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Abstract We present some nonlocal integrable systems by using the
Ablowitz—Musslimani nonlocal reductions. We first present all possible nonlo-
cal reductions of nonlinear Schrodinger (NLS) and modified Korteweg—de Vries
(mKdV) systems. We give soliton solutions of these nonlocal equations by using the
Hirota method. We extend the nonlocal NLS equation to nonlocal Fordy—Kulish equa-
tions by utilizing the nonlocal reduction to the Fordy—Kulish system on symmetric
spaces. We also consider the super AKNS system and then show that Ablowitz—
Musslimani nonlocal reduction can be extended to super integrable equations. We
obtain new nonlocal equations namely nonlocal super NLS and nonlocal super mKdV
equations.

Keywords Ablowitz—Musslimani type reductions + Nonlocal NLS and mKdV
equations + Hirota bilinear method - Soliton solutions + Nonlocal Fordy—Kulish
system - Nonlocal super integrable NLS and mKdV equations

1 Introduction

After the publications of the Ablowitz—Musslimani works [1-3] on nonlocal non-
linear Schrodinger (NLS) equation there is a huge interest in obtaining nonlocal
reductions of systems of integrable equations [5-8, 11-14, 21, 23-25, 28-34]. In
all these works the soliton solutions and their properties were investigated by using
inverse scattering techniques, by Darboux transformations, and by the Hirota direct
method.
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Recently we extended the nonlocal NLS equations to nonlocal Fordy—Kulish equa-
tions by utilizing the nonlocal reduction to the Fordy—Kulish system on symmetric
spaces [15]. In a previous work [19] we studied the coupled NLS system obtained
from AKNS scheme. By using the Hirota bilinear method we first found soliton solu-
tions of the coupled NLS system of equations then using the Ablowitz—Musslimani
type reduction formulas we obtained the soliton solutions of the standard and time T-,
space S-, and space-time ST- reversal symmetric nonlocal NLS equations. Similarly,
in a recent work [20] we studied the nonlocal modified Korteweg—de Vries (mKdV)
equations which are also obtained from AKNS scheme by Ablowitz—Musslimani
type nonlocal reductions. For this purpose we start using the soliton solutions of the
coupled mKdV system found by Hirota and Iwao [22]. Then by using these solutions
and Ablowitz—Musslimani type reduction formulas we obtained solutions of stan-
dard and nonlocal mKdV and complex mKdV (cmKdV) equations including one-,
two-, and three-soliton waves, complexitons, breather-type, and kink-type waves. We
used two different types of approaches in finding the soliton solutions. We gave one-
soliton solutions of both types and presented only first type of two- and three-soliton
solutions (see [20]).

When the Lax pair, in (1 + 1)-dimensions, is given in a Lie algebra the resulting
evolution equations are given as a coupled system

qi = F'(g" r*, gk rk gl rk ), (1)
=G T a0 &)
foralli =1,2,..., N where F' and G’ are functions of the dynamical variables

qi (t, x), r' (¢, x), and their partial derivatives with respect to x. Since we start with a
Lax pair then the system (1)—(2) is an integrable system of nonlinear partial differ-
ential equations.

In the space of dynamical variables (g°, r') there exist subspaces

ri(t, x) = kq' (1, x), (3)

or
ri(t, x) =kg'(t, x), 4

where k is a constant and a bar over a letter denotes complex conjugation, such that
the systems of equations (1)—(2) reduce to one system for ¢"’s

g =F* ¢t qk. .. (5)

provided that the second system (2) consistently reduces to the above system (5) of
equations. Here F=F |r—xg- Recently a new reduction is introduced by Ablowitz
and Musslimani [1-3]

ri(t, x) = kq' (pit, pox), (6)
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or ) .
ri(t, x) =kq' (mt, p2x), )

for i =1,2,..., N. Here k is a constant and p} = u3 = 1. When (i1, o) =
{(—=1, 1D, (1, —=1), (=1, —1)} the above constraints reduce the system (1) to nonlocal
differential equations provided that the second system (2) consistently reduces to the
first one. If the reduction is done in a consistent way the reduced system of equations
is also integrable. This means that the reduced system admits a recursion operator
and bi-hamiltonian structure and the reduced system has N-soliton solutions. The
inverse scattering method (ISM) can also be applied. Ablowitz and Musslimani have
first found the nonlocal NLS equation from the coupled AKNS equations and solved
it by ISM [2].

In our studies of nonlocal NLS and nonlocal mKdV equations we introduced
a general method to obtain soliton solutions of nonlocal integrable equation. This
method consists of three main steps:

(1) Find a consistent reduction formula which reduces the integrable system of
equations to integrable nonlocal equations.

(i1) Find soliton solutions of the system of equations by use of the Hirota direct
method or by inverse scattering transform technique, or by use of Darboux
Transformation.

(iii) Use the reduction formulas on the soliton solutions of the system of equations
to obtain the soliton solutions of the reduced nonlocal equations. By this way
one obtains many different relations among the soliton parameters of the system
of equations.

In the following sections we mainly follow the above method in obtaining the
soliton solutions of the nonlocal NLS and nonlocal mKdV equations.

2 AKNS System

When we begin with the Lax pairin s/(2, R) algebra and assume them as a polynomial
of the spectral parameter of degree less or equal to three then we obtain the following
system of evolution equations [4]:

1 . 1 3
qr = az <_§ qxx +q2 r) +1a3 (_Z Gxxx T Eqr%c> > (®)
: 2] +i Lt 2 9)
= S Fex — 1 — 7 Txxx 3 x |-
It as 2r qr as 4}’ qur

Here a, and a3 are arbitrary constants.
Letting a, = 1/a and a3 = 0 we get the coupled NLS system,
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1
ag, =2 qu+q’r, (10)
1
ar; = Erxx —qrz, (11D

where a is any constant. The corresponding recursion operator is

_(aDb;'r=3D.  qD;'q
%_<—er1r —rD;lq—i-%Dx : (12)

One-soliton solution of the system (10)—(11) can be obtained by the Hirota method

as

e et

PTG A PO (13)

q(t, x) =

where 6; = k;x +w;t +6;, i = 1,2 with o] = k12/2a, wy = —k§/2a, and A =
—1/(ky + k2)?. Here ki, k», 81, and 8, are arbitrary complex numbers.

3 Standard and Nonlocal NLS Equations

Standard reduction of NLS equation is r(z, x) = kg (¢, x) where k is a real constant.

The second equation (11) is consistent if a = —a. Then the NLS system reduces to
1 5 -
agq; =—§ gxx +kq°q. (14)

Recursion operator of the NLS equation is

_(kaDi'g—3Dc  qD;'q
‘%"<—k%70x1c7 —GD'g+1iD, ) (15)

There are two types of approaches to find solutions of the standard and nonlocal
NLS equations. In Type 1, one-soliton solution is obtained by letting k, = k; and
e = ke’ in (13) as

e

= T3 Ak (16)

q(t, x)
In Type 2 we obtain a different solution under the constraints,

() a=—a, 2) ky =—ky, 3) kn = —ky, (4) Ake® ™ =1, (5) Ae™® =k,
(17)
If we take a =i, k; =18, k, =1y, e = a; +1iby, and e = a, + ib, for «, B,
v,aj,bj € R, j =1, 2 one-soliton solution of standard NLS equation becomes
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. g2 .
e‘ﬁx+57’(a1 + lb])

g1, x) = e —. B#-y. (8
L+ e P ey +iby) (ar + b))
and therefore ) )
2 _aitby o (9)
ta = S ) 19
lg(z, x)| 7 (3 (19)

where |
0=(B+yx+ Z(ﬂ2 — )t + wy

for wy = arccos((a1as — b1b2)/(B + y)?) with af +b? = (B + y)?/k and a3 +
b% = k(B + y)?. This solution is singular for any choice of the parameters.

Let now r(t,x) = k g(iu1t, uox) where u? = u3 =1 and k is a real constant.
This is an integrable reduction, meaning that the new equation we obtain

1 _
aq,(t, x) = =2 quc(t, ) + kq*(t,x) G (uit, ax), (20)

is integrable and the second equation (11) is consistent with the first one (10) provided
that a = — | a. The recursion operator of this equation is

% = <kq(r,x> D G(uat. pax) — 3 D q(t.x) D7 (1. x) )
—k*G(uit, pox) D' qQuat, pox)  —kG(uat, pox) Dyt q(t, x) + § D,
_ (21
and one-soliton solution is obtained by letting ky = s k; and e = ke’ in (13) as

ROY(RS!

q(t, x) (22)

] 4 Aket O+ (it pax)’
in Type 1 approach.
In Type 2, under the constraints
M a=—pa, Q) ki =—kiup G)ky=—kopy, (4) Ak To1 = 1, (5) AP+ =k, (23)
we obtain a different one-soliton solution.
Nonlocal reductions of NLS system correspond to (1, u2) = {(—1, 1), (1, —1),

(—1, —1)}. Hence we have three different reductions of the NLS system (10)—(11).

(1) T-Symmetric Nonlocal NLS Equations: Let 7(¢, x) = k g(—t, x). This is an inte-
grable equation

1
aq,(t, ) = =2 qux(t, %) +kq*(t,x)q(—t, x), (24)
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provided that a = a. The recursion operator of this equation is

7= (kq(z,_x> D'q(=t.x) = 3Dy q(t.x) D;' q(t.x) )
—k*q(=1,x) D' q(=1,x)  —kq(=t,x) D' q(t,x) + 5D, )’
(25)
and one-soliton solution is obtained by letting k, = ky wherek; = o + iB,a, B eR,
and e = ke in (13) as

e(a+iﬁ)x+—‘“§if’2 148,
qt,x) = o , (26)

2ax+ 148145
e a
1 — k&

for ¢ # 0 in Type 1. To have a real-valued solution we consider ¢ (¢, x)g(t, x) =
lq (¢, x)|*. Here we have

2_g2 -
16a462ax+” ;ﬁ t+681+8;
|61(f7 .X)|2 = 2, < 2aB . 2.2aB N\ (27)
(ke2ex+8i10 — 42 cos(==1))* + 16a* sin” (== 1)
When 8 # 0 and
anmw <
t = , k 20x+481 46 _4 2 _1 n_ 0’
20 e a” (—1)
where 7 is an integer, both focusing (sign (k) = —1) and defocusing (sign (k) = 1)

cases have singularities. When 8 = 0 the focusing case is non-singular but asymp-
totically growing in time.

In Type 2, if we take k; = ip, kp =iy for B,y € R, e = a; +ib;, and & =
a +1ib; fora;, b; € R, j = 1, 2 then one-soliton solution becomes

ipr—L -
e (ar +1iby)

Q(ls x) = | A 02—pY - A ) ﬂ 75 -V (28)
L+ Grppe P72 ay +iby) (a2 + ib2)
Hence the function |g (¢, x)|? is
[Vaky PR 2
e (a2 + )
lg@t, ) = — (29)

2[cosh(L5E21) + cos 0]

where
0= (/3 + )/))C + wo
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for wy = arccos((ajaz — b1b2)/(B + y)?) with a? + b7 = (B + y)*/k and a3 +
b% =k(B+ y)z. Clearly, the solution is singular at t =0 and 0 = 2n + ), n
integer and non-singular for ¢ # 0.

(2) S-Symmetric Nonlocal NLS Equations: Let 7 (¢, x) = k g (¢, —x). This is an inte-
grable equation

1 -
aqy(t, x) = =5 qee(t, %) + kg (1, )4 (1, —x), (30)
provided that a = —a. The recursion operator of this equation is
@ (ka@ DG —x) 3D q(t.x) D' gt x)
“\ kg, —x) D q(t, —x) —kq(t,—x) D' q(t,x) + 3Dy )°
€Y

In Type 1, one-soliton solution is obtained by letting k, = —k; where k; = o + 18,
o, B eR,a=iy,y € R, and e® = ke’ in (13) as

. P
e(a+1ﬁ)x+%t+5,

q(t, x) = eziﬁwl%ﬁwawé, ’ (32)
1+ kT
where 8 # 0. Hence the function |g (¢, x)|? is
16’34ezax+zf7ﬁt+al+é,
lg@, ) = (33)

ke SR 482 co5(28x))2 + 1684 sin?(2Bx)
If @ # 0 the above function is singular at

ni 2ap 5
— , k Tl+51+5| 4 2 _1 no_ O,
X _2,3 e +4p°(=1)

where 7 is an integer, both for focusing and defocusing cases. If « = 0, the function
(33) becomes
282
gt 017 = (34)
k[B + cos(28x)]

for B = (p* + 168%)/(8pB2) where p = ke *%1. Obviously, the solution (34) is non-
singularif B > 1l or B < —1.

Example 1 For the set of parameters
(ky, ky, €%, e, k,a) = (i,i,1, —i, 1,1/2), we get the solution

. 16
40O = 7 g cosn))”
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Fig. 1 A periodic solution
corresponding to (34)

This solution represents a periodic solution. Its graph is given in Fig. 1.

For Type 2if weleta = ia, o € R,e% = a; + ib;,and e® = a, + ib, fora;, b; €
R, j = 1, 2 then one-soliton solution becomes

2
i-L .
ek1x+1 Zat(al 4 lbl)
W}k
2

o ’(al + ib])((lz + lbz)

ki #E =k (35)

q(t,x) =

1 (ky+ko)x—i
e CESE

Therefore the function |¢ (¢, x)|? is

(ki —ka)x (42 2
P = S Teith) (36)
2[cosh((ky + kp)x) — cos O]

where
1 2 2
6= %(kl —kz)f — Wy

forwy = arccos((ajas — b1by)/ (k1 + k2)?) withaj + b} = —(k; + k2)?/kand a3 +
b% = —k(k; + ky)*. Here ki, k, € R. The solution is singular at x = 0 and § = 2n7w
for n integer, and non-singular for x # 0.

(3) ST-Symmetric Nonlocal NLS Equations: Let r(¢, x) = k g(—t, —x). This is an
integrable equation

1
aqi(t,X) = =5 qux(t, %) +kq?(t, x)G(—t, —x), (37)
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provided that a = —a. The recursion operator of this equation is
P <kq(t,X) Di'q(=t,—x) =3 D, q(t,x) D' q(t, x) )
—k*G(—t,—x) D' G(—t,—x)  —kq(—t,—x)D;'q(t,x)+ 3 D, )’
(38)
and one-soliton solution is obtained by letting k, = —k; where ky =« + i, a, 8 €
R and e = ke in (13) as
clatipx+ @5 g,
q(t.x) = . (39)
ifx+=g—t+3]+61
1+ k< TR
where 8 # 0 in Type 1. Therefore |g(z, x)|? is
16ﬂ462ax+ (C(z;ﬂz) 148148
lg(t, ) = (40)

(ked 31 + 4B2 cos(2Bx + 2L1))2 + 1684 sin® 2Bx + 2L1)

This function is singular on the line 28x + (2aft/a) = nw where n is an integer, if
the condition ke® % 4+ 482 (—1)" = 0 is satisfied by the parameters of the solution,
otherwise it represents a non-singular wave solution for both focusing and defocusing
cases. Fora = 0, (a > 0), the solution represents a localized wave solution. In Type
2, if we take ¥ = a, + ib, and e® = a, + ib, for aj,bj e R, j =1,2 we have the
one-soliton solution as

2
-1 .
ek1x+ 2“’(611 + lbl)

q(t,x) = o btk @)
1— (k]‘:kz)z e(k1+k2)x+(T“)T(al + ib])(a2 + 1b2)
The corresponding function |¢(z, x)|? is
b (2 2
2 € (al +b1)
L, =— 4
|CI( X)l 1— 2ye9 +620 ( )

where
k12 1 2 2
¢=2k1)€+;t, 9=(k|+k2)x+z(kl —kz)t,

y = (a1a2 = biby)/(ki + k2)*, af + b} = (ki +k2)*/k, and a3 + b3 = —k(k +
k»)?. Here k;, k> € R. The above function is singular when the function f(6) =
e?’ — 2ye’ 4 1 vanishes. It becomes zero whene’ = y +,/y2 — 1. Henceif y < 1
the solution is non-singular.
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4 Standard and Nonlocal MKdV Equations

Letting a, = 0 and a3 = i/a we get the mKdV system

1 3

aq: = Z Gxxx — E qrdx, (43)
1

ar; = 7 Troxx — > qrry. 44)

This system has the same recursion operator (12) as the NLS system. One-soliton
solution of the above system is [22]

01

1 + Aebit62’

et

r(t,x) = 1 + Aeh+62’

q(t, x) = (45)

with 6; = k;x — (k?t/4a) +6i,i=1,2,and A = —1/(k + k»)?. Here ki, ko, 81,
and &, are arbitrary complex numbers. In mKdV case, there are also two types of
approaches represented in [20] to find solutions of the standard mKdV and nonlocal
mKdV (and cmKdV) equations.

1. MKdV Equations: Let 7 (¢, x) = kq(¢, x) then mKdV system reduces to the inte-

grable mKdV equation
1 3k,

aq: = ZLIxxx - 7‘1 qx- (46)

In Type 1 one-soliton solution is obtained by letting k; = ko = a + i and e® =
ke¥ = a; +ib, for a, B, a1, by € Rin (45) as

. o3 —3a82)+iGa2 83
o= e(aHipyr— e O ),(al +iby) w
R P e
4(a2+ﬁ2)2 e 1 1 (02 118
Therefore we obtain the function
Y
2
t,x)" = —, 48
lg(, x)| W (48)
where
a3—30ﬂ2
Y = 2w (@2 4 bY),
2 2
14 Yi[4
W:l—ylcosé?—i-Zle“’:Zl[—z(l—ylcow)—i-e"’], 49)
Yi



Integrable Nonlocal Reductions 37

where
1 2 3 13 2
9:2,8x—2—(3a B—B)t+wy, ¢=4ax — —(a’ —3af)t,
a a

for
wo = arccos(((a1a + b1 B)* — (a1 — bia)?)/(ai + b})(a* + 7))

and y; = k(al2 + b%)/2(ot2 + %). Hence we conclude that if |y;| < 1 the solution
(48) is non-singular. Type 2 approach gives k; = k, = 0 yielding trivial solution.

2. CmKdV Equations: Letr = kg (¢, x) then mKdV system reduces to the integrable

cmKdV equation
1 3k

aq: = Z%cxx - jqqcha (50)

where a = a. One-soliton solution is obtained by letting k, = ki =a— iBfora, B €
R and e® = ke’ in (45) in Type 1 as

. 3 3082V +i3a2 B—pB3
(o) x— C Bl

t,x) = , 51
9. %) 1— 4Lzezouc+7‘3"'3;"’3)t+61+51 ©D
so the function |g (¢, x)|? is
5 eZax—%t+5|+gl
(e, ) = . (52)
(1 _ %62ax+’Tt+51+5|)2
For k < 0, the solution (52) can be written as
2 2 3 S
3 — 81 +36
g, X)? = —%sechz(otx—i— ( “ﬂ4a ), hitd +5), (53)

where § = In(—k/4a?)/2. The above solution is non-singular.

We obtain a different one-soliton solution in Type 2 under the constraints
ki = —ky, kn = —ko, Ake® 9 = 1, and Ae®t% = k used in (45). If we let k; = ia,
ko, =18, ed = a; +1iby, and e = a, + ib, for a,B,aj,b; eR, j=1,2, one-
soliton solution becomes

a8 .
elal+l4“t(al+1b1)
(@3

: : £3) . .
I+ mel(wﬂ)xﬂ W (ar +ib1) (a2 + ib)

q(t,x) = ; (54

hence the corresponding function |g (¢, x)|? is
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2 2
,_ajtby 00
lg(t, x)|” = 7 SeC (2) (55)

where |
0 = (x+p)x + E(oﬁ + Bt + o,

for wy = arccos((a1ax — b1by)/(a + B)?) with ai + b? = (¢ + B)*/k and a3 +
b% = k(o + B)°. This is a singular solution for 8 = (2n + 1), n is an integer.

There are also two different types of nonlocal reductions.

1. Nonlocal MKdV Equations: Let r = kg (¢, wox) then mKdV system reduces
to the integrable nonlocal mKdV equation

1 3k
aq;(t,x) = 1 Grxx(t, X) — 5 q(t,x) q(uit, wax)qx(t, x), (56)

provided that ; , = 1. There is only one possibility (u1, u2) = (—1, —1). If we
consider the Type 1 approach, we getk; = —k, which gives trivial solution g (¢, x) =
0. In Type 2, one-soliton solution is obtained from (45) with the parameters satisfying
the relations Ake®” = 1 and Ae*” = k as

3
: kle%t k k
q(t, x) = e wlth) . oj==+1, j=12 (57)

(3 +k
\/E(l + O’10‘26<k1+k2)x_ e |

If we let a € R, k; = o1 + 18, and k, = oy + i, then we obtain the solution
lq(t, )2 corresponding to (57) as

e’ (a1 +a2)” + (Bi + B2)P)
2k[cosh(¢p) + o107 cos(p)]

lg(t, x)|* = (58)

where 6 = (0 — ap)x — ((Ot13 — 30{1,3]2 — ag + 3a2,8§)t/4a), ¢ = Ax + Bit, and
¢ = Arx + Byt. Here

_ _ s 2, 3 2
Al =a;+a, B = P (a7 = 3a1B] +a; — 3a25),
_ s s 3 a2
Ay =p1+p, Br= 1 By —3aipi + B5 — 3a5).

There are cases where the solution (58) is nonsingular:

(a) If we have k; = k; for real k; and 010, = 1 then the solution (57) becomes
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Fig. 2 A complexiton
solution corresponding to
(60)

iO’]kl k3

— _
qt,x) = N sech(kx 4at). (59)

(b) If BjA, = B, A, then the solution (58) becomes

0 2 2
gt ) = e’ (o) +a2)” + (B1 + B2)7) 60)

~ 2k[cosh(¢) + o105 cos(52 ¢)]

Example 2 If we take (ki, ko, 01, 00k, a) = (1, 1+ (1/2), 1,1, —1,1/4) then we
have the solution

gt ) = e ,
8[cosh(u) + cos(3u/2)]

where u = x — t/4. This is a complexiton solution. The graph of this solution is
given in Fig. 2.

2. Nonlocal CmKdV Equations: Let r = kq(u1t, p1ox) then mKdV system reduces
to the integrable nonlocal cmKdV equation

1 3k _
aql(tv-x) = quxx(ls x) - 7 Q(I’X)Q(Hlfy “’2x)qx(tv-x)a (61)

provided that @ = | o a. One-soliton solution is obtained by letting k» = uzlgl
and e” = ke® in Type 1. In Type 2, a different one-soliton solution is obtained by
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letting k; = —ki o, k» = —kopto, Ake® ¥ = 1, and Ae®+% = k. In this case there
are three possibilities (11, u2) = {(—1, 1), (1, —1), (—1, —1)}. Hence we have three

integrable nonlocal cmKdV equations:

2(i) T-Symmetric Nonlocal CmKdV Equations: Let r = kg(—t, x) then mKdV sys-
tem reduces to the nonlocal cmKdV equation

1 3 _ -
aql(tvx) = _quxx(tvx) + Ek‘](_ta X)Q(t»x)%c(t»x)a a = —a. (62)

In Type 1 if we let a = ib, for nonzero b € R, ky = o 4+ i so k, = o — if for
a, B € R, o # 0 then one-soliton solution becomes

e(a+iﬂ)x+i(a3—3aﬂz4);3oz2ﬂ+ﬂ3 46,
(t,x) = —. (63)
EAE 1— 4L2e2ax+i%t+81+51
o
The corresponding function |g (¢, x)|? is
s eZax+7(ﬂ3;3},“2ﬂ)t+81+51
lg(t, x)|” = (64)

g 3_ 2 2 . 3_ 2 ’
Bk eurtsieh _ co(( L ),)] + sin? (@380

when o® — 3% # 0 and

2 k 5
_ }’lb7T e20{x+5|+5| _ (_l)n — 0’

1= T2 A oo
(a® —3aB?)’ 4da?

where 7 is an integer, for both focusing and defocusing cases, the solution is singular.
When o® — 3a? = 0 the solution for focusing case is non-singular. When o = 0
the solution is exponentially growing for 83/b > 0 and exponentially decaying for
B3/b < 0.

In Type 2 if we let a = i, ky =i, k, = iy fora, B, ¥ € R, and e¥ = a; + iby,
e =qa, +1ib, fora i»bj € R, j =1, 2 then one-soliton solution becomes

. 3
elﬁﬁ%[(al +iby)

q(t, x) = 1 ; B3+v3) . . (65)
1+ (/3+},)zel(ﬁ+y)x+ @ (ay +ib1)(ay +ib2)
Hence the function |g(z, x)|? is
#*-r3)
g P = S~ @itbD (66)

2[ cosh(%t) + cos 9]
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where
0= (,3 + }/)X + wo

for wy = arccos((ajay — b1by) /(B + y)?) with ai + b7 = (B +y)*/k, a5 + b5 =
k(B + y)?, and B # —y. This solution is singular only att = 0,6 = (2n + 1)7 for
n integer.

2(i1) S-Symmetric Nonlocal CmKdV Equations: Let r = kg (¢, —x) then mKdV
system reduces to the nonlocal cmKdV equation

1 3 _ _
aq(t,x) = —qu(t, x) + Ekq(t, —x)q(t, x)q,(t,x), a=—a. (67)

If we consider Type 1 and let @ = ib for nonzero b € R, ky = o +1f and so k, =
—a +ip for a, B € R, B # 0 then one-soliton solution becomes

w3302 B3B3
e(a+l~ﬂ)x+la —3a ﬂ;bhaﬁ +8 145,

q(t, x) = ERrwe) -,
. - a3 308
1+ 4//;2621ﬂx+1 > 1 +81+8

(68)

and so |g(t, x)|? is

B33 5
e2ox+ S 481 +6

(69)

lg(t, ) = B-3a2p) 5 :
[&QT"HSH'B‘ + cos(2ﬁx)] + sin?(2Bx)

For x = n7r/(2B) and ke#’—3¢*A)1/2b+31+51 /(482 4 (—1)" = 0, where n is an inte-
ger, the solution is unbounded but for 82 = 3a? and ke?' *%1 /(48%) + (=1)" # 0 we
have a periodical solution. For ¢ = 0, the solution (69) becomes

631+S1

lg(t, x)|* = (70)

ylox cosh(E 1+ In(1Z1)) + cos(2px)1’

where y = ke‘3‘+‘§‘/(2,32), oy = 1if k > 0, and o, = —1 if k < 0. This solution is
non-singular for |y| > 2, 82/b > 0 and |y| < 2, B3/b < O forany ¢ > 0.

For Type2ifweleta = ia, o € R,e” = a; +ibj,and e = a, + ib, fora;, b; €
R, j = 1,2 we obtain the one-soliton solution as

3
ek1x+1@}t(a1 +iby)

q(tx) = L343 (71)
1— (kl_:kz)ze(kl-&-kz)xﬂ W (ay + iby)(ay + iby)

Therefore the function |g (¢, x)|? is
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(ki—ka)x (2 4 1.2
g0 = — @) (72)
2[cosh((ky + k2)x) + cos O]

where 1
6 = Z(kf +k3)t — ap

for wy = arccos((b1br — a1a2)/ (ki + k2)?) Withal2 + b]2 = —W anda% + b% =
—k(ky + k»)?, ki # —k,. Here ky, k» € R. This solution has singularity at x = 0,
0 = (2n + 1)m for n integer.

2(iii) ST-Symmetric Nonlocal CmKdV Equations: Let r = kg (—t, —x) then mKdV
system reduces to the nonlocal cmKdV equation

1 3 _ _
aql(tax) :_quxx(tax)-i_Ekq(_t7_x)q(tvx)qx(tax)’ a=da. (73)

In Type 1 if we let ky = o + i and so kp = —a +ip for o, B € R, B # O the
one-soliton solution ¢ (¢, x) becomes

3 25 2 a3
e(tiﬁﬁ)x—%z-&-&

T ' 74
q(t, x) 1+ %eziﬁx_i%lﬂﬁgl 74)
Then we obtain the function |¢(z, x)|* as
0
e
lg(t, x)|* = .

,u[(l% + 5+ Cos¢]
where

1 - 1
0 = 2ax + 2—(30(,32 —adr 48 +68,¢0=28x+ 2—(,63 —3a’B)t,
a a

and u = kebi o /(2?). This solution is non-singular for all u except u = %2.

For Type 2, if we take €' = a; + ib; and € = a, + ib; fora;, b; € R, j = 1,2
we obtain the one-soliton solution as

el
e "% (a) +iby)

q(.0) = W+ ) (76)
— e TS 0 + b)) (a2 +ib)
hence the function |g(z, x)|* is
2 e?
lq () = an

1 —2yef + 20’
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Fig. 3 An asymptotically
decaying soliton
corresponding to (76)

where

1 3 3 k%
0 = (ki +ko)x — (k] +k)r, ¢ = 2kix — 2L,

y = (a1ay — b1by)/ (k1 + k2)2 with alz + b% =—(k1 + kz)z/k and d% + b% =
—k(ky + k»)?, ki # —k,. Here k1, k» € R. The above function has singularity when
e’ =y +./y? — 1.Hencefory < landk; > 0, k, > 0 the solution is non-singular
and bounded.

1
4>

Example 3 For the set of the parameters (ki, ks, e, e, k,a)=(3, 3. — %, %,

—1, 2) we obtain the following asymptotically decaying soliton
(—3e2ai)
qt,x) = ——————,
4(1 + es* st

whose graph is given in Fig. 3.

Remark 1 All dynamical variables considered so far are complex valued functions.
We claim that all the results presented here will be valid if the dynamical variables are
pseudo complex valued functions. Any pseudo complex numberis « = a + ib where
i = 1. Complex conjugation is @ = a — ib. Hence the norm of a pseudo complex
number is not positive definite «@ = a> — b*. NLS equation

. 1 i
ig: = =5 qu + kq*q, (78)

has real and imaginary parts (g = u + iv)
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U; = —vax + k(u2 — evz)v,

1 2 2
&V = —Euxx + k(" — evu,

where i? = ¢ = £1.

S Fordy-Kulish System

Systems of integrable nonlinear partial differential equations arise when the Lax
pairs are given in certain Lie algebras. Fordy—Kulish (FK) system of equations are
examples of such equations [9, 10]. We briefly give the Lax representations of these
equations,

¢ = AHs+ Q* Ep) ¢, (79)
¢ = (A“H, + B*E, + CPEp) ¢, (80)

where the dynamical variables are Q4 = (¢, p%), the functions A, B#, and C?
depend on the spectral parameter A, on the dynamical variables (¢, p*) and their
x-derivatives (for more details see [10, 15, 18]). The system of FK equations is an
example when the functions A, B, and C are quadratic functions of A. Let g (t, x)
and p®(¢, x) be the complex dynamical variables where « = 1,2, ..., N, then the
FK integrable system arising from the integrability condition of Lax equations (79)
and (80) is given by

agf =g, + R g, 59" q” p’, (81)
api = pt+ R s 0" p" ¢’ (82)
forallae =1,2,..., N. Here R* g,_s and R™® _g_,s are the curvature tensors of a

Hermitian symmetric space satisfying
(R* gy—5)" = R™™ _p_ys, (83)

and a is a complex number. These equations are known as the FK system which is
integrable in the sense that they are obtained from the zero curvature condition of a
connection defined on a Hermitian symmetric space and these equations can also be
written in a Hamiltonian form.

The standard reduction of the above FK system is obtained by letting p* = k(g*)*
forallo = 1,2, ..., N. The FK system (81)—(82) reduces to a single equation

agy =43 +k R g,-54" 4" (@°)", a=1,2,....N, (84)
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provided that a* = —a and (83) is satisfied. Here % over a letter denotes complex
conjugation.

6 Nonlocal Fordy—Kulish Equations

Here we will show that the Fordy—Kulish system is compatible with the nonlocal
reduction of Ablowitz—Musslimani type. For this purpose using a similar constraint
as in NLS system we let

po(t, x) = klg®(uit, )", a=1,2,..., N, (85)

where ,u% = /L% = 1. Under this constraint the FK system (81)—(82) reduces to the
following system of equations:

agf (t,x) = q3.(t, x) + k R g5 47 (1,x) q” (1. x) (¢° (i, 2x))*,  (86)

provided that a* = —p; a and (83) is satisfied. In addition to (86) we have also
an equation for ¢®(ut, ;1x) which can be obtained by letting t — p1t, x — uox
in (86). Hence we obtain T-symmetric, S-symmetric, and ST-symmetric nonlocal
FK equations. Nonlocal reductions correspond to (i, uz) = {(—1, 1), (1, —1),
(=1, —1)}. Hence corresponding to these values of ©; and u, we have three dif-
ferent nonlocal integrable FK equations. They are given as follows:
1. T-Symmetric Nonlocal FK Equations:

agf (t,x) = q¥ (1, x) + k R* g5 " (1. x) ¢" (. %) (q° (1, )", (87)
with a* = a.
2. S-Symmetric Nonlocal FK Equations:

agf(t,x) = q%(t,x) + k R* g5 " (1.x) g7 (1. x) (¢°(t, —x))*, (88)
with a* = —a.
3. ST-Symmetric Nonlocal FK Equations:

aqta(ta -x) = qu (t7 -x) + k Ra By—4o qﬂ(tv -x) qy(t’ )C) (qa(_ta _-x))*a (89)

with a* = a. All these three nonlocal equations are integrable.
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7 Super Integrable Systems

When the Lax pair, in (1 4 1)-dimensions, is given in a super Lie algebra the resulting
evolution equations are super integrable systems. They are given as a coupled system

q; = F'(q". e, qy. 65, a0, (90)
e =G'(q" ¢, g e at ey ), o1
foralli=1,2,...,N where F/ and G’ (i =1,2,..., N) are functions of the
dynamical variables qi(t, x), gl (t, x), and their partial derivatives with respect to
x. Here ¢'’s are bosonic and &’s are the fermionic dynamical variables. Since we
start with a super Lax pair then the system (90)—(91) is a super integrable system of
nonlinear partial differential equations.

8 Nonlocal Super NLS and MKdV Equations

As an example taking the Lax pair in super s/(2, R) algebra we obtain the super
AKNS system. We have two bosonic (g, r) and two fermionic (e, §) dynamical vari-
ables. They satisfy the following evolution equations [16—18]:

i. Bosonic Equations

1 . 1 3
qr = az (_E gxx +612" + 28x &+ 26]/38) +1a3 (__q,vxx + =~ qrgx + S(Exg)x

4 2
—3qPBye + 3qPe.), (92)
1 1 3
ry = ap (Erxx —617’2 +2,8x,8 —2Vﬂ8) +ia3 (_erxx + Eqrrx _3(,8,\:,3))(
+3rBe — 3rfey), (93)

ii. Fermionic Equations

1 1 3 3 3
Br =ax (Bex —rex — 5 Ery — 561’",3) +iaz(=Buxx + Zr%cﬁ + quxﬂ + zqrﬂx

3 3
+§rx8x + Zgrxx)v (94)

1 1 3 3 3
& = as (—&xx +qPBx + 5 Bax + ECIVS) +iaz(—&xxx + ZrCIxS + quxs + Eqrsx

3 3
A4xPx - xx)s 95
+54xBx + 7 Baxx) 95)

where a, and a3 are arbitrary constants.
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8.1 Super NLS Equations

Letting az = 0 in the equations (92)—(95) we get the super coupled NLS system of
equations. There are two bosonic (g,r) and two fermionic (&, B) potentials satisfying

1
ag, = —qux+q2r+28xe+2q,3£, (96)
1
arz=§rxx—qrz+2/3xﬂ—2rﬁ8, 97)
1 1
ae,z—axx+qﬂx+§ﬁf1x+§qrf9v (98)
1 1
aﬁ,:ﬂxx—rex—zerx—iqrﬂ, 99)

where a, = 1/a. The standard reductionis r = k; g and 8 = k& where k; and k, are
constants, a bar over a quantity denotes the Berezin conjugation in the Grassmann
algebra. If P and Q are super functions (bosonic or fermionic) then PQ = Q P.
Under these constraints the above equations (96)—(99) reduce to the following super
NLS equations provided k; = k% and @ = —a,

1
ag; = =3 qu+ha G +2ee+2qée, (100)
_ 1 1 _
tlSz=—8xx+k2515x‘|‘5"23%“‘5/‘1‘1‘18- (101)

Here we show that super NLS system (96)—(99) can be reduced to nonlocal super
NLS equations. This can be done by choosing the super Ablowitz—Musslimani reduc-
tion as

r(t,x) = ki q(pit, pox), B, x) = kp&(uat, pox). (102)

where u% = ,u% = 1. Here k; and k, are real constants. Under these constraints the
above set (96)—(99) reduces to super NLS equations [26, 27],

1 _
aq,(t, %) = =2 qu(t, %) +hy G (t, x) Gt mox) + 26 (t, x) (t, x)
+2ky q (1, x) E(p1t, pax)e(t, x),
_ 1 _
ag;(t,x) = —ex(t,x) +kpq(t, x) &x (1, ox) + 3 ky e(uit, pox) g (t, x)

1 _
+§ kig(t,x)q(uit, pax)e(t, x),

provided that
ap =—a, kjpuy=ki. (103)
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Nonlocal reductions correspond to the choices (ui, u2) = {(—1, 1), (1, —1),
(=1, —1)}. They are explicitly given by,

1. T-Symmetric Nonlocal Super NLS Equations:

1
aq;(t,x) = ) Qux(t, X) + k1 g2, x) G(—t,x) + 2e,(t, x) e(t, x)
+2ky q(t, x) E(—t, x), e(t, x),

1
agt(ts x) = _8xx(t’-x) + k2 ‘I(t, -x) éx(_ts x) + §k2§(_t’ -x) ‘Ix(tvx)
1
+§ qu(tax)é(_tvx) 8(ta-x)’
witha* =a and k| = k%.

2. S-Symmetric Nonlocal Super NLS Equations:

aq(t,x) = —% Gex (6,X) + k1 g (1, %) G(t, —x) + 265 (t, x) £(t, X) + 2ka q (¢, %) E(t, —x)e (1, x),
agi(t,x) = —exx(t,x) + ko q(t, x) &x(t, —x) + %kz e(t, —x)qx(t, x)
+% kiq(t, x)q(t, —x)e(t, x),
with a* = —a and k; = —k3.
3. ST-Symmetric Nonlocal Super NLS Equations:

1 -
aq,(t, x) = ) Gux (8, X) + ki 7 (1, %) G(—1, —X) + 26, (1, x) £(1, X)
+2k2q(tv-x) E(_ta _)C),S(t,.x),

1
ag/(t,x) = —&x(t, x) + kaq(t, x) &x(—t, —x) + 7 kye(—t, —x) q,(t, x)
1
+§ kig(t,x)qg(—t, —x)e(t, x),

with a* = a and k; = —k3.

8.2 Super MKAV Systems

Another special case of the super AKNS equations is the super mKdV system [16,
171,
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1 3
agy :_ZQXxx+EquIx+3(8x8)x_3q,3x8+3q:38x’
1 3
ary :_erxx"'Erqrx_3(ﬂx,3)x+3r,3x8_3rﬂ5m
3 3 3 3
ae; :_gxxx+z(rQ)x€+§qr8x+§CIx ﬁx+Z:3qu
3 3 3 3
ap; =_ﬂxxx+z(r51)x,3+5qr,3x+§rx 8x+z<9rxx'

The standard reduction is r = k1gq, 8 = k» €. Then we obtain [16],

1 3 _ _
agq, = —quxx+§k1qqqx+3(sx8)x —3kog &c € + 3ky gt &y,

3 _ 3 _ 3 _ 3 _
ag = _Sxxx"‘Zk](qLI)x8+§quq8x+§kZQx €x+zk28qxx’

provided thatk; = k% and a = a. For the super mKdV system, Ablowitz—Musslimani
type of reduction is also possible. Letting

r(t,x) = ki q(uit, pax), B, x) = ko (uit, pox), (104)
where ,u% = ,u% = 1 we get the following system of equations
1 3
aqi(t, x) = =7 Guxx (t. %) + 5 k1 GGt pox) q (¢, %) (1, %) + 3(ex (1, x) (2, )x

—3q(t, x) Ex (u1t, pox) ez, x) + 3kp q (¢, ) E(u1 1, upx) x(t, x), (105)

3 _ 3 _
ast(t,x) = —exxx(t, x) + 1 k1(qQurt, nox) q(t, x))x e(t, x) + 3 ki1q(t, x) q(pit, pox) ex(t, x)

3 _ 3
+3 k2 qx (1, 2) Ex(ut, pax) + 3 kaBuat, p2x) qux (2, ), (106)

providedthata u; u, = a, k% w2 = kj.Nonlocal reductions correspond to the choices
(1, o) ={(—1, 1), (1, —1), (—1, —1)}. They are explicitly given by,

1. T-Symmetric Nonlocal Super MKdV Equations: Here a = —a and k| = k%.

1 3
Z%cxx(tvx) + Ekl q(—t,x)q(t, x) qx(t, x) + 3(ex (2, x) &(t, X))x

—3q(t,x)ex(—t,x)e(t,x) + 3ky q(t, x)e(—t, x) ex(t, x), (107)

aq(t,x) = —

3 3
age(t,x) = —exxx(t,x) + Zkl(q(*t:x)q(fw\f))x e(t, x) + Equ(t,X)é(*t»X) ex(t, x)

F k02 00) B0 + 3 (1, 1) a0, ), (108)

2. S-Symmetric Nonlocal Super MKdV Equations: Here @ = —a and k| = —k%.
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1 3
aq(t,x) = _Z%cxx(tvx)"‘ Ekl G, —x)q(t, x) qx (1, x) + 3(ex (t, x) £(t, x))x
—3q(t,x)ex(t, —x)e(t,x) +3kp q(t, x)e(t, —x) ex (t, X), (109)

3 3
ag(t,x) = —exxx(t,x) + Zk1(é(t, —x)q(t, x))x e, x) + Equ(t,X)é(h —x) &x(t, x)

+%k2 qx(t,x) Ex(t, —x) + zkzg(f, —X) qxx (1, X), (110)

3. ST-Symmetric Nonlocal Super MKdV Equations: Here @ = a and k; = —k3.

1 3
aq(t,x) = 7 Gxxx (1, x) + Eklé(—t, —x)q(t, x) qx(t, x) + 3(ex(t, x) e, x))x
—3q(t, x) Ex(—t, —x) &(t, x) + 3k q(t, X)&(—t, —x) ex (1, X), (111)

3 3
agy(t,x) = —exxx(t, %) + 7 k1(G(=t, =x) q(t, X))y £(t, X) + 2 kg1, x) (=1, —x) ex (£, x)

3 3
T3k ax(t. x) Ex(=t. —x) + 2 kaB(—t, =) qux (£, ). (112)

9 Concluding Remarks

In this work we first presented all integrable nonlocal reductions of NLS and mKdV
systems. We gave the recursion operators and the soliton solutions of these nonlocal
equations. We then presented the extension of the nonlocal NLS equation to nonlocal
Fordy—Kulish equations on symmetric spaces. Starting with the super AKNS system
we studied all possible nonlocal reductions and found two new super integrable
systems. They are the nonlocal super NLS equations and nonlocal super mKdV
systems of equations. There are three different nonlocal types of super integrable
equations. They correspond to T-, S-, and ST- symmetric super NLS and super mKdV
equations.

From the study of NLS and mKdV systems (both bosonic and fermionic integrable
systems) we observed that they have standard and nonlocal reductions. Moreover in
both of these systems there are at least one nonlocal reduction to a standard reduction.
For instance both systems have r (¢, x) = kg (¢, x) as a standard reduction and the cor-
responding nonlocal reductions are r (f, x) = kq (i t, (tox) where k is real constant
and (uq, o) = {(1, —=1), (=1, 1), (=1, —1)}. From these reductions we obtain stan-
dard and nonlocal NLS equations and standard and nonlocal complex mKdV equa-
tions and their nonlocal super integrable extensions. The mKdV system has additional
standard and nonlocal reductions. Standard reduction is r (¢, x) = kq(¢, x), where k
isreal constant, and its corresponding nonlocal reduction r (£, x) = kq(—t, —x) gives
the nonlocal mKdV equation. From all these experiences we conclude with a con-
jecture: If a system of equations admits a standard reduction then there exists at least
one corresponding nonlocal reduction of the same system.
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