ON A PARTICULAR TYPE OF PRODUCT MANIFOLDS
AND SHEAR-FREE COSMOLOGICAL MODELS
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ABSTRACT. Shear-free flows or observer fields are important objects of
study in general relativity; stationary or rigid observers are important
examples of shear-free reference frames. In this paper, we introduce a
geometric structure based on a local coordinate expression of metrics
admitting a shear-free reference frame. Furthermore, we investigate a
large sub-class of these models (“tilted” warped products) that includes
the Robertson—Walker spacetime, the Gdédel spacetime and other models
of Godel type. We present a novel example of a rotating and expanding
cosmological model that is contained in this class. Finally, we describe
the geodesic barotropic perfect fluid solutions.

1. INTRODUCTION

In general relativity, many known exact solutions of Einstein’s equations
admit symmetries such as being (conformally) stationary or static. The
metric of spacetimes admitting such symmetries may locally be written in
certain well-known standard forms, for example, a warped product in the
static case. A considerable amount of work has been invested in the question
when such symmetries yield a global structure of this kind, a problem which
is usually tied to issues of causality (cf. for example [19]). In the following,
we will derive and analyze a standard form for spacetimes admitting a shear-
free reference frame, and apply the results in the construction of cosmological
models.

Notation and Conventions. Let M be a d-dimensional smooth manifold,
and g a Riemannian or Lorentzian metric on M; the Levi-Civita derivative
associated with g will be denoted by V. We will also write v Aw =v Q@ w —
w®vand vVw=v®w+w® v for one-forms v and w on M.

Now let V' be a reference frame, i.e., a cospacelike vector field V on M with
lg(V, V)| = 1. We will write u := g(V, -) and P := g —eu®u, where ¢ = +1
in the Riemannian and € = —1 in the Lorentzian case.
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The 1+ (d — 1)-decomposition of the tensor field (Vu)(X,Y) := g(VxV,Y)
(with vector fields X,Y) is then given by [18, p. 83]:

©
Vu=0c—-—w+-—P+cu®u,

d—1
with the kinematical quantities:
O =divV expansion scalar,
u=g(VyV, ) acceleration,
1 . -
w=-—35 (du + et A w) vorticity tensor,
1 . ©
o =sym(Vu) — el Vu— ﬁP shear tensor.

Remark 1.1. Employing Einstein’s summation convention, in local coordi-
nates,

e = Vkuk, 711' = ukvkui, Wij = —Pkl- PIJV[kul],
O'ij = sz Pl] V(kul) — 76{ _ lpij.
Here, parantheses (brackets) denote (anti-)symmetrization. In this paper,
we will use both index notation and coordinate-free notation.

We will mostly be concerned with the Lorentzian case and applications to
general relativity. However, we we will also treat the case ¢ = 41 in the
proof of Theorem 3.6.

2. SHEAR-FREE REFERENCE FRAMES

Shear-free reference frames frequently appear in general relativity. For ex-
ample, any (conformally) stationary, Hubble-isotropic [17] or rigid reference
frame is shear-free. Furthermore, an important and still unsettled conjecture
states that shear-free barotropic perfect fluids have vanishing vorticity or ex-
pansion [26]. Finally, it should be noted that a reference frame is shear-free
iff it is spatially conformally stationary [11, Def. 3.1].

Locally, any metric admitting a shear-free reference frame can be brought
into a standard form, see also [4, 14]:

Proposition 2.1. Let (M, g) be a Riemannian or Lorentzian manifold ad-
mitting a shear-free reference frame V, w = g(V, -). Then about each point
p € M there exists a chart (U,n) with coordinates n = (2°, 2, . .. ,wd_l) =

(t,xz) such that V = 0; and
(2.1) 913 (t,x) = eu;(t, x)u;(t, @) + a*(t, 2)hij(z)
where a is a function on n(U).

Proof. Since V' has no zeros, there exist local coordinates n = (t,z) such
that V' = 0, hence V' = u' = §"; [23, p. 30]. We may assume that n(U) is
of the form I x Uy where I C R is an intervall with 0 € I. In this comoving



ON A PARTICULAR TYPE OF PRODUCT MANIFOLDS AND SHEAR-FREE COSMOLOGICAL MODELS

coordinate system, € = gijuiuj = goo and u; = gr;u* = go;. The coordinates
of the covariant derivative of u are thus given by

1
Viuj = 0;goj — igkIQOk(aigjl + 0j9i1 — 019ij)
1
= 5(@90;‘ — 0j90i + 00gij)-

For the acceleration, one has in particular:

) 1
;i = u"Viu; = Vou; = dogoi — = 0igoo = ogoi-

2
In the same manner, we obtain a similar expression for the shear:
1 1
oij = 5(309@‘ + €90;0090i + £90i0090;) — ﬁ@Pij
1 1

Now suppose that ;; = 0. We can solve the last equation for the components
of the projection tensor F;;, which leads to

(2.2) Pij(t,z) = a®(t,z)P;;(0,2).
with
t
(2.3) a(t, ) = exp dil/@(t,’x) dt’
0
Defining h;;(z) = P;;(0, ) yields the result. O

Remark 2.2. Shear-free metrics with vanishing acceleration as well as van-
ishing expansion, i.e., with a(¢,z) = 1 and 4,(¢,z) = 0, have been studied
in [13, 15], called Godel-type metrics.

3. “TILTED” TWISTED PRODUCTS

Setting b; := t ; —eu; in the local expression (2.1) for shear-free manifolds, we
see that the observer field is g-perpendicular to b: u*b;, = 5k050k —e-ubuy, =

0. This motivates the definition of the following geometric structure:

Definition 3.1. Let ¢ € {—1,4+1}. We define the tilted twisted product of
an interval (I, edt?) with a connected Riemannian manifold (N, h) to be the
product manifold M = I x N, furnished with the metric tensor

(3.1) g = e(nidt — b)% + a*m3h,

where a is a given real-valued, positive function on M, and b is a one-form
on M which is tangent to each hypersurface Ny := {s} x N, i.e., b(9;) =0
where 0; is understood as the lift of the canonical vector field on 1.
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We will also write (M, g) = (I,edt?) X 4 4) (N, h) for this structure. We have
that (M, g) is a connected Riemannian (Lorentzian) manifold for ¢ = +1
(¢ = —1) with shear-free reference frame V = 0;. Any metric admitting a
shear-free reference frame is locally isometric to a tilted twisted product. If
the twisting function a only depends on ¢, we will speak of a tilted warped
product. To keep the notation clear, we will omit the projections w1, mo in
the following. Of course, the terminology refers to twisted products [24] and
tilted cosmological models [7].

In order to analyze the causal structure and calculate the Ricci curvature of
tilted warped products, we need the following:

Lemma 3.2. The inverse metric of a tilted twisted product (M, g) = (I, edt?) X (b,a)
(N, h) is given by

1
g7 = o (07 (B + ea®)0 0 8+ 0, v (07 (b))

where h=1 is understood as the lift of the inverse metric on N, and || - || is
the norm induced by the Riemannian metric h, i.e., ||b|| = (h=1(b, b))%

Proof. Given adapted coordinates on I x N, the metric tensor has the fol-
lowing block matrix form:

(gi7) = € —eb
9ii) =\ —ebT  a2h +ebTh )
with its inverse

i L (bh™'T +ea? bR
(g ) - a2 h—le h—l :
Ul
In adapted coordinates (t,x) = (¢,21,...,24-1), we have
1 o . .
(3.2) g’ = = (7 + (||b]|* + ea®)u'v? + 'V + u/b')

with Bikhkj = 5ij — 601'63), = 5ij — tjui and b = hi*b, = —eh/Fuy,. Any time
an index is raised with A", we will indicate this with an overbar.

Causal Structure.

Proposition 3.3. A tilted twisted product spacetime (I, —dt?) X (b,a) (N, )
is stably causal if ||b|| < a. It is non-chronological if N is compact and there
exists a slice Ng with ||b||, > a(p) for all p € N.

Proof. 1f ||b]| < a, the global coordinate ¢ is a temporal function [2]:

-1 6] — a®
dt,dt) = ——— < 0.
g~ (dt,dt) 2
It is not difficult to see that in the Lorentzian case, at some point p € Ny, the
hyperplane tangent to N, is spacelike iff ||by|| < a(p), timelike iff ||b, || > a(p)

and lightlike iff ||b,|| = a(p). If ||b]] > a on a slice, it is a compact timelike
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hypersurface which must contain a closed timelike curve. (This may only
happen if N has vanishing Euler characteristic.) [l

Example 3.4. The non-chronological Godel spacetime [12] with metric
1
g=—dt* — V20t v dy + da? — 5(—:'2‘/§°J(’3Cdy2 + dz?

defined on M =R x R3 is a tilted product (M, g) = (R, —dt?) X (b,a) (R3, )
with h = da? + 1e2V207dy? + d2? and b = —eV20dy. It holds ||b]> = 2 >

1 =da2

Remark 3.5. Tilted twisted product spacetimes with a = 1 and [|b|| < 1 are
conformally equivalent to standard stationary spacetimes, the causal struc-
ture of which has recently been studied in a number of articles [8, 10, 19].

Ricci Curvature. The 1 + (d — 1)-composition of the Ricci and scalar
curvature of a tilted warped product (i.e., a tilted product metric (3.1) with
a scale parameter that only depends on the coordinate t) is given by the
following;:

Theorem 3.6. Consider a tilted warped product (M,g) = (I,edt?) x4
(N,h) and introduce adapted coordinates (t,x). Then, the components of
the Ricci tensor of (M, g) are given by:

Rij = rij — bibj — Dby — bibjyy — (d — 3)0D by — (d — 5)0b(;b;)

2 . i _
* ;i [ e+ (2 + (d = 3)68 Yy + By + gy |

i [ B = e + (bl + 2u) — (@ - 162 +6)|
| at 242 Y
+ [(a—3)6% - 9‘)} bib; — 2e(d — 2)0ub;) + 2e0ub;,

+ [<62(( = BB + £(d — 1)a2) — 6Bl + a?) — B((IBI?)* + Di*)] .

Here, ri; are the components of the Ricci tensor of (N,h), and D is the
Levi—Civita derivative of the transversal metric h. (Both pulled back via the
projection, i.e., rio = ro; = 0 and Dgb; = 0 is understood.) Furthermore,
0 = (loga)*® is the Hubble parameter, w;; = —eDy;bj) the vorticity tensor
and J; := Dk@ki. The scalar curvature R of (M, g) computes to:

a’R =1 — a2 ||w||® — (||b]|?)** — (2d — 5)0(||b]|*)* — 2Db* — 2(d — 2)6D;b"

—e(d —1)a®(d6? + 20) — (d — 2)||b]|>((d — 3)6% + 26).

Proof. If not otherwise noted, indices will be raised and lowered via the
metric g, partial derivatives will be denoted by commas. Note that the

Christoffel symbols of the Levi-Civita connection induced by the non-tilted,
non-warped metric § = edt? + h may be written as

1
TS = 50" (i + nij = hijin)
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Writing f;; := u; j — u;,;, the Christoffel symbols corresponding to g on the
other hand are:

1
F?j = igkn (Gnj,i + Inij — Gijn)

13
= 3 (uk(um- + ui,j) + Ujfki + uszj)

1
+ §a2gkn(hnj,i + By — hijm) + ag"™ (aihn; + ajhn — anhij).

Using the equation (3.2) for the inverse metric and plugging

1 _ _

iang"(han + hpij — hijn) = Ffj — 5ukunI‘%
into this expression gives the following, denoting the Levi—Civita derivative
with respect to g by a vertical bar:

€
Ffj = Ffj—l-i ((ui‘j + Uj‘i)uk + Uifkj + ujfki>—i—agk”(a,ihnj—|—a,jhm-—a,nhij).

Note that #;; = 0 (thus u,;; = —¢b;|;) and uk‘i = 0. Since we assume that a
is constant on the slices, we have a j = at; and may write
k mk k ek
(3.3) Iy =15+ 8% + (loga)* Q¥
where
€
IBkij = 5 ((um + um)uk + Uz‘fkj -+ ujfkl)
Qkij = azgkn(tihnj —+ tjhm — tnhi]’).
These tensors may be contracted as follows:
(3.4) 266" = (Wi + upyy)Ju® + ¥ (ugyy — ugy) = 0
and
(35)  QF; = a’(t"hnj + tjh" — tFhyy) = (8%, — euPup) = (d — 1)t;.

Now the general formula for the components of the Ricci tensor in a given
coordinate basis is

k m k Tm
D5 — D L

k k
Rij =T0 = Thaj

ij,k
If we plug in (3.3) and account for (3.4), (3.5) the result is:
Rij = Rij + 5kij|k - ﬁkimﬁmkj + ((loga)*)® ((d - 1)thkij - QkiQOkj)
+ (loga)* (tksz’zj —(d— 1)mj)
(3.6)
+ (loga)® (Qki]’\k +(d - 1)%5%’ - 5k¢QOkj - Bmkj Qk@m) .
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We will compute the missing terms. First, denoting @; = u*Vyu; = —6ukbi‘ E =
—Ebi,

ko _ - . k k k rk

. . 1
= fauf*; + uifkj‘k + Ujfk¢|k; Ul T i g ((uz|k +ugi) [+ (g + Uk\j)sz‘>
and
45kimﬁmjk = [(wipm + um|i)uk +um P+ uiff,] (g + g )u™ + wi f™ + upf™ ]
= 2umj — fguiuj + 21lm(ui|muj + uj|mul-)
+ Efmj (uz\m + um|z) + 5fmi (uj|m + um|j)
with f2 := finf™". Thus,
€ )
B = BB = §(fz‘kfkj i fR w0 B+ b))
1
_ 5(
Note that 2w;; = a4hikhjlfkl, and we have f;; = 2w;; + ulbj — u]bl (in
particular, u" f,; = €b;) and
a ¥ = (B 4+ (|b]* + ea®)uFu™ + uF0" + u"0F) fi
= ﬁkn(me + upb; — uibn) + zs(HbH2 + saz)uki)i + ukE"(2wm + upb; — uibn) + ebb;

. . 1.. 1
(3.7) bj|i + bi|j) - gbibj + szUiuj.

= 20" i + 20F 0" wn; + a?uFb; — b uFu; — bru,.
Via similar calculations, this implies with [|w]|? := A" hI™w;jwpn:

(3.8) anikfkj = 4h*"w, w4 QZn(wnjui + wnittg) — 10| Puiu; — eabb;

and
4 2e .
2 2 2

. = — —|b]]*.
(3.9) 72 = Sl + S5
Furthermore note with

1 - _ . .
(3.10) teft = 5 (2b"wn; — (Db )ui) + bi,
we have
a2fki|k' = —2a%(log a)*ti /% + |20 W + 2080w + a®uFb; — Dby uFu; — b, "
= —4(log a)*b"wp; + 2(log a)'(l_)”l.)n)ui + 2Bk”wm~|k + 20" + Qi)nwm-

(3.11)

+a%hy — (B"b)*wi + e(0"bn)b; — (0F ) )ui + Dby
Also,
a® P (bypu; + bjpu) = —e(RF + (||b]* + ea®)uFu™ + uFb™ + u"b®) (bypu; + bjjpui)by
(3.12) = —€gk(bi|ku]' + b]‘kul) — E(Bnbn)(i)in + bjuz)
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Plugging equations (3.8)—(3.12) into (3.7), we get with (Izij = hinw,,;
i - 1. . .. § |2
Bt = Brim B = —bibj — 5 (bifj + bjpa) + 5 (biw + bjus) + = -uiv
£ _ o7 . — . ° =
+5 [2wkjw,~k + (2(log a)*b"by — (67D)* — B ) Jusu;
+ 2(1_)" — (log a)'l_)”)(wnjui + wniuj) + B"(wmuj + Wnjui)

The following formulas may be easily found by realizing that b; = athhki =
aQbkhki:

(3.14)
(d— b, — 05, 0™ = (d = 3y — (d— Dyusuy — (d— BB + 0V,
(3.15)
thkij - (d — 1)15@'75]' = —(d — S)bibj — (d — 1)uiuj — (”b||2 + EGQ)hij — S(d — 2)(uibj + blu])

As for the remaining terms, those compute to:

(3.16)
Qkij|k = i)ibj + bji?i + s(uii)j + bzu]) — (25nbn + 2eaa + Ek‘k) hij,
(3.17)
m 1 € 7n £ : . € ni

tmﬁ ij = —§(bz|j + ble) + ?b (U.)mu]' + wnjui) + §(bzuj + ulb]) - ?(b bn)uiuj,

(3.18)
m k
&S m; = —bjjs-

We note that Rij = rij and b;; = Djb; + bitj. With this, plugging (3.13)—
(3.18) into (3.6) finally yields the expression for the Ricci tensor; the scalar
curvature of course follows from computing the trace (with respect to g). O

For the remainder of this work, we will be concerned with applications in
general relativity, and the following will be useful:

Corollary 3.7. Suppose Einstein’s equations R;; — %gij = 7;; hold for a

tilted warped product spacetime (I, —dt?) X (ba) (N, h) with d = 4. Let the
usual 1 + 3-decomposition of the energy—momentum tensor be given by

Tij = puit; + p" Py + 2quj) + i,
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with energy density p, (effective) pressure p*, heat flux q; and anisotropic
pressure Il;;. Then,

o _r 3lwl® 2\e _ 7k 202 _ 112002 1 90
“P=5 + 202 0(||b]|)® — 20Dxb” + 3a=0° — ||b]|“ (6~ + 26),
32 — 7 4 10 ogib2)e + (b2 + 2D,
@y = =5+ G+ 200 + (b + 2D

+ 20Db* — 94262 — 64260 + ||b]|? (6% + 20),

92 . _ _ ) .
Gi=—— ((Qbk + 06" g + Do + Ji) + 46b; — 200;,
a

Hi]’ = Tij — blb] — D(Zb]) — b(lb) — GD(zbj) + Hb(zbj)
2 .
- ﬁwkjwik + (‘92 - G)blbj - Oéhij,
where the function « is determined by the condition Einij =0.

Proof. This is a straightforward computation using the formulas
R

p = Ryu®ul + X 3p* = RyuFu! — 3

q; = azhkiRklul, Hij = a4hkihlijl — ( .. )hU

4. THE TILTED CLOSED ROBERTSON—WALKER MODEL

As an application of tilted warped products and the Ricci and scalar cur-
vature formulas stated in Theorem 3.6, in this section we will provide an
explicit example of a conformally stationary tilted warped product space-
time. For another example of a closed rotating and expanding world model,
see [5].

First, we note the following general fact:

Proposition 4.1. The standard reference frame V = 0; of a tilted warped
product is parallel to a local conformal vector field iff the shift is of the form

bi.2) =att) () + [ 9T (0)
AT\ an )
where &j(x) are the components of a closed one-form defined on the fiber N :

Proof. Tt is well-known that a shear-free reference frame V with u = g(V,-)
is parallel to a local conformal vector field iff the one-form @ — fu is closed,
cf. for example [16]. For tilted product spacetimes this translates to the set
of equations

bj = (0b;)*,  Dpb;) = 0D;by).
The first equation may be readily integrated to give the desired expression
for bj(t,x) whereas the second yields the constraint for &;(z). O
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The proposition holds globally if the fiber N and therefore M = I x N
is simply-connected. Thus, examples of tilted warped product spacetimes
with conformally stationary reference frame may be easily constructed. Such
examples are of importance since these models are parallax-free [16]. One
such example is given in the following: Set up coordinates (r, i, v) on S3 C
R* defining the parametrization [29]:

[~1,1] x [0,27]* — S?,

Ty, V) = (recosp, rsinp, V1 —r2cosv,\/1—1r2sinv).
7 1,7 sin g1, \/ vV

Now consider the manifold M = I x S% with a suitable interval I C R,
equipped with the tilted warped product metric

g = —(dt — bopa(r®dp + (1 — r?)dv)* + a%ﬁdr2 +r2dp? + (1 —r?)dv?),
where by € R and a is a function defined on I. The spatial metric h is
just the canonical metric on S3. Provided that by # 0, the shift one-form b
does not vanish anywhere and is in fact, for each fixed s € I, h-metrically
equivalent to the left-invariant vector field on S, b = bya(s)(d,, + 9,).

The spacetime (M, g) generalizes the closed Robertson—-Walker spacetime.
We have ||b]|? = b3a?, and (M, g) is stably causal for |bg| < 1 by virtue of
Prop. 3.3. Furthermore, the fiber S? is compact, and the spacetime is thus
totally vicious for |bg| > 1 (i.e., contains a closed timelike curve through
every point) since the observer field V' = 9; is conformally stationary by
Prop. 4.1 (cf. [20, p. 113]).

We will follow the rationale in [6] and assume the energy—momentum tensor
to be of a viscous fluid form:

(4.1) T=pu®u+ (p—CO)P+qVu-—2no,

where (,n > 0 are functions representing the bulk and shear viscosity coef-
ficients, respectively.

Since the model is shear-free, the form of the energy-momentum tensor (4.1)
enforces that the anisotropic pressure vanishes. Since h is an Einstein metric
(i.e., ij = %hy;), and b is a Killing vector field on the slices (i.e., D;bjy = 0),
it may be readily verified via Corollary 3.7 that this condition is equivalent

to
.. . _ 1 .. .
biby(—ia + (0)?) — ¥, = S(BIP(=iia+ (@)%) + w]*)hs
Noting that w;; = D;b;}, this equation may be evaluated in a straightforward

manner. One then sees that in the case by # 0 the anisotropic pressure
vanishes iff the scale factor satisfies the differential equation

(4.2) da — (a)*+1=0.

Note that the standard Robertson-Walker model (i.e., the case by = 0) is
shear-free for any scale parameter. Introducing vorticity in the way done
here thus yields a tight constraint that seriously limits cosmic evolution and
matter models.
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Using this equation to eliminate derivatives of a of order larger than one,
the remaining components of the energy—momentum tensor are:

p=a (=3(a)2(B3 — 1) + 503 +3).
p=¢O=a"(3(a)°(bg — 1) — G +1),
q = —4a"?b.

Note in particular that in case of a vanishing bulk viscosity coefficient, { = 0,
the fluid is barotopic with equation of state

p=—p+4da (b3 +1).

We would also like to note that the model is purely Weyl electric.
As done in [6], we will in the following stipulate the thermodynamical con-
ditions:

(4.3) div(n-V) =0, particle number conservation law,

(44)  d <S> — %d (3) + %d <1> . Gibbs’ relation,

n n n
(4.5) qg=—kP (VT +TVyV,-), temperature gradient law,

where n, S, k,T > 0 are the particle number density, entropy density, ther-
mal conductivity and temperature, respectively. These conditions are de-
signed so that the second law of thermodynamics, div(SV + %qﬁ) > 0, holds.
Note, however, that more recent treatments of relativistic thermodynamics
suggest that these constraints are too simple to give a full account of the ac-
tual physics. For an overview of different approaches of the problem, cf. for
example [1]. Like in the non-tilted case, particle conservation (4.3) enforces
n o as.

Vanishing Bulk Viscosity. For simplicity and to provide a more concrete
example, we will also make the following additional assumptions:

(1) Each of the thermodynamical variables only depends on the “cosmo-
logical development parameter” ¢ (remember that ¢ is only a tempo-
ral function for |bg| < 1),

(2) bulk viscosity effects are negligible, i.e., =0,

(3) the entropy density satisfies the equation of state S = % (cf. [1,
Sec. 14.1] with vanishing diffusion).

Accounting for (4.2), we may solve (4.5) for the thermal conductivity: k =
4

a(aT)®”
Véfitl)l the above constraints, Gibbs’ relation (4.4) also simplifies considerably
and may be solved with respect to the temperature (7j is some positive
constant):

b3 -1

T="Ty a %+,
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We may now also state explicit formulas for the entropy density and the
thermal conductivity:

4 _ug+s 9 2
2 2
?O(bg + l)a b0+1, k= m(b% + l)a bp+1 .

In order for the thermal conductivity to be well-defined and non-negative,
the expansion must be positive: @ > 0. The entropy production is given by

S:

1 g2 -2p
div(SV + —¢*) = ——>—aa %" .
( ) To(R + 1)
We have yet to determine the scale factor. The isotropic-pressure condition
(4.2) may actually be solved analytically via the substitution a = el yielding
the autonomous equation f4e~2/ = 0 the integration of which is elementary.
The solutions are:

t—t
a_(t):asinh< 0), to < t,
!
ao(t) =1 — 1, to < ¢,
1 . us
ay(t) = ;Sln(w(t —t0)), to<t< ” + to.

In any case, the spacetime features a singularity. These three classes of
solutions may be characterized by the deceleration parameter, —Z—g, which
is non-positive (zero, non-negative) for a_ (ap, a+). Note that ay violates
the condition & > 0 and k(t) becomes singular as ¢ approaches to + 5.

With the help of Corollary 1 in [21], it is easy to check that the dominant
and strong energy conditions are satisfied for a = ap and a = a. In the case
a = a—_, the strong energy condition is satisfied iff b9 > 1 and the dominant

and weak energy conditions are satisfied iff by < 1.

Dust Solutions. We will now drop the constraint ( = 0 and instead have
a look at the viscous dust solutions of the model, i.e., p = 0. This condition
implies
I
¢ == 2(3(° - 1),
In order for ¢ to be well-defined and non-negative, we must have a = ag or
a = a_, and |by| < 1. Furthermore, the temperature is constant (1" = Tp),

and the other thermodynamical variables compute to:
1
S = gy BU—0)(@)7+36+5), k= 7

Entropy production is given by

a
CL3T0

div(SV + %qﬂ) (9(1 — b3)(a)® + b5 +3) .
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5. BAROTROPIC PERFECT FLUID AND DUST SOLUTIONS WITH (GEODESIC
Frow

We now wish to classify tilted warped product spacetimes with geodesic
perfect fluid source, i.e., we have b; = 0 and

R
5 9ij = (p + p)uiu; + pgij,

where p + p # 0 on any open subset. Furthermore, we require the fluid
to be barotropic, i.e., an equation of state p = p(p) with S—Z # 0 holds.

Kinematically, models with vanishing acceleration and shear are important
since they follow an isotropic Hubble law of first order [17].

Proposition 5.1. For any (4-dimensional) simply-connected tilted warped
product spacetime with barotropic geodesic perfect fluid source, either one of
the two following cases may occur:

(1) The vorticity vanishes. In this case, (M, g) is isometric to a Robertson—
Walker spacetime. Furthermore, (N, h) is conformally equivalent to
a space of constant curvature.
(2) The expansion vanishes. In this case, the following holds:
(a) The pressure p, energy density p and rotation scalar |wl||® are
constant.
(b) The fiber (N, h) is a space of constant scalar curvature.
(¢) The fiber (N, h) is a space of constant curvature iff the vorticity
also vanishes iff the spacetime is Finstein’s static universe.

Proof. In the following we will make frequent use of Corollary 3.7. By a
Robertson—-Walker spacetime we mean a warped product (f x N, —dt? + fz)
with a fiber (N, h) of constant curvature (which in d — 1 = 3 dimensions is
equivalent to (N, h) being Einstein [3, Prop. 1.120]). One may also require
the fiber to be complete in which case the spacetime is not only stably causal
but globally hyperbolic [25]. Since the shear-free fluid conjecture is known
to be true for vanishing acceleration, either the vorticity or the expansion
vanishes [26]. Let us first examine the case of vanishing vorticity. In this
case, we must have b = df with some function f: N — R (since we assume
N to be simply-connected, [23, pp. 358-360]). Furthermore, the heat flux
vanishes iff § = 0 or b; = 0. If the shift vanishes, b; = 0, we are finished
since the vanishing of the anisotropic pressure immediately yields r;; = ah;;.
Thus, a(t) = cef for some positive constant ¢. If we pull back the metric

g = —(dt —df)? 4+ 2*h

via the diffeomorphism ®(t,z) = (¢t + f(x),z) we see that it becomes a
warped product:

(b*g — —dt2 + 62620t626fh.
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The fiber metric A = ¢2*7h is conformally equivalent to h; the Ricci tensor
may be computed with the usual formula [3, Theorem 1.159]:

(5.1) fij =Tij — GDZ‘f’j + 92f,if,j — ( .. )hij
(5.2) =Ty — GD(ibj) + 92bibj — ( .. )h”

Plugging this into the formula for the anisotropic pressure, we have 0 =
Hz‘j = f,‘j — dhij as desired.

For the second case of vanishing expansion (a = const.), the conditions of a
vanishing heat flux and anisotropic pressure yield

_ — 112 — 1|2 =

(5-3) p=3r+3lel’ p=—gr+glol? Dt =0,

where p = a%p, p = a’p, Wij = aw;j. It is clez_xr from these formulas and
momentum conservation (h"™;p n, = —a?(p + p)bj = 0) that the gradient of
p vanishes. The equation of state then implies that p and therefore r and
|wl||? are constant, too.

For the last claim (c), observe that Eq. (5.4) in an orthonormal basis shows
that the 3-geometry satisfies the Einstein condition, i.e., has constant cur-
vature, iff the antisymmetric matrix (w;;) vanishes or is a non-trivial square

root of a multiple of the identity matrix; but the latter is not possible in three
dimensions. The spacetime is thus a static Robertson—Walker solution. [J

Since shear-free dusts also either expand or rotate [9], we may state by very
similar arguments:

Proposition 5.2. For any simply-connected tilted warped product spacetime
(M, g) with geodesic dust source, either one of the two following cases may
occur:

(1) The vorticity vanishes. In this case, (M, g) is a Robertson—Walker
dust solution.

(2) The expansion vanishes. In this case, the vorticity also vanishes iff
the spacetime is flat Minkowski.

Example 5.3. The Godel spacetime is an example of a rotating spacetime
covered by Proposition 5.1; the van Stockum spacetime [22, 27] is a rotating
dust solution covered by Proposition 5.2.

6. SUMMARY AND OUTLOOK

Apart from constructing further explicit examples of shear-free cosmological
models and investigating other more general classes (for example, rigidly
rotating matter), many interesting subjects remain, among which are:

e The causal structure of tilted product spacetimes with [|b|| = a,
or with ||b|| > a and non-compact fiber (like the classical Godel
spacetime).

e The curvature structure of the general twisting case a = a(t, x).
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e Necessary and sufficient conditions for a shear-free spacetime to be
globally of tilted product type, or conformally equivalent to a tilted
product.

Finally, one might also want to investigate the Riemannian case, for which
we expect interesting applications as well. For example, shear-free reference
frames with vanishing expansion define Riemannian flows [28] with normal
bundle metric P.
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