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Abstract We present some nonlocal integrable systems by using the
Ablowitz–Musslimani nonlocal reductions. We first present all possible nonlo-
cal reductions of nonlinear Schrödinger (NLS) and modified Korteweg–de Vries
(mKdV) systems. We give soliton solutions of these nonlocal equations by using the
Hirotamethod.Weextend the nonlocalNLSequation to nonlocal Fordy–Kulish equa-
tions by utilizing the nonlocal reduction to the Fordy–Kulish system on symmetric
spaces. We also consider the super AKNS system and then show that Ablowitz–
Musslimani nonlocal reduction can be extended to super integrable equations. We
obtain newnonlocal equations namely nonlocal superNLSandnonlocal supermKdV
equations.

Keywords Ablowitz–Musslimani type reductions · Nonlocal NLS and mKdV
equations · Hirota bilinear method · Soliton solutions · Nonlocal Fordy–Kulish
system · Nonlocal super integrable NLS and mKdV equations

1 Introduction

After the publications of the Ablowitz–Musslimani works [1–3] on nonlocal non-
linear Schrödinger (NLS) equation there is a huge interest in obtaining nonlocal
reductions of systems of integrable equations [5–8, 11–14, 21, 23–25, 28–34]. In
all these works the soliton solutions and their properties were investigated by using
inverse scattering techniques, by Darboux transformations, and by the Hirota direct
method.
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Recentlyweextended the nonlocalNLSequations to nonlocal Fordy–Kulish equa-
tions by utilizing the nonlocal reduction to the Fordy–Kulish system on symmetric
spaces [15]. In a previous work [19] we studied the coupled NLS system obtained
fromAKNS scheme. By using the Hirota bilinear method we first found soliton solu-
tions of the coupled NLS system of equations then using the Ablowitz–Musslimani
type reduction formulas we obtained the soliton solutions of the standard and time T-,
space S-, and space-time ST- reversal symmetric nonlocal NLS equations. Similarly,
in a recent work [20] we studied the nonlocal modified Korteweg–de Vries (mKdV)
equations which are also obtained from AKNS scheme by Ablowitz–Musslimani
type nonlocal reductions. For this purpose we start using the soliton solutions of the
coupled mKdV system found by Hirota and Iwao [22]. Then by using these solutions
and Ablowitz–Musslimani type reduction formulas we obtained solutions of stan-
dard and nonlocal mKdV and complex mKdV (cmKdV) equations including one-,
two-, and three-solitonwaves, complexitons, breather-type, and kink-typewaves.We
used two different types of approaches in finding the soliton solutions. We gave one-
soliton solutions of both types and presented only first type of two- and three-soliton
solutions (see [20]).

When the Lax pair, in (1 + 1)-dimensions, is given in a Lie algebra the resulting
evolution equations are given as a coupled system

qi
t = Fi (qk, rk, qk

x , r
k
x , q

k
xx , r

k
xx , . . .), (1)

r it = Gi (qk, rk, qk
x , r

k
x , q

k
xx , r

k
xx , . . .), (2)

for all i = 1, 2, . . . , N where Fi and Gi are functions of the dynamical variables
qi (t, x), r i (t, x), and their partial derivatives with respect to x . Since we start with a
Lax pair then the system (1)–(2) is an integrable system of nonlinear partial differ-
ential equations.

In the space of dynamical variables (qi , r i ) there exist subspaces

r i (t, x) = kqi (t, x), (3)

or
r i (t, x) = kq̄i (t, x), (4)

where k is a constant and a bar over a letter denotes complex conjugation, such that
the systems of equations (1)–(2) reduce to one system for qi’s

qi
t = F̃ i (qk, qk

x , q
k
xx , . . .) (5)

provided that the second system (2) consistently reduces to the above system (5) of
equations. Here F̃ = F |r=kq̄ . Recently a new reduction is introduced by Ablowitz
and Musslimani [1–3]

r i (t, x) = kqi (μ1t, μ2x), (6)
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or
r i (t, x) = kq̄i (μ1t, μ2x), (7)

for i = 1, 2, . . . , N . Here k is a constant and μ2
1 = μ2

2 = 1. When (μ1, μ2) =
{(−1, 1), (1,−1), (−1,−1)} the above constraints reduce the system (1) to nonlocal
differential equations provided that the second system (2) consistently reduces to the
first one. If the reduction is done in a consistent way the reduced system of equations
is also integrable. This means that the reduced system admits a recursion operator
and bi-hamiltonian structure and the reduced system has N -soliton solutions. The
inverse scattering method (ISM) can also be applied. Ablowitz and Musslimani have
first found the nonlocal NLS equation from the coupled AKNS equations and solved
it by ISM [2].

In our studies of nonlocal NLS and nonlocal mKdV equations we introduced
a general method to obtain soliton solutions of nonlocal integrable equation. This
method consists of three main steps:

(i) Find a consistent reduction formula which reduces the integrable system of
equations to integrable nonlocal equations.

(ii) Find soliton solutions of the system of equations by use of the Hirota direct
method or by inverse scattering transform technique, or by use of Darboux
Transformation.

(iii) Use the reduction formulas on the soliton solutions of the system of equations
to obtain the soliton solutions of the reduced nonlocal equations. By this way
one obtains many different relations among the soliton parameters of the system
of equations.

In the following sections we mainly follow the above method in obtaining the
soliton solutions of the nonlocal NLS and nonlocal mKdV equations.

2 AKNS System

Whenwebeginwith theLaxpair in sl(2, R) algebra and assume themas a polynomial
of the spectral parameter of degree less or equal to three then we obtain the following
system of evolution equations [4]:

qt = a2

(
−1

2
qxx + q2 r

)
+ ia3

(
−1

4
qxxx + 3

2
qrqx

)
, (8)

rt = a2

(
1

2
rxx − q r2

)
+ ia3

(
−1

4
rxxx + 3

2
qrrx

)
. (9)

Here a2 and a3 are arbitrary constants.
Letting a2 = 1/a and a3 = 0 we get the coupled NLS system,
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aqt = −1

2
qxx + q2 r, (10)

art = 1

2
rxx − q r2, (11)

where a is any constant. The corresponding recursion operator is

R =
(
q D−1

x r − 1
2 Dx q D−1

x q
−r D−1

x r −r D−1
x q + 1

2 Dx

)
. (12)

One-soliton solution of the system (10)–(11) can be obtained by the Hirota method
as

q(t, x) = eθ1

1 + Aeθ1+θ2
, r(t, x) = eθ2

1 + Aeθ1+θ2
, (13)

where θi = ki x + ωi t + δi , i = 1, 2 with ω1 = k21/2a, ω2 = −k22/2a, and A =
−1/(k1 + k2)2. Here k1, k2, δ1, and δ2 are arbitrary complex numbers.

3 Standard and Nonlocal NLS Equations

Standard reduction of NLS equation is r(t, x) = kq̄(t, x) where k is a real constant.
The second equation (11) is consistent if ā = −a. Then the NLS system reduces to

aqt = −1

2
qxx + k q2 q̄. (14)

Recursion operator of the NLS equation is

R =
(
kq D−1

x q̄ − 1
2 Dx q D−1

x q
−k2q̄ D−1

x q̄ −q̄ D−1
x q + 1

2 Dx

)
. (15)

There are two types of approaches to find solutions of the standard and nonlocal
NLS equations. In Type 1, one-soliton solution is obtained by letting k2 = k̄1 and
eδ2 = keδ̄1 in (13) as

q(t, x) = eθ1

1 + A k eθ1+θ̄1
. (16)

In Type 2 we obtain a different solution under the constraints,

(1) ā = −a, 2) k1 = −k̄1, 3) k2 = −k̄2, (4) Akeδ1+δ̄1 = 1, (5) Aeδ2+δ̄2 = k.
(17)

If we take a = iα, k1 = iβ, k2 = iγ , eδ1 = a1 + ib1, and eδ2 = a2 + ib2 for α, β,

γ, a j , b j ∈ R, j = 1, 2 one-soliton solution of standard NLS equation becomes
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q(t, x) = eiβx+
iβ2

2α t (a1 + ib1)

1 + 1
(β+γ )2

ei(β+γ )x+i (β2−γ 2)

2α t (a1 + ib1)(a2 + ib2)
, β �= −γ, (18)

and therefore

|q(t, x)|2 = a21 + b21
4

sec2
(θ

2

)
, (19)

where

θ = (β + γ )x + 1

2α
(β2 − γ 2)t + ω0

for ω0 = arccos((a1a2 − b1b2)/(β + γ )2) with a21 + b21 = (β + γ )2/k and a22 +
b22 = k(β + γ )2. This solution is singular for any choice of the parameters.

Let now r(t, x) = k q̄(μ1t, μ2x) where μ2
1 = μ2

2 = 1 and k is a real constant.
This is an integrable reduction, meaning that the new equation we obtain

aqt (t, x) = −1

2
qxx (t, x) + k q2(t, x) q̄(μ1t, μ2x), (20)

is integrable and the second equation (11) is consistentwith the first one (10) provided
that ā = −μ1 a. The recursion operator of this equation is

R =
(
k q(t, x) D−1

x q̄(μ1t, μ2x) − 1
2 Dx q(t, x) D−1

x q(t, x)
−k2 q̄(μ1t, μ2x) D−1

x q̄(μ1t, μ2x) −k q̄(μ1t, μ2x) D−1
x q(t, x) + 1

2 Dx

)
,

(21)
and one-soliton solution is obtained by letting k2 = μ2 k̄1 and eδ2 = keδ̄1 in (13) as

q(t, x) = eθ1(t,x)

1 + A k eθ1(t,x)+θ̄1(μ1 t,μ2 x)
, (22)

in Type 1 approach.

In Type 2, under the constraints

(1) ā = −μ1a, (2) k1 = −k̄1μ2, (3) k2 = −k̄2μ2, (4) Akeδ1+δ̄1 = 1, (5) Aeδ2+δ̄2 = k, (23)

we obtain a different one-soliton solution.
Nonlocal reductions of NLS system correspond to (μ1, μ2) = {(−1, 1), (1,−1),

(−1,−1)}. Hence we have three different reductions of the NLS system (10)–(11).

(1) T-Symmetric Nonlocal NLS Equations: Let r(t, x) = k q̄(−t, x). This is an inte-
grable equation

aqt (t, x) = −1

2
qxx (t, x) + k q2(t, x) q̄(−t, x), (24)
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provided that ā = a. The recursion operator of this equation is

R =
(
k q(t, x) D−1

x q̄(−t, x) − 1
2 Dx q(t, x) D−1

x q(t, x)
−k2 q̄(−t, x) D−1

x q̄(−t, x) −k q̄(−t, x) D−1
x q(t, x) + 1

2 Dx

)
,

(25)
and one-soliton solution is obtained by letting k2 = k̄1 where k1 = α + iβ, α, β ∈ R,
and eδ2 = keδ̄1 in (13) as

q(t, x) = e(α+iβ)x+ (α+iβ)2

2a t+δ1

1 − k e2αx+
2iαβ
a t+δ1+δ̄1

4α2

, (26)

for α �= 0 in Type 1. To have a real-valued solution we consider q(t, x)q̄(t, x) =
|q(t, x)|2. Here we have

|q(t, x)|2 = 16α4e2αx+
α2−β2

a t+δ1+δ̄1

(ke2αx+δ1+δ̄1 − 4α2 cos( 2αβ

a t))2 + 16α4 sin2( 2αβ

a t)
. (27)

When β �= 0 and

t = anπ

2αβ
, ke2αx+δ1+δ̄1 − 4α2 (−1)n = 0,

where n is an integer, both focusing (sign (k) = −1) and defocusing (sign (k) = 1)
cases have singularities. When β = 0 the focusing case is non-singular but asymp-
totically growing in time.

In Type 2, if we take k1 = iβ, k2 = iγ for β, γ ∈ R, eδ1 = a1 + ib1, and eδ2 =
a2 + ib2 for a j , b j ∈ R, j = 1, 2 then one-soliton solution becomes

q(t, x) = eiβx−
β2

2a t (a1 + ib1)

1 + 1
(β+γ )2

ei(β+γ )x+ (γ 2−β2)

2a t (a1 + ib1)(a2 + ib2)
, β �= −γ. (28)

Hence the function |q(t, x)|2 is

|q(t, x)|2 = e
(γ 2+β2)

2a t (a21 + b21)

2[cosh( (γ 2−β2)

2a t) + cos θ ] , (29)

where
θ = (β + γ )x + ω0
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for ω0 = arccos((a1a2 − b1b2)/(β + γ )2) with a21 + b21 = (β + γ )2/k and a22 +
b22 = k(β + γ )2. Clearly, the solution is singular at t = 0 and θ = (2n + 1)π , n
integer and non-singular for t �= 0.

(2) S-Symmetric Nonlocal NLS Equations: Let r(t, x) = k q̄(t,−x). This is an inte-
grable equation

aqt (t, x) = −1

2
qxx (t, x) + k q2(t, x) q̄(t,−x), (30)

provided that ā = −a. The recursion operator of this equation is

R =
(
k q(t, x) D−1

x q̄(t,−x) − 1
2 Dx q(t, x) D−1

x q(t, x)
−k2 q̄(t,−x) D−1

x q̄(t,−x) −k q̄(t,−x) D−1
x q(t, x) + 1

2 Dx

)
.

(31)
In Type 1, one-soliton solution is obtained by letting k2 = −k̄1 where k1 = α + iβ,
α, β ∈ R, a = iy, y ∈ R, and eδ2 = keδ̄1 in (13) as

q(t, x) = e(α+iβ)x+ (α+iβ)2

2iy t+δ1

1 + k e2iβx+
2αβ
y t+δ1+δ̄1

4β2

, (32)

where β �= 0. Hence the function |q(t, x)|2 is

|q(t, x)|2 = 16β4e2αx+
2αβ

y t+δ1+δ̄1

(ke
2αβ

y t+δ1+δ̄1 + 4β2 cos(2βx))2 + 16β4 sin2(2βx)
. (33)

If α �= 0 the above function is singular at

x = nπ

2β
, ke

2αβ

y t+δ1+δ̄1 + 4β2 (−1)n = 0,

where n is an integer, both for focusing and defocusing cases. If α = 0, the function
(33) becomes

|q(t, x)|2 = 2β2

k[B + cos(2βx)] , (34)

for B = (ρ2 + 16β4)/(8ρβ2)whereρ = keδ1+δ̄1 . Obviously, the solution (34) is non-
singular if B > 1 or B < −1.

Example 1 For the set of parameters
(k1, k2, eδ1 , eδ2 , k, a) = (i, i, i,−i, 1, i/2), we get the solution

|q(t, x)|2 = 16

(17 + 8 cos(2x))
.
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Fig. 1 A periodic solution
corresponding to (34)

This solution represents a periodic solution. Its graph is given in Fig. 1.

For Type 2 if we let a = iα,α ∈ R, eδ1 = a1 + ib1, and eδ2 = a2 + ib2 for a j , b j ∈
R, j = 1, 2 then one-soliton solution becomes

q(t, x) = ek1x+i
k21
2α t (a1 + ib1)

1 − 1
(k1+k2)2

e(k1+k2)x−i
(k21−k22 )

2α t (a1 + ib1)(a2 + ib2)
, k1 �= −k2. (35)

Therefore the function |q(t, x)|2 is

|q(t, x)|2 = e(k1−k2)x (a21 + b21)

2[cosh((k1 + k2)x) − cos θ ] , (36)

where

θ = 1

2α
(k21 − k22)t − ω0

forω0 = arccos((a1a2 − b1b2)/(k1 + k2)2)witha21 + b21 = −(k1 + k2)2/k anda22 +
b22 = −k(k1 + k2)2. Here k1, k2 ∈ R. The solution is singular at x = 0 and θ = 2nπ

for n integer, and non-singular for x �= 0.

(3) ST-Symmetric Nonlocal NLS Equations: Let r(t, x) = k q̄(−t,−x). This is an
integrable equation

a qt (t, x) = −1

2
qxx (t, x) + k q2(t, x) q̄(−t,−x), (37)
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provided that ā = −a. The recursion operator of this equation is

R =
(
k q(t, x) D−1

x q̄(−t,−x) − 1
2 Dx q(t, x) D−1

x q(t, x)
−k2 q̄(−t,−x) D−1

x q̄(−t,−x) −k q̄(−t,−x) D−1
x q(t, x) + 1

2 Dx

)
,

(38)
and one-soliton solution is obtained by letting k2 = −k̄1 where k1 = α + iβ, α, β ∈
R and eδ2 = keδ̄1 in (13) as

q(t, x) = e(α+iβ)x+ (α+iβ)2

2a t+δ1

1 + k e2iβx+
2iαβ
a t+δ1+δ̄1

4β2

, (39)

where β �= 0 in Type 1. Therefore |q(t, x)|2 is

|q(t, x)|2 = 16β4e2αx+
(α2−β2)

a t+δ1+δ̄1

(keδ1+δ̄1 + 4β2 cos(2βx + 2αβ

a t))2 + 16β4 sin2(2βx + 2αβ

a t)
. (40)

This function is singular on the line 2βx + (2αβt/a) = nπ where n is an integer, if
the condition keδ1+δ̄1 + 4β2 (−1)n = 0 is satisfied by the parameters of the solution,
otherwise it represents a non-singularwave solution for both focusing and defocusing
cases. For α = 0, (a > 0), the solution represents a localized wave solution. In Type
2, if we take eδ1 = a1 + ib1 and eδ2 = a2 + ib2 for a j , b j ∈ R, j = 1, 2 we have the
one-soliton solution as

q(t, x) = ek1x+
k21
2a t (a1 + ib1)

1 − 1
(k1+k2)2

e(k1+k2)x+(
(k21−k22 )

2a )t (a1 + ib1)(a2 + ib2)
, k1 �= −k2. (41)

The corresponding function |q(t, x)|2 is

|q(t, x)|2 = eφ(a21 + b21)

1 − 2γ eθ + e2θ
, (42)

where

φ = 2k1x + k21
a
t, θ = (k1 + k2)x + 1

2a
(k21 − k22)t,

γ = (a1a2 − b1b2)/(k1 + k2)2, a21 + b21 = −(k1 + k2)2/k, and a22 + b22 = −k(k1 +
k2)2. Here k1, k2 ∈ R. The above function is singular when the function f (θ) =
e2θ − 2γ eθ + 1 vanishes. It becomes zero when eθ = γ ± √

γ 2 − 1. Hence if γ < 1
the solution is non-singular.
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4 Standard and Nonlocal MKdV Equations

Letting a2 = 0 and a3 = i/a we get the mKdV system

aqt = 1

4
qxxx − 3

2
qrqx , (43)

art = 1

4
rxxx − 3

2
qrrx . (44)

This system has the same recursion operator (12) as the NLS system. One-soliton
solution of the above system is [22]

q(t, x) = eθ1

1 + Aeθ1+θ2
, r(t, x) = eθ2

1 + Aeθ1+θ2
, (45)

with θi = ki x − (k3i t/4a) + δi , i = 1, 2, and A = −1/(k1 + k2)2. Here k1, k2, δ1,

and δ2 are arbitrary complex numbers. In mKdV case, there are also two types of
approaches represented in [20] to find solutions of the standard mKdV and nonlocal
mKdV (and cmKdV) equations.

1. MKdV Equations: Let r(t, x) = kq(t, x) then mKdV system reduces to the inte-
grable mKdV equation

aqt = 1

4
qxxx − 3k

2
q2 qx . (46)

In Type 1 one-soliton solution is obtained by letting k1 = k2 = α + iβ and eδ2 =
keδ1 = a1 + ib1 for α, β, a1, b1 ∈ R in (45) as

q(t, x) = e(α+iβ)x− (α3−3αβ2)+i(3α2β−β3)

4a t (a1 + ib1)

1 − k
4(α2+β2)2

e2(α+iβ)x− (α3−3αβ2)+i(3α2β−β3)

2a t (a1 + ib1)2(α − iβ)2
. (47)

Therefore we obtain the function

|q(t, x)|2 = Y

W
, (48)

where

Y = e2αx−
(α3−3αβ2)

2a t (a21 + b21),

W = 1 − γ1 cos θ + γ 2
1

4
eφ = γ 2

1

4

[ 4

γ 2
1

(1 − γ1 cos θ) + eφ
]
, (49)
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where

θ = 2βx − 1

2a
(3α2β − β3)t + ω0, φ = 4αx − 1

a
(α3 − 3αβ2)t,

for
ω0 = arccos(((a1α + b1β)2 − (a1β − b1α)2)/(a21 + b21)(α

2 + β2))

and γ1 = k(a21 + b21)/2(α
2 + β2). Hence we conclude that if |γ1| ≤ 1 the solution

(48) is non-singular. Type 2 approach gives k1 = k2 = 0 yielding trivial solution.

2. CmKdV Equations: Let r = kq̄(t, x) then mKdV system reduces to the integrable
cmKdV equation

aqt = 1

4
qxxx − 3k

2
q q̄ qx , (50)

where ā = a. One-soliton solution is obtained by letting k2 = k̄1 = α − iβ forα, β ∈
R and eδ2 = keδ̄1 in (45) in Type 1 as

q(t, x) = e(α+iβ)x− (α3−3αβ2)+i(3α2β−β3)

4a t+δ1

1 − k
4α2 e2αx+

(3αβ2−α3)

2a t+δ1+δ̄1

, (51)

so the function |q(t, x)|2 is

|q(t, x)|2 = e2αx−
(α3−3αβ2)

2a t+δ1+δ̄1

(1 − k
4α2 e2αx+

(3αβ2−α3)

2a t+δ1+δ̄1)2
. (52)

For k < 0, the solution (52) can be written as

|q(t, x)|2 = −α2

k
sech2

(
αx + (3αβ2 − α3)

4a
t + δ1 + δ̄1

2
+ δ

)
, (53)

where δ = ln(−k/4α2)/2. The above solution is non-singular.

We obtain a different one-soliton solution in Type 2 under the constraints
k1 = −k̄1, k2 = −k̄2, Akeδ1+δ̄1 = 1, and Aeδ2+δ̄2 = k used in (45). If we let k1 = iα,
k2 = iβ, eδ1 = a1 + ib1, and eδ2 = a2 + ib2 for α, β, a j , b j ∈ R, j = 1, 2, one-
soliton solution becomes

q(t, x) = eiαx+i α3

4a t (a1 + ib1)

1 + 1
(α+β)2

ei(α+β)x+i (α3+β3)

4a t (a1 + ib1)(a2 + ib2)
, (54)

hence the corresponding function |q(t, x)|2 is
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|q(t, x)|2 = a21 + b21
4

sec2
(θ

2

)
, (55)

where

θ = (α + β)x + 1

4a
(α3 + β3)t + ω0,

for ω0 = arccos((a1a2 − b1b2)/(α + β)2) with a21 + b21 = (α + β)2/k and a22 +
b22 = k(α + β)2. This is a singular solution for θ = (2n + 1)π , n is an integer.

There are also two different types of nonlocal reductions.

1. Nonlocal MKdV Equations: Let r = kq(μ1t, μ2x) then mKdV system reduces
to the integrable nonlocal mKdV equation

aqt (t, x) = 1

4
qxxx (t, x) − 3k

2
q(t, x) q(μ1t, μ2x)qx (t, x), (56)

provided that μ1 μ2 = 1. There is only one possibility (μ1, μ2) = (−1,−1). If we
consider the Type 1 approach, we get k1 = −k2 which gives trivial solution q(t, x) =
0. In Type 2, one-soliton solution is obtained from (45) with the parameters satisfying
the relations Ake2δ1 = 1 and Ae2δ2 = k as

q(t, x) = iσ1ek1x−
k31
4a t (k1 + k2)

√
k(1 + σ1σ2e(k1+k2)x− (k31+k32 )

4a t )

, σ j = ±1, j = 1, 2. (57)

If we let a ∈ R, k1 = α1 + iβ1, and k2 = α2 + iβ2 then we obtain the solution
|q(t, x)|2 corresponding to (57) as

|q(t, x)|2 = eθ ((α1 + α2)
2 + (β1 + β2)

2)

2k[cosh(φ) + σ1σ2 cos(ϕ)] , (58)

where θ = (α1 − α2)x − ((α3
1 − 3α1β

2
1 − α3

2 + 3α2β
2
2 )t/4a), φ = A1x + B1t , and

ϕ = A2x + B2t . Here

A1 = α1 + α2, B1 = − 1

4a
(α3

1 − 3α1β
2
1 + α3

2 − 3α2β
2
2 ),

A2 = β1 + β2, B2 = 1

4a
(β3

1 − 3α2
1β1 + β3

2 − 3α2
2β2).

There are cases where the solution (58) is nonsingular:

(a) If we have k1 = k2 for real k1 and σ1σ2 = 1 then the solution (57) becomes
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Fig. 2 A complexiton
solution corresponding to
(60)

q(t, x) = iσ1k1√
k

sech(k1x − k31
4a

t). (59)

(b) If B1A2 = B2A1 then the solution (58) becomes

|q(t, x)|2 = eθ ((α1 + α2)
2 + (β1 + β2)

2)

2k[cosh(φ) + σ1σ2 cos(
B2
B1

φ)] . (60)

Example 2 If we take (k1, k2, σ1, σ2k, a) = (i, 1 + (i/2), 1, 1,−1, 1/4) then we
have the solution

|q(t, x)|2 = 13e−u

8[cosh(u) + cos(3u/2)] ,

where u = x − t/4. This is a complexiton solution. The graph of this solution is
given in Fig. 2.

2. Nonlocal CmKdV Equations: Let r = kq̄(μ1t, μ2x) then mKdV system reduces
to the integrable nonlocal cmKdV equation

aqt (t, x) = 1

4
qxxx (t, x) − 3k

2
q(t, x) q̄(μ1t, μ2x)qx (t, x), (61)

provided that ā = μ1 μ2 a. One-soliton solution is obtained by letting k2 = μ2k̄1
and eδ2 = keδ̄1 in Type 1. In Type 2, a different one-soliton solution is obtained by
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letting k1 = −k̄1μ2, k2 = −k̄2μ2, Akeδ1+δ̄1 = 1, and Aeδ2+δ̄2 = k. In this case there
are three possibilities (μ1, μ2) = {(−1, 1), (1,−1), (−1,−1)}. Hencewe have three
integrable nonlocal cmKdV equations:

2(i) T-Symmetric Nonlocal CmKdV Equations: Let r = kq̄(−t, x) then mKdV sys-
tem reduces to the nonlocal cmKdV equation

aqt (t, x) = −1

4
qxxx (t, x) + 3

2
kq̄(−t, x)q(t, x)qx (t, x), ā = −a. (62)

In Type 1 if we let a = ib, for nonzero b ∈ R, k1 = α + iβ so k2 = α − iβ for
α, β ∈ R, α �= 0 then one-soliton solution becomes

q(t, x) = e(α+iβ)x+ i(α3−3αβ2)−3α2β+β3

4b t+δ1

1 − k
4α2 e2αx+i α3−3αβ2

2b t+δ1+δ̄1

. (63)

The corresponding function |q(t, x)|2 is

|q(t, x)|2 = e2αx+
(β3−3α2β)

2b t+δ1+δ̄1[
k

4α2 e2αx+δ1+δ̄1 − cos( (α3−3αβ2)

2b t)
]2 + sin2( (α3−3αβ2)

2b t)
. (64)

when α3 − 3αβ2 �= 0 and

t = 2nbπ

(α3 − 3αβ2)
,

k

4α2
e2αx+δ1+δ̄1 − (−1)n = 0,

where n is an integer, for both focusing and defocusing cases, the solution is singular.
When α3 − 3αβ2 = 0 the solution for focusing case is non-singular. When α = 0
the solution is exponentially growing for β3/b > 0 and exponentially decaying for
β3/b < 0.

In Type 2 if we let a = iα, k1 = iβ, k2 = iγ for α, β, γ ∈ R, and eδ1 = a1 + ib1,
eδ2 = a2 + ib2 for a j , b j ∈ R, j = 1, 2 then one-soliton solution becomes

q(t, x) = eiβx+
β3

4α t (a1 + ib1)

1 + 1
(β+γ )2

ei(β+γ )x+ (β3+γ 3)

4α t (a1 + ib1)(a2 + ib2)
. (65)

Hence the function |q(t, x)|2 is

|q(t, x)|2 = e
(β3−γ 3)

4α t (a21 + b21)

2
[
cosh( (β3+γ 3)

4α t) + cos θ
] , (66)
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where
θ = (β + γ )x + ω0

for ω0 = arccos((a1a2 − b1b2)/(β + γ )2) with a21 + b21 = (β + γ )2/k, a22 + b22 =
k(β + γ )2, and β �= −γ . This solution is singular only at t = 0, θ = (2n + 1)π for
n integer.

2(ii) S-Symmetric Nonlocal CmKdV Equations: Let r = kq̄(t,−x) then mKdV
system reduces to the nonlocal cmKdV equation

aqt (t, x) = −1

4
qxxx (t, x) + 3

2
kq̄(t,−x)q(t, x)qx (t, x), ā = −a. (67)

If we consider Type 1 and let a = ib for nonzero b ∈ R, k1 = α + iβ and so k2 =
−α + iβ for α, β ∈ R, β �= 0 then one-soliton solution becomes

q(t, x) = e(α+iβ)x+ iα3−3α2β−3iαβ2+β3

4b t+δ1

1 + k
4β2 e2iβx+i α3−3αβ2

2b t+δ1+δ̄1

, (68)

and so |q(t, x)|2 is

|q(t, x)|2 = e2αx+
(β3−3α2β)

2b t+δ1+δ̄1[
k

4β2 e
(β3−3α2β)

2b t+δ1+δ̄1 + cos(2βx)
]2 + sin2(2βx)

. (69)

For x = nπ/(2β) and ke(β3−3α2β)t/2b+δ1+δ̄1/(4β2) + (−1)n = 0, where n is an inte-
ger, the solution is unbounded but for β2 = 3α2 and keδ1+δ̄1/(4β2) + (−1)n �= 0 we
have a periodical solution. For α = 0, the solution (69) becomes

|q(t, x)|2 = eδ1+δ̄1

γ [σk cosh(
β3

2b t + ln( |γ |
2 )) + cos(2βx)] , (70)

where γ = keδ1+δ̄1/(2β2), σk = 1 if k > 0, and σk = −1 if k < 0. This solution is
non-singular for |γ | > 2, β3/b > 0 and |γ | < 2, β3/b < 0 for any t ≥ 0.

For Type 2 if we let a = iα,α ∈ R, eδ1 = a1 + ib1, and eδ2 = a2 + ib2 for a j , b j ∈
R, j = 1, 2 we obtain the one-soliton solution as

q(t, x) = ek1x+i
k31
4α t (a1 + ib1)

1 − 1
(k1+k2)2

e(k1+k2)x+i
(k31+k32 )

4α t (a1 + ib1)(a2 + ib2)
. (71)

Therefore the function |q(t, x)|2 is
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|q(t, x)|2 = e(k1−k2)x (a21 + b21)

2[cosh((k1 + k2)x) + cos θ ] , (72)

where

θ = 1

4
(k31 + k32)t − ω0

forω0 = arccos((b1b2 − a1a2)/(k1 + k2)2)with a21 + b21 = − (k1+k2)2

k and a22 + b22 =
−k(k1 + k2)2, k1 �= −k2. Here k1, k2 ∈ R. This solution has singularity at x = 0,
θ = (2n + 1)π for n integer.

2(iii) ST-Symmetric Nonlocal CmKdV Equations: Let r = kq̄(−t,−x) then mKdV
system reduces to the nonlocal cmKdV equation

aqt (t, x) = −1

4
qxxx (t, x) + 3

2
kq̄(−t,−x)q(t, x)qx (t, x), ā = a. (73)

In Type 1 if we let k1 = α + iβ and so k2 = −α + iβ for α, β ∈ R, β �= 0 the
one-soliton solution q(t, x) becomes

q(t, x) = e(α+iβ)x− α3+3α2iβ−3αβ2−iβ3

4a t+δ1

1 + k
4β2 e2iβx−i (6α2β−2β3)

4a t+δ1+δ̄1

. (74)

Then we obtain the function |q(t, x)|2 as

|q(t, x)|2 = eθ

μ
[
( 1

μ
+ μ

4 ) + cosφ
] , (75)

where

θ = 2αx + 1

2a
(3αβ2 − α3)t + δ1 + δ̄1, φ = 2βx + 1

2a
(β3 − 3α2β)t,

and μ = keδ1+δ̄1/(2β2). This solution is non-singular for all μ except μ = ±2.

For Type 2, if we take eδ1 = a1 + ib1 and eδ2 = a2 + ib2 for a j , b j ∈ R, j = 1, 2
we obtain the one-soliton solution as

q(t, x) = ek1x−
k31
4a t (a1 + ib1)

1 − 1
(k1+k2)2

e(k1+k2)x− (k31+k32 )

4a t (a1 + ib1)(a2 + ib2)
, (76)

hence the function |q(t, x)|2 is

|q(t, x)|2 = eφ

1 − 2γ eθ + e2θ
, (77)



Integrable Nonlocal Reductions 43

Fig. 3 An asymptotically
decaying soliton
corresponding to (76)

where

θ = (k1 + k2)x − 1

4a
(k31 + k32)t, φ = 2k1x − k31

2a
t,

γ = (a1a2 − b1b2)/(k1 + k2)2 with a21 + b21 = −(k1 + k2)2/k and a22 + b22 =
−k(k1 + k2)2, k1 �= −k2. Here k1, k2 ∈ R. The above function has singularity when
eθ = γ ± √

γ 2 − 1. Hence for γ < 1 and k1 > 0, k2 > 0 the solution is non-singular
and bounded.

Example 3 For the set of the parameters (k1, k2, eδ1 , eδ2 , k, a)= ( 12 ,
1
4 , − 3

4 ,
3
4 ,−1, 2) we obtain the following asymptotically decaying soliton

q(t, x) = (−3e
1
2 x− 1

64 t )

4(1 + e
3
4 x− 9

512 t )
,

whose graph is given in Fig. 3.

Remark 1 All dynamical variables considered so far are complex valued functions.
We claim that all the results presented here will be valid if the dynamical variables are
pseudo complex valued functions. Any pseudo complex number is α = a + ibwhere
i2 = 1. Complex conjugation is ᾱ = a − ib. Hence the norm of a pseudo complex
number is not positive definite αᾱ = a2 − b2. NLS equation

iqt = −1

2
qxx + kq2q̄, (78)

has real and imaginary parts (q = u + iv)
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ut = −1

2
vxx + k(u2 − εv2)v,

εvt = −1

2
uxx + k(u2 − εv2)u,

where i2 = ε = ±1.

5 Fordy–Kulish System

Systems of integrable nonlinear partial differential equations arise when the Lax
pairs are given in certain Lie algebras. Fordy–Kulish (FK) system of equations are
examples of such equations [9, 10]. We briefly give the Lax representations of these
equations,

φx = (λHS + QA EA) φ, (79)

φt = (AaHa + BAEA + CDED) φ, (80)

where the dynamical variables are QA = (qα, pα), the functions Aa , BA, and CD

depend on the spectral parameter λ, on the dynamical variables (qα , pα) and their
x-derivatives (for more details see [10, 15, 18]). The system of FK equations is an
example when the functions A, B, and C are quadratic functions of λ. Let qα(t, x)
and pα(t, x) be the complex dynamical variables where α = 1, 2, . . . , N , then the
FK integrable system arising from the integrability condition of Lax equations (79)
and (80) is given by

aqα
t = qα

xx + Rα
βγ−δ q

β qγ pδ, (81)

apα
t = pα

xx + R−α −β−γ δ p
β pγ qδ, (82)

for all α = 1, 2, . . . , N . Here Rα
βγ−δ and R−α −β−γ δ are the curvature tensors of a

Hermitian symmetric space satisfying

(Rα
βγ−δ)

� = R−α −β−γ δ, (83)

and a is a complex number. These equations are known as the FK system which is
integrable in the sense that they are obtained from the zero curvature condition of a
connection defined on a Hermitian symmetric space and these equations can also be
written in a Hamiltonian form.

The standard reduction of the above FK system is obtained by letting pα = k(qα)�

for all α = 1, 2, . . . , N . The FK system (81)–(82) reduces to a single equation

aqα
t = qα

xx + k Rα
βγ−δ q

β qγ (qδ)�, α = 1, 2, . . . , N , (84)
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provided that a� = −a and (83) is satisfied. Here ∗ over a letter denotes complex
conjugation.

6 Nonlocal Fordy–Kulish Equations

Here we will show that the Fordy–Kulish system is compatible with the nonlocal
reduction of Ablowitz–Musslimani type. For this purpose using a similar constraint
as in NLS system we let

pα(t, x) = k[qα(μ1t, μ2x)]�, α = 1, 2, . . . , N , (85)

where μ2
1 = μ2

2 = 1. Under this constraint the FK system (81)–(82) reduces to the
following system of equations:

aqα
t (t, x) = qα

xx (t, x) + k Rα
βγ−δ q

β(t, x) qγ (t, x) (qδ(μ1t, μ2x))
�, (86)

provided that a� = −μ1 a and (83) is satisfied. In addition to (86) we have also
an equation for qδ(μ1t, μ2x) which can be obtained by letting t → μ1t , x → μ2x
in (86). Hence we obtain T-symmetric, S-symmetric, and ST-symmetric nonlocal
FK equations. Nonlocal reductions correspond to (μ1, μ2) = {(−1, 1), (1,−1),
(−1,−1)}. Hence corresponding to these values of μ1 and μ2 we have three dif-
ferent nonlocal integrable FK equations. They are given as follows:

1. T-Symmetric Nonlocal FK Equations:

aqα
t (t, x) = qα

xx (t, x) + k Rα
βγ−δ q

β(t, x) qγ (t, x) (qδ(−t, x))�, (87)

with a� = a.

2. S-Symmetric Nonlocal FK Equations:

aqα
t (t, x) = qα

xx (t, x) + k Rα
βγ−δ q

β(t, x) qγ (t, x) (qδ(t,−x))�, (88)

with a� = −a.

3. ST-Symmetric Nonlocal FK Equations:

aqα
t (t, x) = qα

xx (t, x) + k Rα
βγ−δ q

β(t, x) qγ (t, x) (qδ(−t,−x))�, (89)

with a� = a. All these three nonlocal equations are integrable.
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7 Super Integrable Systems

When the Lax pair, in (1 + 1)-dimensions, is given in a super Lie algebra the resulting
evolution equations are super integrable systems. They are given as a coupled system

qi
t = Fi (qk, εk, qk

x , ε
k
x , q

k
xx , ε

k
xx , . . .), (90)

εit = Gi (qk, εk, qk
x , ε

k
x , q

k
xx , ε

k
xx , . . .), (91)

for all i = 1, 2, . . . , N where Fi and Gi (i = 1, 2, . . . , N ) are functions of the
dynamical variables qi (t, x), εi (t, x), and their partial derivatives with respect to
x . Here qi ’s are bosonic and εi ’s are the fermionic dynamical variables. Since we
start with a super Lax pair then the system (90)–(91) is a super integrable system of
nonlinear partial differential equations.

8 Nonlocal Super NLS and MKdV Equations

As an example taking the Lax pair in super sl(2, R) algebra we obtain the super
AKNS system.We have two bosonic (q, r) and two fermionic (ε, β) dynamical vari-
ables. They satisfy the following evolution equations [16–18]:

i. Bosonic Equations

qt = a2 (−1

2
qxx + q2 r + 2 εx ε + 2qβε) + ia3 (−1

4
qxxx + 3

2
qrqx + 3(εxε)x

−3qβxε + 3qβεx ), (92)

rt = a2 (
1

2
rxx − q r2 + 2 βx β − 2rβε) + ia3 (−1

4
rxxx + 3

2
qrrx − 3(βxβ)x

+3rβxε − 3rβεx ), (93)

ii. Fermionic Equations

βt = a2 (βxx − rεx − 1

2
εrx − 1

2
qrβ) + ia3(−βxxx + 3

4
rqxβ + 3

4
qrxβ + 3

2
qrβx

+3

2
rxεx + 3

4
εrxx ), (94)

εt = a2 (−εxx + qβx + 1

2
βqx + 1

2
qrε) + ia3(−εxxx + 3

4
rqxε + 3

4
qrxε + 3

2
qrεx

+3

2
qxβx + 3

4
βqxx ), (95)

where a2 and a3 are arbitrary constants.
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8.1 Super NLS Equations

Letting a3 = 0 in the equations (92)–(95) we get the super coupled NLS system of
equations. There are two bosonic (q,r ) and two fermionic (ε, β) potentials satisfying

aqt = −1

2
qxx + q2 r + 2εx ε + 2q β ε, (96)

art = 1

2
rxx − q r2 + 2βx β − 2r β ε, (97)

aεt = −εxx + q βx + 1

2
β qx + 1

2
q r ε, (98)

aβt = βxx − r εx − 1

2
ε rx − 1

2
q r β, (99)

where a2 = 1/a. The standard reduction is r = k1 q̄ and β = k2ε̄ where k1 and k2 are
constants, a bar over a quantity denotes the Berezin conjugation in the Grassmann
algebra. If P and Q are super functions (bosonic or fermionic) then PQ = Q P .
Under these constraints the above equations (96)–(99) reduce to the following super
NLS equations provided k1 = k22 and ā = −a,

aqt = −1

2
qxx + k1 q

2 q̄ + 2εx ε + 2k2 q ε̄ ε, (100)

aεt = −εxx + k2 q ε̄x + 1

2
k2 ε̄ qx + 1

2
k1 q q̄ ε. (101)

Here we show that super NLS system (96)–(99) can be reduced to nonlocal super
NLS equations. This can be done by choosing the superAblowitz–Musslimani reduc-
tion as

r(t, x) = k1 q̄(μ1t, μ2x), β(t, x) = k2ε̄(μ1t, μ2x). (102)

where μ2
1 = μ2

2 = 1. Here k1 and k2 are real constants. Under these constraints the
above set (96)–(99) reduces to super NLS equations [26, 27],

aqt (t, x) = −1

2
qxx (t, x) + k1 q2(t, x) q̄(μ1t, μ2x) + 2εx (t, x) ε(t, x)

+2k2 q(t, x) ε̄(μ1t, μ2x)ε(t, x),

aεt (t, x) = −εxx (t, x) + k2 q(t, x) ε̄x (μ1t, μ2x) + 1

2
k2 ε̄(μ1t, μ2x) qx (t, x)

+1

2
k1 q(t, x) q̄(μ1t, μ2x) ε(t, x),

provided that
ā μ1 = −a, k22 μ2 = k1. (103)
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Nonlocal reductions correspond to the choices (μ1, μ2) = {(−1, 1), (1,−1),
(−1,−1)}. They are explicitly given by,

1. T-Symmetric Nonlocal Super NLS Equations:

aqt (t, x) = −1

2
qxx (t, x) + k1 q2(t, x) q̄(−t, x) + 2εx (t, x) ε(t, x)

+2k2 q(t, x) ε̄(−t, x), ε(t, x),

aεt (t, x) = −εxx (t, x) + k2 q(t, x) ε̄x (−t, x) + 1

2
k2 ε̄(−t, x) qx (t, x)

+1

2
k1 q(t, x) q̄(−t, x) ε(t, x),

with a� = a and k1 = k22 .

2. S-Symmetric Nonlocal Super NLS Equations:

aqt (t, x) = −1

2
qxx (t, x) + k1 q2(t, x) q̄(t,−x) + 2εx (t, x) ε(t, x) + 2k2 q(t, x) ε̄(t,−x)ε(t, x),

aεt (t, x) = −εxx (t, x) + k2 q(t, x) ε̄x (t,−x) + 1

2
k2 ε̄(t,−x) qx (t, x)

+1

2
k1 q(t, x) q̄(t,−x) ε(t, x),

with a� = −a and k1 = −k22 .

3. ST-Symmetric Nonlocal Super NLS Equations:

aqt (t, x) = −1

2
qxx (t, x) + k1 q2(t, x) q̄(−t,−x) + 2εx (t, x) ε(t, x)

+2k2 q(t, x) ε̄(−t,−x), ε(t, x),

aεt (t, x) = −εxx (t, x) + k2 q(t, x) ε̄x (−t,−x) + 1

2
k2 ε̄(−t,−x) qx (t, x)

+1

2
k1 q(t, x) q̄(−t,−x) ε(t, x),

with a� = a and k1 = −k22 .

8.2 Super MKdV Systems

Another special case of the super AKNS equations is the super mKdV system [16,
17],
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aqt = −1

4
qxxx + 3

2
r q qx + 3(εx ε)x − 3 q βx ε + 3qβ εx ,

art = −1

4
rxxx + 3

2
r q rx − 3(βx β)x + 3 r βx ε − 3rβ εx ,

aεt = −εxxx + 3

4
(r q)x ε + 3

2
q r εx + 3

2
qx βx + 3

4
β qxx ,

aβt = −βxxx + 3

4
(r q)x β + 3

2
q r βx + 3

2
rx εx + 3

4
ε rxx .

The standard reduction is r = k1q̄, β = k2 ε̄. Then we obtain [16],

aqt = −1

4
qxxx + 3

2
k1 q̄ q qx + 3(εx ε)x − 3 k2q ε̄x ε + 3k2 q ε̄ εx ,

aεt = −εxxx + 3

4
k1(q̄ q)x ε + 3

2
k1q q̄ εx + 3

2
k2 qx ε̄x + 3

4
k2ε̄ qxx ,

provided that k1 = k22 and ā = a. For the supermKdV system,Ablowitz–Musslimani
type of reduction is also possible. Letting

r(t, x) = k1 q̄(μ1t, μ2x), β(t, x) = k2ε̄(μ1t, μ2x), (104)

where μ2
1 = μ2

2 = 1 we get the following system of equations

aqt (t, x) = − 1

4
qxxx (t, x) + 3

2
k1 q̄(μ1t, μ2x) q(t, x) qx (t, x) + 3(εx (t, x) ε(t, x))x

−3 q(t, x) ε̄x (μ1t, μ2x) ε(t, x) + 3k2 q(t, x) ε̄(μ1t, μ2x) εx (t, x), (105)

aεt (t, x) = −εxxx (t, x) + 3

4
k1(q̄(μ1t, μ2x) q(t, x))x ε(t, x) + 3

2
k1q(t, x) q̄(μ1t, μ2x) εx (t, x)

+ 3

2
k2 qx (t, x) ε̄x (μ1t, μ2x) + 3

4
k2ε̄(μ1t, μ2x) qxx (t, x), (106)

provided that ā μ1 μ2 = a, k22μ2 = k1.Nonlocal reductions correspond to the choices
(μ1, μ2) = {(−1, 1), (1,−1), (−1,−1)}. They are explicitly given by,

1. T-Symmetric Nonlocal Super MKdV Equations: Here ā = −a and k1 = k22 .

aqt (t, x) = − 1

4
qxxx (t, x) + 3

2
k1 q̄(−t, x) q(t, x) qx (t, x) + 3(εx (t, x) ε(t, x))x

−3 q(t, x) ε̄x (−t, x) ε(t, x) + 3k2 q(t, x)ε̄(−t, x) εx (t, x), (107)

aεt (t, x) = −εxxx (t, x) + 3

4
k1(q̄(−t, x) q(t, x))x ε(t, x) + 3

2
k1q(t, x) q̄(−t, x) εx (t, x)

+ 3

2
k2 qx (t, x) ε̄x (−t, x) + 3

4
k2ε̄(−t, x) qxx (t, x), (108)

2. S-Symmetric Nonlocal Super MKdV Equations: Here ā = −a and k1 = −k22 .
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aqt (t, x) = − 1

4
qxxx (t, x) + 3

2
k1 q̄(t, −x) q(t, x) qx (t, x) + 3(εx (t, x) ε(t, x))x

−3 q(t, x) ε̄x (t, −x) ε(t, x) + 3k2 q(t, x)ε̄(t, −x) εx (t, x), (109)

aεt (t, x) = −εxxx (t, x) + 3

4
k1(q̄(t, −x) q(t, x))x ε(t, x) + 3

2
k1q(t, x) q̄(t, −x) εx (t, x)

+ 3

2
k2 qx (t, x) ε̄x (t, −x) + 3

4
k2ε̄(t, −x) qxx (t, x), (110)

3. ST-Symmetric Nonlocal Super MKdV Equations: Here ā = a and k1 = −k22 .

aqt (t, x) = − 1

4
qxxx (t, x) + 3

2
k1 q̄(−t, −x) q(t, x) qx (t, x) + 3(εx (t, x) ε(t, x))x

−3 q(t, x) ε̄x (−t, −x) ε(t, x) + 3k2 q(t, x)ε̄(−t, −x) εx (t, x), (111)

aεt (t, x) = −εxxx (t, x) + 3

4
k1(q̄(−t, −x) q(t, x))x ε(t, x) + 3

2
k1q(t, x) q̄(−t, −x) εx (t, x)

+ 3

2
k2 qx (t, x) ε̄x (−t, −x) + 3

4
k2ε̄(−t,−x) qxx (t, x). (112)

9 Concluding Remarks

In this work we first presented all integrable nonlocal reductions of NLS and mKdV
systems. We gave the recursion operators and the soliton solutions of these nonlocal
equations.We then presented the extension of the nonlocal NLS equation to nonlocal
Fordy–Kulish equations on symmetric spaces. Starting with the super AKNS system
we studied all possible nonlocal reductions and found two new super integrable
systems. They are the nonlocal super NLS equations and nonlocal super mKdV
systems of equations. There are three different nonlocal types of super integrable
equations. They correspond to T-, S-, and ST- symmetric super NLS and supermKdV
equations.

From the study ofNLS andmKdV systems (both bosonic and fermionic integrable
systems) we observed that they have standard and nonlocal reductions. Moreover in
both of these systems there are at least one nonlocal reduction to a standard reduction.
For instance both systems have r(t, x) = kq̄(t, x) as a standard reduction and the cor-
responding nonlocal reductions are r(t, x) = kq̄(μ1t, μ2x) where k is real constant
and (μ1, μ2) = {(1,−1), (−1, 1), (−1,−1)}. From these reductions we obtain stan-
dard and nonlocal NLS equations and standard and nonlocal complex mKdV equa-
tions and their nonlocal super integrable extensions. ThemKdVsystemhas additional
standard and nonlocal reductions. Standard reduction is r(t, x) = kq(t, x), where k
is real constant, and its corresponding nonlocal reduction r(t, x) = kq(−t,−x) gives
the nonlocal mKdV equation. From all these experiences we conclude with a con-
jecture: If a system of equations admits a standard reduction then there exists at least
one corresponding nonlocal reduction of the same system.
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