to be determined by using [cf. (2.10), (3.3), and (4.20))]

2rja—8K3t _ ik, 2;t) PR

vie = . ooy IV, 7.4
g mye (iR, @5 t) (7.4)

From (7.2) and (7.3) we get

EN ik oy (2, t) + o+ (=) Y ap(x, t)

my(k, x;t) = N
( Hj\:l(k + Hmj)

; (7.5)

BN il lay (@ 8) + - i ag(a,1)

my(k, ;1) = N :
[y (i)
Let us define

Wy 1= 4 62""1'“"8"'?"", j=1,..., N, (7.7)

where we recall that the sign of w; is the same [cf. (2.10)] as that of (—1)¥~J. Using (7.5)-
(7.7) in (7.4) we get a system of lincar algebraic equations for the N unknowns a;(2, 1),

namely

ws = H}V — H}Vilfh\r_l(ﬂj, t) R o (—I)NH()(:E: C) ] —1.. .. N
! Hj-v + H.j\ “tay oy (xt) oo agla,t) ’ | '

t)l



which can be written as

CEY Hwr + D) RN w1 e w - DY T ravoa(@, )] TRV - wy) T
sy Hwg + 1) w) Hwy 1) oo we - (1Y ay—o(x, 1) RY (1 — wy)
N—-1 N—-2 N - IV
Ly lwn +1) wy oy —1) o wy = (=D L ao(et) 1 Lag(l—wy)
(7.8)
Let M) denote the coefficient matrix in (7.8) whose (j,n) entry is given as
M) =6 wy = (<D, =1, (7.9)

Fron: (7.8), via Cramer’s rule, it is possible to extract ay—_;(z, t) explicitly as

det PV -3

an—j{@t) = = e

where the (N + 1) x (N + 1) matrix PV~ is given by

(N,5)
(N—j } 0 Y
P ! J |:(2(1\i’) ﬂdr{l\r) ] 3

with QUY) being the N x 1 matrix whose jth row contains the entry h;j,-\’(l -~ wj) for
j=1,...,N; and M®} being the N x N matrix given in (7.9); and Y J) being the
1 x N matrix whose jth column contains the entry 1 and all the remaining entries being

zero. For example, we have

- 0 1 0 0 7

AN wy) kY Nwr D) kY P 1) e w - (DY

p=1) . | A1 — wo) kY Mwa +1) kY Hwe—1) o we— (1Y
LN (l—wy) sy Mox +1) sy Pww—1) 0wy — (=)

We note that u(z, t) can be constructed from ay_;(z,t) alone or from wy(z,t) alone.

For example, using (6.3) and (7.5) in the limit & — Zoc, we see that

Hay..y(2,1)

wlx, ) =2 iR .

(7.10)
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or using (6.3} and (7.5) at & = 0 we sce that

1 O%ag(a,t)

{r. ) = .
ufe. ) ap{a,t)  Ox2?

(7.11)

In fact, using (7.5) in (6.3) we see that one can recover w(x,t} by using any one of the
following (N + 1) equations:

1 BQLL\uj(l‘a t) 4 23“-1\&“;'71(:1:, t)

uxy,t) = : 1
U(L ) (LN,J'(;L',t) 811)2 dx

J=0,1,..., N,

where we have defined a_(2,%) .= 0 and ay(2,t) := 1.

Alternatively, we can obtain the N-soliton solution w(z,t) via (6.5) by solving in a
closed form the left Marchenko equation (6.4), which has a degenerate kernel thanks to
the fact that R = 0. Similarly, u{z, t) can be obtained via (6.7) by solving in a closed form

the right Marchenko equation (6.6), which has a degenerate kernel.

It is also possible to obtain the solutions to the Marchenko equations (6.4) and (6.6)
in an algebraic manner, without really solving the integral ecquations themselves. Below
we illustrate this for the recovery of By(x,y;t) and obtain u(a,t) via (6.5). Using R =0

we can write (6.2) as

mi(—k,z;t) — 1 = [T{k) = 1) m,(k, x; £) + [k, 25 8) — 1, ke R.

Taking the Fourier transform of both sides with 2%‘ ffooo dk ¥ and exploiting the analyt-

icity properties of m; and m,, we obtain [cf. (3.7}, (3.10)]
| Y .
Bi{z,y; t) = 3—/ dk [T(k) — 1] me(k, 25 t) ety y > 0. (7.12)
27 J_ oo
The right-hand side of (7.12) can be evaluated as a residue integral along the semicircular
arc that is the boundary of C*. Using (7.1) in (7.12), we get

N
Bilx,y:t) = iZ Res (T, iw;) e (ing, at) e ™Y, y > 0. (7.13)
=1
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Using (2.9) and (7.4) in (7.13), we obtain

N
oo [ p— o g pe . s —Hj Y .
Byt = 5 gy mling, xit)e Y, (7.14)
j=1
where we have defined
a2 —2ka8eTE
5‘} = ije 4 i,

Using the time-evolved version of (3.7), from (7.14) we get
Noes
milk,at)=1— — i,z t) e R, 7.15
I(}a) Z;k"'”b_] 1( '} ) ( )
Putting k& = i, in (7.15) for n = 1,..., N, it is possible to recover the my(ix;, x;t) by

solving the linear algebraic system

Bl 4 €1 €2 EN .
K1+ K1 Ky + K K1+ KN Ty (ing, 2 t) M1
&1 ] EN .
_— I+ ... —_—m n(ike, 25 t) 1
Ko + Ky K2 + Ko Ka + RN - (7 16)
€1 g2 L4 EN Lmy ik, 25 t) 1
L KN + K1 Ky 1 Ko S SR VA

Let T" denote the coefficient matrix in (7.16), namely, let its {n, j) entry be given by

£J

Pnjﬂfsnj'é_ ) ‘n"jzls“‘ai\r:

Kn + K;
where §,,; denote the Kronecker delta. Then, using (7.14) and (7.16), we obtain By{xz,0%;¢)

as the ratio of two determinants as

det 72
BE(:Ba OJF; t) = T
det I
where Z is the matrix defined as
[0 &1 ) tee SN ’
&1 g2 EN
1 1+ ces Al
K1+ K1 K1+ K2 K1+ RN
€1 g9 EN
7. 11 —_— —_— _—
: K2 + K1 K2 + Kz Ky + Ky
| &2 N
1 S (R . -
- Ky + K1 Ky + K2 Ry + Ry A
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It can be shown that det Z = d,(detT") and hence with the help of (6.5), we get

9 [ ! M} (7.17)

w{x,t) = -2 —
u(w, 1) Or det T

Some Mathematica notebooks based on {7.10), (7.11), and (7.17) for the evaluation
of N-soliton solutions to the KdV and their animations are available at the author’s web

page [24].

We can use (7.10), (7.11), or (7.17) to analyze properties of solitons of the KdV. For

example, when N = 1, from (7.10) or (7.11) we get the single soliton solution to (1.1) as

u(z,t) = —2x% sech? (h’.1(E —drit +y/In 71) . (7.18)

It is seen that the amplitude of this wave is 2x7, it moves in the positive z direction with
speed dx?, and the dependency constant v; plays a role in the initial location of the soliton.

The width of the soliton is inversely proportional to x;, which can be seen, e.g., by using

the fact that [* 0z \/—u(w,t) is equal to v2r.

By exploiting the properties of one-soliton solutions to the KdV, one can show that
as t — 0o, the N-soliton solution to the KdV resembles a train of N separate solitons
each traveling with speed 4;»}" In this case, the KdV can be considered for all £ € R and
it can be shown that each soliton emerges from the nonlinear interaction by experiencing

only a change in the phase. For details, the reader is referred to {3,4,6,25].

8. CONCLUSION

In this section we will comment on three aspects of the KdV; namely, the time evo-
lution stated in condition (ii} of the Lax method outlined in Section 4, the conserved

quantities, and the Bicklund transformation.
Some references incorrectly state the time evolution associated with the Lax method.
For example, in (1.2.10) of [3, page 6] it is stated that the evolution of the solutions to (1.2)

()5



is given by 9y = Aw with A as in (4.7), instead of the correct statement (ii) of Section 4.
The incorrectness of 9y = A1 can be demonstrated explicitly by an elementary example.
Consider the 1-soliton solution to the KdV given in (7.18). Let us choose y1 = #1 = L. A

sotution to (1.2) is obtained as fi(i, 2;t). Let us call that solution 1. We have
L 2
b=ge sech(zx — 4t), wu(x,t) = —2sech”(x — 4t).

It can directly be verified that # satisfies (1.2) with & = 4, and (9, — A} = —di), as

indicated by the correct time evolvement {4.13) with & = i; hence dy £ Agp.

In (1.7.6) of [6, page 25] and (4) of [5, page 81] it is incorrectly stated that the evolution
of the solutions to (1.2) is given by 9,1 — Ay = cip with A as in (4.7) and ¢ is an arbitrary
constant or a function of £. The incorrectness of this can be demonstrated, for example,
by choosing ¥ as fi(k, a;£) + folk,z;t), i.e. the sum of the Jost solutions to {1.2). From
(4.13) and (4.16) it follows that, with this choice of %, the equation dytp — Ay = ey would
bold if and only if (4ik® + ¢) fo(k, z; £) — (4ik* — ) fi(k, 23 t) = O for » € R and ¢ > 0, which
is impossible due to the linear independence of fi(k,z;t) and f(k,2;t) on 2 € R. Note
that (4.4) has two linearly independent eigenfunctions for each A > 0 and hence Ot — AW

in general is not expected to be a constant multiple of .

Let us note that a potential in the Faddeev class need not even be continuous. On the
other hand, from (1.1) we see that classical solutions to the KdV are thrice differentiable
with respect to z. Informally speaking, the discontinuities that may be present in the initial
value u(z,0) disappear and u(x,t) becomes smoother for ¢ > 0. On the other hand, even
though u(x,t) changes as ¢ increases, certain integrals involving u(x,t) with respect to =
remain unchanged in time. Such quantities are known as conserved quantities for the KdV.
They can either be obtained directly from (1.1) or from the expansion of T(k} in powers of
1/k as k — -foo by using the fact that T'(k;¢) does not change in time [ef. (4.15)]. When
u(x, ) is smooth, with the help of (2.6} we obtain
¢, Cf o C'

o 2 4 s e i OF
oik T sk2 T e s T OWRD ke in T

T{kt)y=1+
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where we have defined

CO -
Cj = / deu{z, i)/, j= 1

S
Thus, we have identified two of the infinite number of conserved quantities: i.e., C and Cs
are independent of time and are equal to their values at ¢ = 0. The time independence of Cy
and 'y can also be obtained directly from (1.1). We can write (1.1) as w; = (3u® — wgpa)us
and hence
dC, d [ o

& _ . - deu(z,t) = 3-15(:1:,:5)2 — Uga (2, 1) o = 0,

where we have used u{z,t) = o(1) and w,,(x,t) = o(l) as & — -oo. Similarly, after

multiplying (1.1) with u{2, ), we can write the resulting equation as
(1?)s = (41 — 2uatgy + U2 ) (8.1)
Integrating both sides of (8.1) on = € R, we get

TRl druf{x, 1)* = du(z, )° — 2ulx, t) ug(x, t) + ug(2, t) = 0,

0o Tm—00
verifying the time independence of Cl.

Can we characterize the set of nonlinear PDEs solvable by an inverse scattering trans-
form? In other words, can we find a set of necessary and sufficient conditions that gnarantee
an initial-value problem for a nonlinear PDE to be solvable via an inverse scatfering trans-
form related to a linear problem? There does not vet seem to be a satisfactory solution
to the characterization problem. On the other hand, nonlinear PDEs solvable by an in-
verse scattering transform seem to have some common characteristic features such as the
Lax pair, the AKNS pair, soliton solutions, an infinite number of conserved quantities, a
Hamiltonian formalism, the Painlevé property, and the Béicklund transformation. Here,
we only briefly explain the last feature and refer the reader to [6] for details and other

features.

A Biacklund transformation is a means to produce another integrable nonlinear PDE

from a given one. The basic idea is as follows. Assume v satisfies the integrable nonlinear
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PDE M(v) = 0, and u satisfies another integrable nonlinear PDE, say Q(u) = 0. A
relationship P(wu,v) = 0, which is called a Biicklund transformation, involving v, w, and
their derivatives allows us to obtain Q{u) = 0 from M{v) = 0. A Bécklund transformation
can also be used on the same nonlinear PDE to produce another solution from a given

solution.

As an example, assume that v satisfies the modified KdV given by
Ve — 6130y F Ve =0, xR, t>0. (8.2)

Then, choosing

w = vy 4 02, (8.3)
one can show that
ty — Oty + Upay = (a?, + Q'U)('Ut - G‘UQ‘U;B + 'Ua::va;): zeR, t>0

Thus, (8.2) and (8.3) imply (1.1). The Bécklund transformation given in (8.3) is known
as Miura’s transformation [26]. For a Bicklund transformation applied on the KdV to

produce other solutions from a given solution, we refer the reader to [6,27].

Another interesting question is the determination of the linear problem associated with
the inverse scattering transform. In other words, given a nonlinear PDE that is known
to be solvable by an inverse scattering transform, can we determine the corresponding
linear problem? There does not yet seem to be a completely satisfactory answer to this
question. We mention that Wahlquist and Estabrook [28] developed the so-called prolon-
gation method to derive the linear scattering problem associated with the KdV and refer

the reader to {6} for details.
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