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1. Introduction

Let us consider the following system of evolution equations in (1 + 1)-dimension,

g =Fi(q" r*, gk rk gk ), (1)

ri=Gl(gk, gk & gk Tk ), (2)

for all i,k=1,2,...,N. Here F and G, (i=1,2,...,N) are functions of the dynamical variables q(x, t), ri(x, t), and their
partial derivatives with respect to x. If the above system has a Lax pair then it is an integrable system. There are local and
nonlocal reductions of the coupled system (1) and (2). The local reductions are given by

1) = pg'(x.t), (3)
and
F(x ) = pd (. 1), )

where p is a real constant and a bar over a letter denotes complex conjugation. By these reductions the systems of
Egs. (1) and (2) reduce to one system for g'’s

G =F(¢ahah...) ij=12. N ()
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so that the system (2) consistently reduces to the above system (5). Here corresponding to (3) we have F = Flr=pq and
F =F|,_pg corresponding to (4). There are also nonlocal reductions introduced by Ablowitz and Musslimani [1-3] given as

ri(x, t) = pg'(e1x, &3t), (6)
and

r'(x,t) = pd'(e1%, &2t), (7)

for i=1,2,...,N. Here p is a real constant and 8% = 8% =1.If &1 =&, =1 the above reductions turn to be local reduc-
tions. When (&1, &) = (1, -1), (-1,1), (-1, —1), we reduce the system (1) and (2) by these nonlocal reductions to nonlocal
time reflection symmetric (T-symmetric), space reflection symmetric (S-symmetric), or space-time reflection symmetric (ST-
symmetric) differential equations.

The nonlocal reductions of systems of integrable equations were first consistently applied to the nonlinear Schrédinger
system, which led to the nonlocal nonlinear Schrédinger equation (nNLS) [1-3]. It has been later shown that there are many
other systems where the consistent nonlocal reductions are possible [4-29]. For a recent review of this subject see [27]. See
also [30] for the discussion of superposition of nonlocal integrable equations and [31] for the origin of nonlocal reductions.

One way of obtaining a system of integrable equations, in Gelfand-Dikii formalism [32], is to construct a Lax operator
on some Lie algebra. The examples of such algebras are the matrix algebra, algebra of differential operators, and algebra of
Laurent series (see [33-35] and references there in). In most cases the Lax operator is polynomial. It is a polynomial of the
spectral parameter in the matrix algebra, the operator Dy in the algebra of differential operators, and an auxiliary variable p
(momentum) in the case of the algebra of Laurent series.

When we write the Lax equation on the algebra of Laurent series we derive equations of the hydrodynamic type, that is
a system of first order quasilinear partial differential equations

k
Upt = thn(”)”mx, n= 1s 2,...,k, (8)

m=1
where u = (uq,...,u;). The derived systems are integrable. This means they admit recursion operators and multi-

Hamiltonian representation (see [33,36-38]).

For a hydrodynamic type system we also have local reductions (3), (4), and nonlocal reductions (6), (7) consistent for
02 = 1. Local reductions for the hydrodynamic type systems were considered in [36]. In this work we address to the problem
of nonlocal reductions for the Lax equations on the algebra of Laurent series.

The layout of the paper is as follows. In Section 2 we give a short review on the hydrodynamic type of (dispersionless)
equations and their Lax representations. In Section 3 we give nonlocal reductions for real and complex valued fields for
N = 2. We obtain some explicit examples of nonlocal hydrodynamic type of equations with some conserved quantities. In
Section 4 we discuss the nonlocal reductions in general and give examples for higher values of N.

2. Lax equations

In this section we describe the algebra of Laurent series, introduce necessary definitions to write a Lax equation, and
give some examples. In later sections we give nonlocal reductions of these equations.
We consider an algebra A, given by

A:{a:ian(x,t)p” :otn(x,t)eY}, (9)

where Y is either C>°(S1)-the space of periodic functions or S(R)-the space of smooth asymptotically decreasing functions
on R. A Poisson bracket on A4, is given by

of og Odf og
“ﬂg}k:pk(apa){_a){ap)’ f.ge A (10)

where k € Z.
On the algebra A we can define a trace functional

tryo = /Reska dx, acA, (11)
I

where Res, o = a;,_; (x.t). The set I is either S' for the space of periodic functions or R for the space of asymptotically
decaying functions. Using the trace functional we define a non-degenerate, ad-invariant, symmetric pairing

(a0, B) = trya- B, o, B eA (12)
The algebra .4 admits a decomposition into sub-algebras, closed with respect to the Poisson bracket,

A= Az—kﬂ @ A<—k+1s (13)
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where
As i1 =301 = Y anX P tan(x.t) €Y (14)
—k+1
and
—k
Aljp1 = 1 Qeky1 = ZOln(X, Op" rap(x,t) €Y ¢ (15)

So, we can define r-matrix mapping on A (see [35] and references therein)
1
E(Hz—k-ﬂ - H<—k+1)’

where I1. ;. and IT__,, are projections on the sub-algebras A. ;1 and A__;, respectively.
Now for a Lax operator

R, =

N-2
L=p" '+ > p'Sixt), NeN, (16)
i=—1

we can consider a hierarchy of the Lax equations (see [36])

aL m_y s 4n

BTH = {R/((LNq ”),L}kz {Lg:k+l’L}l<’ n:1,2,._., (17)
where m=0,1,2,...,(N—-2) is fixed. This is an integrable hierarchy that is the Lax equations admit multi-Hamiltonian
representation (see [33]). In particular the conserved quantities for the hierarchy are given by

On= tr L™t n=1,2,.... (18)

We note that to consider nonlocal reductions it is more convenient to write the Eq. (17) in terms of zeros of the Lax
operator. That is we set

N
Lzll_[(p—uj). (19)
Pl

Let us give some examples of the Lax equations and their conserved quantities. First, we consider examples of Lax equa-
tions corresponding to the Lax operator

L %(pfu)(pfv). (20)

Example 1. We take the algebra A with k =0 and consider the Lax Eq. (17) with a Lax operator (20). For n = 2, we obtain
the shallow water waves system

1 1

iutz = (U + V)Uy + UV, EU[Z = (U+ V)Vx + Vlly. (21)
Taking n=3,4,..., we can have generalized symmetries of the shallow water waves system. For instance, the first two
symmetries are

1 1

Fls = (U2 + 4uv + V) uy + u? + 2uv)vy, 3V = (212 + 2uv)uy + (17 + 4uv + u?) vy, (22)

and

(1 + 9P + ur? + v¥)uy + (3u® + v + 3ur? )y,

=
g
Il

Ve = (312 + 9% + 3vu? Juy + (V2 + 9vu + Ivu® + 1 vy
The above systems admit infinitely many conserved quantities. The first three of the conserved quantities are
Q, = /(uzu + ur?) dx, (24)
I
Q3 = /(u3u+3u2v2 +ur?) dx, (25)
I

Q= /(u“v + 61312 + 6u1? + 6ur?t) dx. (26)
I
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Example 2. We take the algebra .4 with k =1 and consider the Lax Eq. (17) with a Lax operator (20). For n = 1 we obtain
the Toda system

Up, = Uly, Vr, = Vlly. (27)
Taking n = 2,3, ..., we can have generalized symmetries of the Toda system. The Toda system admits infinitely many con-
served quantities. The first three of the conserved quantities are
0 = /(u+v) dx, (28)
I

Q) = /(u2 +4uv + 1v?) dx, (29)
1

Q5= f (W3 + 9u?v + 9ur? +1%) dx. (30)
1

Let us give examples of the Lax equation with more general Lax operator.

Example 3. We take the algebra A4 with k = 0 and consider the Lax Eq. (17) with a Lax operator

L= (-1)(p-)(p-w), (31)
and m = 1. For n = 1 we obtain the following system
%u[] = (—u + 02 + W +4uv + 4uw + 6vw)uy + (2% + 2uv + 6uw) vy + (2% + 6uv + 2uw)wy,
g“ﬁ = (21}2 +2uv+ 6vw)ux + (—1/2 +u? + W2 +4uv +4vw + 6vw)vx + (21/2 +6uv + 2vw)wx, (32)
gwt] = (2w + 6wV + 2uw)uy + (2w + 2wy + 6uwW) vy + (—W? + 1 + u® + 4wy + 4uw + 6uv)wy.
Taking n=2,3,..., we can have generalized symmetries of the above system. The above system admits infinitely many

conserved quantities. The first two of the conserved quantities are

Q= /(lﬂ + 12 +wW? — 2uv — 2uw — 2vw) dx, 33)
I

Q, = /(u4 + 1+ w* — 4Py — Pw — ur? — Pw —uw’® — w?) + 61212 + uPw? + 61PWR)
1
+36(u*vw + ur*w + uvw?)) dx, (34)

Example 4. For simplicity, we take the algebra .4 with k = 0 and consider the Lax Eq. (17) with a Lax operator

1
L=5(p—u)(p—ul)(p—V)(p—V1), (35)
and m = 0. For n = 1 we obtain the following system
Uy, = (U V4 Uqvy + 001Uy + UV + Uy U, + (Ut + uvq)vx + (Ul + UV,
Uy, = UV + uvy + 001Uy + UV + UV Uy + (UL 4+ U V)V 4+ UL+ UgY) Vi,
V, = (Ul 4 Uy 4+ UV1)Vy 4+ UV + VU Uy + (UV + VU U x + UV 4 U D) V1,

Vi, = (UUg + UV + U V)V + (Ur V1 + V01)Ux + (WU + 00U+ (WU + UV Uy (36)
Taking n=2,3,..., we can have generalized symmetries of the above system. The above system admits infinitely many
conserved quantities. The first two of the conserved quantities are

Q1 = / uu vy dx, (37)

1
Q= /I(uzu%vzvl + w2 + vu v ? + udv?n?) dx. (38)

3. Nonlocal reductions for two component Lax operator

To study nonlocal reductions of the Lax Eq. (17), we start with the case of two component systems. That is we study the
hierarchy

oL
i {L';,M;L}k, n=1,2,... (39)

with the Lax operator (20).
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3.1. Nonlocal reductions for real valued dependent variables

In this section we assume that our dependent variables are real valued and consider reduction of the form
v(x, t) = pu(ex, &3t) = pu. (40)

The reduced equation is the Lax Eq. (39) with the Lax operator
1
L=5(p—u)(p—pu5). (41)
To find admissible reductions we introduce the following change of variables

X=X, th=6&ta, P=pp. (42)

In new variables the Lax operator becomes

L=%(0p~u)(pp ~ pu) = pL. (43)
where [ = %(ﬁ —u)(P — puf). The Lax Eq. (39) takes the form
0 T =\k 0 nin 0 T 0 nyn 0 T
eza—fnwm = (pD) (paﬁ(p L2 ke 55 (0L) —&152(p szﬂ)paﬁ(pL)) (44)
or
0 - d - 0. J- d -
k+n+1 v _ skl Y 1n _—J_ _n _
1Y £281 oL, (L)y=p <8ﬁL>k+1 3)21“ 3;’5Lz—k+l 3I~)L>‘ (45)

It is easy to see that if p¥t"*lg,e; =1 then the hierarchy (39) with Lax operator (41) is invariant under the change of
variables and we have a consistent nonlocal reduction.

Since p2 =1, we have one condition p*e,&; =1 for all odd n and another condition p¥+!e,eq =1 for all even n. Thus,
to consider nonlocal reduction of the whole hierarchy (39) we have to split it into two hierarchies

oL 5
8Tznz{Lz'L,m;L}k, n=1.2... (46)
and
oL 2n-1
" LZ”_kH;L}k, n=12,.... (47)

Taking p, &4, and &, satisfying

pk+1 £,61 =1, (48)
we obtain nonlocal reductions for the hierarchy (46). Note that these equations admit the following conserved quantities
Qon = tr [, n=1,2,..., (49)

where L is given by (41).
Taking p, &4, and &, satisfying

pkeyer =1, (50)
we obtain nonlocal reductions for the hierarchy (47). Note that these equations admit the following conserved quantities
Qo1 = tr 21, n=12,..., (51)

where L is given by (41).
Let us give some examples. As a first example we consider the shallow water waves system. Note that from now on in
all examples in the text we let t, =t for alln.

Example 5. To have nonlocal reductions of the shallow water waves system (21), we need to work with the hierarchy (46).
Taking p, &4, and &, satisfying (48) we obtain possible reductions.

a. S-symmetric reduction, p = -1,61 = —-1,65 =1, is
1
iut(x, t) = (U, t) —u(=x,t))ux(x, t) — u(x, )ux (=X, t). (52)

It has infinitely many symmetries, with the first symmetry, the reduction of (23), being
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%ut (x.t) = (13 (x.t) — QP (X, YU (=X, t) + Ju(x, U (=X, t) — 13 (=X, 1) )ux (X, 1)

—(3uP(x, t) — U (x, )u(—x, t) + 3u(x, OU (=X, 1) )ux (=X, 1). (53)
The above equations have infinitely many conserved quantities. The first two conserved quantities are
0, = [I(—uz(x, OU(=x, ) + 1(x, O (. £)) dx. (54)
Q4= [I(—u4(x, Ou(=x,t) +6u3(x, Hu*(=x,t) — 6u?(x, OHud (=x, t) + ux, t)u*(=x, t)) dx. (55)
b. T-symmetric reduction, p = —1,&61 =1,65 = -1, is
%ut(x, t) = (u(x, t) —u, —t)ux(x, t) — u(x, t)ux(x, —t). (56)
It has infinitely many symmetries, with the first symmetry, the reduction of (23), being
%ut(x, 6y = (P —-9uPx Ou —t)+u HuF (x, —t) — 1 (x, —t) )ux(x, t) (57)
= (3P (x. t) — P (x, )u(x, —t) + 3u(x, Hu? (X, —t) )y (x, —1).
The above equations have infinitely many conserved quantities. The first two conserved quantities are
0, = fl(—uz(x, U, —t) + u(x O (x, ) dx. (58)
Qs = /I(—u“(x, ux, —t) + 6u3 (x, Hu(x, —t)? — 6u (x, )u(x, —t)> + 6u(x, tHu*(x, —t)) dx. (59)
c. ST-symmetric reduction, p = 1,61 = -1, = -1, is
%ut(x, t) = (u(x,t) + u(—x, —t))ux(x, t) + u(x, t)ux(—x, —t). (60)
It has infinitely many symmetries with the first symmetry, the reduction of (23), being
%ut (x.t) = (U2 (6. £) + 9> (x, O)u(—X, =) + Ju(X, O)U? (=X, =) + UP (=X, =) )ux (%, 1)
+ (U (x. £) + 9u? (x, D)u(—x, —t) + 3u(x, U (=X, —t) )ux (=X, —t). (61)
The above equations have infinitely many conserved quantities. The first two conserved quantities are
0, = /I(uz(x, DU(—x, —t) + 12 (x, O)u(—x, 1)) dx, (62)
Q4= /I(u“(x, Du(=x, —t) + 63 (x, Hu(=x, —t)* + 6u? (x, OHu? (=X, —t) + u(x, t)u*(=x, —t)) dx. (63)

We can also consider the reductions for the odd symmetries of the shallow water waves equations.

Example 6. To have nonlocal reductions of the system (22), we need to work with the hierarchy (47). Taking p, &1, and &5,
satisfying (50) we obtain one possible reduction.
ST-symmetric reduction, p = 1,61 = -1,y = -1, is

1
FU. 1) = (u(x. )% + 4u(x. Ou(=x, =t) + U (=X, =) )ux (X, ) + (2u> (%, £) + 2u(x, Ou(—x, —t))ux(—X. —t).  (64)
The above system has infinitely many symmetries and conserved quantities. The first two conserved quantities are

05 = /I(u3 (X, O u(=x, —t) + 3u?(x, )u? (=x, —t) + u(x, Hu(—x, —t)*) dx, (65)

Q5 = /(u5 (x, Ou(=x, —t) + 10u*(x, t)u (=x, —t) + 20u3(x, t)u> (=x, —t)
I
+10u2 (x, tu* (=x, —t) + u(x, t)u’ (—x, —t)) dx. (66)
Let us also consider the reductions of the Toda system.

Example 7. To have nonlocal reductions of the Toda system (27), we need to work with the hierarchy (47). Taking p, &1, and
&, satisfying (50) we can obtain the following reductions: S-symmetric reduction, p = -1, &1 = —1, & = 1; T-symmetric re-
duction, p = -1, &1 =1, &, = —1; ST-symmetric reduction, p = 1, &; = —1, &, = —1. For instance, the ST-symmetric reduction
of the Toda system is

Ur (X, t) = u(x, )y (=x, —t). (67)
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It has infinitely many symmetries, with the first symmetry
1
FUE.0) = 2u(x, £) (u(X, Ou(=x, —t) + 1 (=x, —t) )ux (X, t)

+ux, ) (U (x, £) + 4ux, Ou(=x, —t) + u? (x, t) )ux (=x, —t), (68)

which is the ST-symmetric reduction of the second equation in the hierarchy (39). It also has infinitely many conserved
quantities. The first two conserved quantities are

0, = /I(u(x, £) + u(—x, —t)) dx. (69)

Qs = /I(u3 (x, 1) + 9u? (x, Hu(—x, —t) + u(x, t)u? (—x, —t) — u3(—x, —t)) dx. (70)

Remark 3.1. We considered the reductions for the whole hierarchy (39). We can also consider nonlocal reductions just for
one equation from the hierarchy. For instance, taking k =0 and n =2 in (39) we get the following equations:

1
iut = (U + V)Uy + Uy, (71)
1
EU[ = (U + V)Vx + V. (72)

Let us consider nonlocal reductions of these equations only. Assume that v(x, t) = pu(ex, &5t) = puf, where 8% = s% =1,
and p is a real constant, then the above system takes form

1 1
Zut = (uf + Eu)ux + uug, (73)
1
SE182U = (U 4 pu)uy + uus. (74)

For consistency, we must have p = g1&, which is the same condition as equality (48). Therefore working with the whole
hierarchy we obtain all possible cases.

3.2. Nonlocal reductions for complex valued dependent variables

In this section we assume that all dependent variables are complex valued functions. To study reductions of such equa-
tions it is convenient to introduce a constant in the Lax equation (39) by setting new time t’ = at, a € C. So we consider a
hierarchy

aL
aaTnz{L';kH;L}k, n=1.2,.... (75)
Note that after the change of the time variable we shall use again t to denote new time.
The reduction is of the form

v(x, t) = pt(eX, &at) = pu®. (76)
To find admissible reductions we use the following change of variables

f=ex, fi=6ety, P=pp. (77)
In new variables the Lax operator becomes

L= (0p~u) (P~ pi) = L. (78)
where L' = %(ﬁ— u)(p — pu®) and the Lax Eq. (39) takes the form

0 T =\k d neynn 0 T/ 0 n/ynn 0 T/

aeza—&(pl ) = (pD) (paﬁ(p (L Z,kﬂ)slﬁ(pL ) — &1 ﬁ(p (L )2,,(+1)pa—ﬁ(pL ) ) (79)
Taking complex conjugates of both sides in the above equality we can get

_ d 0 d d d

k+n+1 (1) = §¢ = (1/\n el (e 1AV a4
ap 281 pra L) =p <8ﬁ(L L i 8)?L 7% L e 8f)L ) (80)

If @kt *1e,e; = a then the hierarchy (75) is invariant under the change of variables and we have a consistent nonlocal
reduction.
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Since p2 = 1 we have one condition @p¥e,&; = a for all odd n and another condition @p**+'e,&; = a for all even n. Thus,
to consider local reduction of the hierarchy (75) we have to split it into two hierarchies (46) and (47) as in the real case.
Let us give one example of the reduction for complex valued dependent variables.

Example 8. We take k = 0 and consider the hierarchy (75) with n even. The first system corresponding to n =2 is

auy = 2(u+V)uy + 2uvy, (81)
avy = 2(U+V)Vx + 2VUy.
Taking p, &4, and &, satisfying ape,e1; = a we obtain possible reductions.
a. S-symmetric reduction, &1 = -1, &5 =1, is
a _ _
5l x,t) = (u(x,t) + pu(—x,t))ux(x, t) + pu(x, t)ux(—x, t), (82)

where we can take p =1 and the constant a equals to a pure imaginary number or p = —1 and the constant a
equals to a real number. The above equation has infinitely many symmetries and conserved quantities. The first two
conserved quantities are

0, = /I(—u2 (x, ) pu(=x, t) + u(x, t) pu?(—x, t)) dx, (83)

Q4 = /I(—u4(x, ) pl(=x, t) + 6u3(x, t) pii® (=x, t) — 6U>(x, t) pil> (=X, t) + u(x, t) pi* (—x, t)) dx. (84)

b. T-symmetric reduction, &1 =1, &, = -1, is
%Ur(x, t) = (U, t) + pu(x, —t))ux(x, t) + pu(x, t)ix(x, —t), (85)
where we can take p =1 and the constant a equals to a pure imaginary number or p = —1 and the constant a

equals to a real number. The above equation has infinitely many symmetries and conserved quantities. The first two
conserved quantities are

0, = fl(—u2 (x, t)pii(x, —t) + u(x, t) pii> (x, —t)) dx, (86)

Q4 = fl(fu“(x, t)pi(x, —t) + 6u3(x, t) pii® (x, —t) — 6u>(x, t) pil> (x, —t) + u(x, t) pi (x, —t)) dx. (87)

c. ST-symmetric reduction, &y = -1, &, = -1, is
%ut (x,8) = (u(x,t) + pu(=x, —t))ux(x, t) + pu(x, )ux (=X, —t), (88)
where we can take p =1 and the constant a equals to a real number or p = —1 and the constant a equals to a
pure imaginary number. The above equation has infinitely many symmetries and conserved quantities. The first two

conserved quantities are

Q= fl(—uz(x, D) pil(=x, —t) +u(x. t) pi* (=X, ~t)) dx, (89)

Q4= /I(—u4(x, t)pt(=x, —t) + 6u(x, t) pit? (—x, —t) — 6u?(x, t) pii> (=x, —t) + u(x, t) pr*(—=x, —t)) dx. (90)

4. Reductions with a general Lax operator

To study nonlocal reductions of the Lax Eq. (17) with the general Lax operator (19), we can divide the variables u; into
pairs and set variables that do not have a pair to zero. For each pair of variables we consider a relation similar to (40) and
proceed as before. As an example let us consider two special cases.
4.1. Three component Lax operator

In this section we take the Lax operator

1
L=5(p—u)(p—1/)(p—W), (91)

and consider the hierarchy (17) with m = 1. Thus we have

oL 3+n
e {L;,M;L}k, n=12,.... (92)
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4.1.1. Real valued dependent variables
First we study reductions for real valued dependent variables. A nonlocal reduction has a form

v(x, t) = pu(ex, &ot) = pub. (93)
To find admissible reductions we use the following change of variables
R=ex, =6ty p=pp. (94)

In new variables the Lax operator becomes

L= 5 (pB—u)(pp— pu)(pp—w) =L 5]

=

where [ = l(ﬁ —u)(p— pu®)(p— pw?). Also in new variables we have L3 = plz.
The Lax Eq. (92) takes the form

0 ¥ ~\k 0 34n 0 - 0 Fyn 0 -
gzaffnl‘— (oD) ('OaﬁpLZk“g]a)?L_gla)?pLik+1p8[3L)’ (96)
or
0 - J -1 d- 0 :1 d -
k T 7_sl Ty Yy  Yyatn Y
prE2E BfnL =p <3ﬁsz+1 ozt T arlskn 315]‘)' (97)

Now we set w =0 in the Eq. (92) and w® =0 in the Eq. (97). It is easy to see that under these conditions the hierarchy
(92) is invariant under the change of variables if

pkerer = 1. (98)
So, we have a consistent nonlocal reduction if the above condition is satisfied.

Example 9. Let us consider reductions for the system (32). The condition (98) takes the form e,&; = 1. Thus we can have
only ST-symmetric reduction. Taking €; = —1 and ¢, = —1 we get ST-symmetric nonlocal reduction. For p = 1, the reduced
equation is

gut = (12 (X, t) + 1P (=X, =t) + 4u(x, OU(=X, —t) )y (%, t) + (2u? (X, £) + 2u(X, (=X, —t))ux (=X, —1). (99)

The above system has infinitely many generalized symmetries and conserved quantities. The first two conserved quantities
are

0 = /(u2 (x, ) + u?(=x, —t) — 2u(x, t)u(—x, —t)) dx, (100)
1

Q, = /(u“(x, ) + ut(=x, —t) — 4ud(x, tH)u(=x, —t) — du(x, > (=x, —t) + 6u*(x, t)u?(=x, —t)) dx. (101)
1

4.1.2. Complex valued dependent variables
In this section we assume that all variables in the Lax Eq. (92) are complex valued functions. As in the case N =2, we
transform the Lax equation to the form

aﬁ:{ﬁ" -L}, n=12..... (102)
oty z k

The reduction is of the form
v(x, t) = pli(e1x, got) = pu®. (103)
To find admissible reductions we use the following change of variables
X=¢e1x, th=6xtn, P=pp. (104)

for the Lax Eq. (102).
In new variables the Lax operator becomes

1 . - _ - -
L= _5(pp—u)(pp - pi)(pp-w) =L (105)

_1
where L' = l(ﬁ— u)(p — puf)(p — pw®). Also in new variables we have L7 = pl'2.

The Lax Eq. (102) takes the form

d 5 ~\k 0 o5 0 = 0 - 54N 0 =
aaza—fnL = (pp) (paﬁpL S k1€ 872L 7815;& Z_k+1pa—ﬁL . (106)
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Taking complex conjugates of both sides in the above equality we get
_ 0 d 1 0 a 1 a
Mleger L = pF( axl'25 a5l — a5l 20 ==l ). 107
ap”™ &2&1 oz, p (313 = k19 T 9% =k 3p (107)

Now we set w =0 in the Eq. (92) and w® =0 in the Eq. (97). It is easy to see that under these conditions the hierarchy
(92) is invariant under the change of variables if

apke,e1 = a. (108)
So, we have a consistent nonlocal reduction if the above condition is satisfied.

Example 10. Let us consider reductions for the modified system (32) (the time is redefined to introduce the multiple a).
The condition (108) takes the form de,&; = a. Thus we can have S-symmetric, T-symmetric, and ST-symmetric reductions.

For instance, taking a purely imaginary, €1 = —1, and &, = 1 we get S-symmetric nonlocal reduction. For p = 1, the reduced
equation is
gaut = (—Uu? (X, ) + T (=X, 1) + 4u(x, OU(—%, 1) )ux (%, £) + (2u> (X, 1) + 2u(x, DU(=X, 1) )T (X, 1). (109)

The above system has infinitely many generalized symmetries and conserved quantities. The first two conserved quantities
are

0 = /I(u2 (%, t) + 0% (=x, t) = 2u(x, t)ii(—x, t)) dx, (110)

Q, = /I(u4 (x, t) + ut(=x,t) — 4ud (x, )u(=x, t) — du(x, )i (=x, t) + 6u% (x, t)i%(=x, t)) dx. (111)

4.2. Four component Lax operator

In this section we take the Lax operator

1
L=E(p—u)(p—m)(p—v)(p—v]), (112)
and consider the hierarchy (17) with m = 0, for simplicity. Thus we have
oL
aTn:{L;kH;L}k, n=12.... (113)

4.2.1. Real valued dependent variables
First, we study reductions for real valued dependent variables. A nonlocal reduction has a form

ui(x,t) = pu(erx, eat) = pué, vi(x,t) = pv(e1x, &3t) = pr. (114)

To find admissible reductions we use the following change of variables

X=e1x, En:82tns ﬁ=:0p (115)
In new variables the Lax operator becomes
1 . . B - -
L= ﬁ(pp—ue)(pp—pu)(pp—vs)(pp—m/) =pL, (116)

where [ = %(ﬁ —u)(p— pu®)(pp—1v°)(pp — pv). The Lax Eq. (113) takes the form

0 ~ ~ d nin 0 - 0 nfn d -
823—&(/1) = (pp)"<paﬁ(p L. k155 (0) —e152(0"L )>-k+1paﬁ(L>> (117)
or
0 = f 0+ 0~ 0- a -
p”*"+18281875n(1~) = Pk<8ﬁﬂlk+18gl~ - M’“gkﬂg)ﬁL)‘ (118)
If
pn+k+1828] -1 (119)

then the hierarchy (113) is invariant under change of variables and we have a consistent nonlocal reduction. As in the case
N = 2, to have integrable hierarchy of nonlocal systems we have to split our hierarchy into two hierarchies: one with even
n and another with odd n.



M. Giirses, A. Pekcan and K. Zheltukhin /Commun Nonlinear Sci Numer Simulat 85 (2020) 105242 1

Example 11. Let us consider reductions for the system (36). It follows that for nonlocal reductions we have to consider the
systems of hierarchy (112), corresponding to odd n. The condition (119) takes the form &,&; = 1. Thus we can have only
ST-symmetric reduction, ¢; = —1, &, = —1. Taking p =1 and setting u;(x,t) = u(—x, —t) = u® and v;(x,t) = v(-x, —t) = 1°
we obtain ST-symmetric nonlocal reduction.

Ut

v+ u®V® + vv®)uy + (uv + uv®)uf + (uu® + uv®)uy + (uu® + uv)vsg, (120)
v o= (uu® +ur® + utv)ux + (WY + P )uy + (uv + wP)Huf + (uv + utv)vy.

The above system has infinitely many generalized symmetries and conserved quantities. The first two conserved quantities

are

Q= /uusvvg dx, (121)
1

Q) = /(u2 W28 + u? (Wf)2v(1%)? + u?ufr? (V9)? + u(®)1? (1°)?) dx. (122)
1

4.2.2. Complex valued dependent variables
In this section we assume that all variables in the Lax Eq. (113) are complex valued functions. As in the case N = 2, we
transform the Lax equation to the form

oty

The reduction is of the form

>

L il},  n=12,.... (123)
uq(x, t) = pi(e1x, &xt) = pu®, v (X, t) = pU(€1X, £at) = pV°. (124)
To find admissible reductions we use the following change of variables
X=ex, fh=etn, P=pp, (125)

for the Lax Eq. (123).
In new variables the Lax operator becomes

L= (0D~ ) (0P~ pI)(pD ~ V") (PP~ p7) = L (126)
where L' = %(ﬁ— u)(p— pu®)(p—v)(P— pv*). The Lax Eq. (123) takes the form
ae2-0- (o) = (PP P (P V) sirer 2 (PL) — 1 (0" (I k1P 2x (D) ) (127)
oty ap =T o% ox =1 a9p
Taking complex conjugates of both sides in the above equality we get
_ d 0 d d d
k+n+1 (1Y — Ak (r\n I Y 1A/ Yo
ap £2€1 PIA L)y=p <8ﬁ (LY S)ZL 32@ >—k+1 3ﬁL ) (128)
If
apkm+le,e; = q, (129)

then the hierarchy (123) is invariant under the change of variables and we have a consistent nonlocal reduction.
Since p2 =1 we have one condition @p*e,&; = a for all odd n and another condition @o**+'e,e; = a for all even n. Thus,
to consider nonlocal reduction of the hierarchy (75) we have to split it into two hierarchies as in the real case.

Example 12. Let us consider reductions for the modified system (36) (the time is redefined to introduce the multiple a).
It follows that for nonlocal reductions we have to consider the systems of hierarchy (123) corresponding to odd n. The
condition (129) takes the form de,e; = a. Thus we can have S-symmetric, T-symmetric, and ST-symmetric reductions. For
instance, taking a purely imaginary and ¢; = —1, &, = 1 we get S-symmetric nonlocal reduction. Taking p =1 and setting
uy(x,t) =u(—x,t) =u® and v1(x,t) = v(—x,t) = ¥* we can write the reduced equation as

auy (T v+ TV + 007 )y + (uv + ut® )iy + (ut® + ut” ) v + (ul® + uv)7,,

_ L » B L o (130)

avy = (uua +ut® + usvg)vx + (usv + mf)uX + (uv + vv‘g)u,‘f + (uv + usv)vi.
The above system has infinitely many generalized symmetries and conserved quantities. The first two conserved quantities
are

0 = / Wi Vie dx, (131)
I

Q, = ./1(u2 @ )2020F + u? (@8)2v(0%)? + v?ufv? (V%)% + u(@®)?1? (V°)?) dx. (132)
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5. Conclusion

We have found all possible nonlocal reductions of the hydrodynamic type of equations in (1 + 1) dimensions. Such re-
ductions are possible only for all even numbered systems. We have given examples of nonlocal reductions for N =2 and
N = 4 when the dynamical variables are real and complex valued functions. For the complex valued dynamical variables we
have all kinds of nonlocal reductions, namely space reflection, time reflection, and space-time reflection. The new nonlo-
cal systems admit Lax representations and possess infinitely many conserved quantities. We gave some examples of these
conserved quantities of the new nonlocal reduced systems.
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