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Cartan ideal, prolongation, and Béicklund transformations for Einstein’s
equations
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Kocaeli, Turkey

(Received 20 September 1985; accepted for publication 3 January 1986)

Einstein’s equations in the Newman-Penrose formalism for vacuum, vacuum with cosmological
constant, and electrovacuum fields are expressed as Cartan ideals. Two different prolongations of
these ideals are obtained. These two types of prolonged ideals generalize previous prolongations

for vacuum fields to vacuum with cosmological constant and electrovacuum fields. Some
Bicklund transformations are obtained for vacuum, vacaum with cosmological constant, and
electrovacuum fields. These Béicklund transformations include the generalized Kerr—Schild
(GKS) transformation, and a two-parameter generalization of the GKS transformation. GKS
transformations are studied in detail. Expressions for the transformation of Newman-Penrose
quantities are given and algebraic properties are discussed. It is shown that the GKS
transformation cannot give algebraically general and asymptotically flat vacuum and

electrovacuum space-time metrics.

I. INTRODUCTION

The geometric theory of partial differential equations
(PDE’s) as found by Cartan,!™> besides its own interest, is a
useful tool for inverse scattering problems and construction
of Backlund transformations. The essence of Cartan’s ap-
proach is to express PDE’s as a differential ideal.® Then,
prolongating this ideal,> it is possible to obtain “associated
equations of the PDE,” which are used in solving the origi-
nal PDE’s via inverse scattering methods, or in establishing a
correspondence between solutions of the PDE’s (i.e., Back-
lund correspondence).

Inverse scattering technique® is a well-understood and
powerful tool in two-dimensional problems. Extension of
this method to higher dimensions is also subject to current
interest.® The first step in the application of the inverse scat-
tering technique is to find the associated linear equation for
the PDE’s, i.e., the linear equation whose integrability is
guaranteed by the original PDE’s. For problems in higher
dimensions existence of associated linear equations is not
sufficient to solve the PDE’s, but they may lead to Biacklund
transformations. The prolongation technique mentioned
above can be used to obtain these associated equations. Pro-
longation was first described by Cartan as a lifting of the
ideal representing the PDE’s to a fiber bundle, and used to
eliminate independent variables. A nontrivial generalization
is given by Estabrook and Wahlquist'® as prolongating the
ideal (representing the PDE’s) by lifting and adding new
generators. These additional generators represent associated
equations for the original PDE’s.

Applications of inverse scattering to general relativity is
practically restricted to space-times admitting symmetries.

*) Present address: Mathematics Department, State University of New
York at Stony Brook, Stony Brook, New York 11794.
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In fact, space-times admitting two commuting non-null
Killing vector fields has been shown to be completely inte-
grable' 12 and their associated linear equations led to several
equivalent Bicklund transformations.'>!> The applications
of prolongation technique to general relativity starts with
Harrison, by the construction of Bicklund transformations
for the Ernst equation.'® Later work, from Chinea'é and
Giirses,'” generalize this construction to space-times with-
out symmetries satisfying vacuum Einstein equations:
Chinea proposes a linear equation to be useful in inverse
scattering (see also Julia'®). On the other hand, Giirses’ ap-
proach leads to the construction of Bécklund transforma-
tions,'”! which are generalized to Einstein spaces (vacuum
with cosmological constant) and electrovacuum fields in the
present work.

Prolongation technique, as given by Chinea, Giirses,
and Harrison'®'"2%2! make use of a compact matrix formu-
lation of Einstein’s equations obtained from connections in
principal bundles. In fact, starting from a null basis for tet-
rad vectors, the expressions obtained constitute a compact
version of the Newman-Penrose (NP) formalism.?? Expres-
sion of Einstein’s equations for various (vacuum, vacuum
with cosmological constant, electrovacuum) cases in com-
pact form are given in Sec. II.

The formalism described above is used to study Ein-
stein’s equations in the framework of Cartan’s theory of dif-
ferential equations: The PDE’s in terms of differential forms
obtained in Sec. I are used to construct a closed ideal in Sec.
IIL. Then, in Sec. IV prolongated ideals are investigated, and
two different prolongations of the ideals constructed in Sec.
III are given. One of the prolongations generalizes the equa-
tions obtained by Chinea’® to nonvacuum fields,'® and the
other gives Biacklund transformations that are discussed in
detail in Sec. V. In Sec. V, some Béicklund transformations
are constructed. Construction of the Backlund transforma-
tion is not sufficient to ensure the existence of new solutions
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since it still remains to solve the associated equations that
may well lead (since the system to be solved may be overde-
termined) to nontrivial restrictions of the background (i.e.,
the known solution to start with) or to a trivial solution for
the transformation itself. This last step, that is, the solution
of associated equations, is presented in detail for the GKS
transformation in Sec. VI. The compatibility condition of
the GKS transformation for algebraic general backgrounds
is found and examples for space-times satisfying these condi-
tions are given. The main feature of this constraint is that
vacuum (and in general electrovacuum) backgrounds ad-
mitting the GKS transformation cannot be both algebraic
general and asymptotically flat,”>*>*¢ and since the con-
straint is invariant under the GKS transformation resulting
space-times also will have the same character.**

Il. EINSTEIN’S EQUATIONS IN THE COMPACT
NEWMAN-PENROSE FORMALISM

In this section we will give a compact formulation for
the structure equations of a space-time and the Einstein
equations. We will essentially express Newman—-Penrose
(NP) equations® in terms of s1(2,C)-valued forms.?” Then
Einstein’s equations are obtained simply by equating compo-
nents of the tracefree Ricci spinor and curvature scalar to
corresponding spinorial components of the energy momen-
tum tensor. The crucial point of the formulation is that we
have to write these equalities as matrix-valued differential
forms that will be suitable for the expression of equations of
motion for physical (nongravitational) fields.!”

In the following we denote by M a space-time manifold
with a Lorentz metric g. The bundle of orthonormal frames
on M is a principal fiber bundle?®**® with structure group
SO(1,3). Then the connection form of M takes its values in
the Lie algebra of SO(1,3), and in terms of the canonical
form of the frame bundle, structure equations of M can be
written in a compact form as

(2.1a)
(2.1b)

In the equations above, e is an R* valued one-form. In
fact the orthonormal tetrad one-form e = {e, }, where ¢,
= ¢, dx" in a coordinate basis with the metric given by

(2.2)

where @ denotes tensor product, and @ and (} are, respec-
tively, connection and curvature forms taking values in the
Lie algebra of SO(1,3). In Eq. (2.1) d is the exterior deriva-
tiveand A denotes exterior multiplication of corresponding
matrices. In the following we will drop the A sign for exteri-
or products, and all multiplications should be understood as
appropriate matrix multiplications with exterior products of
corresponding forms, unless otherwise stated.

To obtain a compact NP formalism, we will first estab-
lish correspondence between an orthonormal frame {e, }
and a 2 X 2 Hermitian matrix whose entries constitute a null
frame, then we will give structure equations in terms of this
matrix and s1(2,C)-valued forms, and finally we will present
transformations of the connection and curvature resulting
from the action of SL(2,C) on null frames.

de= —wle,
do= —oAw+ ().

g=e0®e0—’el®el —62882—83863,
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We establish a 1-1 correspondence between the ortho-
normal frame {e, } and 2 X 2 Hermitian matrix o as

1

3
o= (oe.), (2.3a)
‘/i k;() k“k
e, = (1/42)Tr(ooy), k=0,..,3, (2.3b)
where the o, are Pauli spin matrices, i.e.,
_ (1 O) _ (0 1)
=0 1 T\ o
0 1 0 )
"2‘(—1‘ o)’ ”3“(0 -/ 24
We then define a null frame {/,n,m,m} as
/= (eo+e3)’ "= (80—83),
V2 o
m= (€1+lez)’ = (91_192), (2.5)
V2 V2
with the metric given by
g=len+nel—mem-—mem. (2.6)

Then Egs. (2.3a) and (2.5) give an identification of the
null frame {/,n,m,m} with 2 X2 Hermitian matrices as

- 7)

It can be seen that any other identification of the null frame
{i,n,m,7} with Hermitian 2 X 2 matrices is similar, either to
o or its complex conjugate 5. We will write all equations in
terms of & and & = ege’ (see Ref. 30), where € = — io,.
That is,

S S S )

In the following, 7 and 7' denote complex and Hermitian
conjugates of 7 respectively, and 7 is equal to ene’, for any
7. Also we have

T= —elet = — T, (2.8b)
b= —ep'e'= —g". (2.8¢)

We now give structure equations in terms of & and
s1(2,C)-valued connection and curvature forms I" and R, as

dé+To—oel't =0, (2.9a)
dlT +TT —R=0, (2.9b)

and we obtain Bianchi identities by taking exterior deriva-
tive of Eqs. (2.9a) and (2.9b) as®’

(2.7)

(2.8a)

R +6RT =0, (2.10a)
dR — RT + TR =0, (2.10b)
with
r r, R, R,
F=(r(,) _ro)’ R=(R1 ~R()’ 21D
where
Lo=9l+€en —am — pm, (2.12a)
= —7l—«n+pm+ om, (2.12b)
I,=vl +an—Aim — um; (2.12¢)
Ry= (A — ¢y —¥)in+ 3lm + ¢,im
A. H. Bilge and M. Glrses 1820



— $ronm — pynim + (Y, — éy — A)ymii,
(2.13a)

R, = (¢, + do))in — (¥, + 2A)Im

— Poolf + Poonm + Yonin + ($o, — ¥ )mm,
(2.13b)

R, = — (3 + ¢21)In + ¢udm + ¢l

— Goonm — (P, + 2A)nim — (¢, — ¢3)mm.
(2.13¢c)

In Eqgs. (2.12), the scalars a,8,7,A.u,v,0,0,€,7.x,7 are NP
spin coefficients, and in Eqgs. (2.13), ¢,(4 =0,...,4), ¢;
(i,j = 0,...,2) are, respectively, components of the Weyl and
tracefree Ricci spinor and A is the curvature scalar.

We then give transformations of I and R corresponding
to the SL(2,C) action on null frames. If SeSL (2,C), then the
action of S on null frames is given as

&— SaS*. (2.14)

This action leaves the metric invariant. The connection I
and the curvature R transform as

L —->STS~'—dss ™, (2.15a)
R-—>SRS™. (2.15b)

Explicit expressions for Egs. (2.10), (2.15a), and (2.15b)
can be found, for example, in Ref. 31.

Finally we will express Einstein’s equations in the NP
formalism. They are

by =Ty (2.16)

where 7; and 7, are the corresponding spinorial compo-
nents of the energy momentum tensor. Thus to obtain a com-
pact formulation we have to separate tracefree Ricci and
curvature scalar components of R by a “compact oper-
ation,” which is exactly multiplication from the right by 4.
We remark that [Eq. (2.10a) ] Ra is anti-Hermitian, hence
energy momentum tensors will be represented by anti-Her-
mitian three-form matrices. We give Einstein’s equations for
vacuum ( V), vacuum with cosmological constant (¥ + A),
and electrovacuum (EV') cases in the NP formalism for both
component and matrix (compact) form.

(a) Vacuum: In the NP formalism we have ¢, = A = 0.
The corresponding equations in compact notation are given
as

A=rT1,,

R =0. (2.17)

TABLE 1. Einstein’s equations for vacuum, vacuum with cosmological
constant, and electrovacuum in the Newman-Penrose formalism: compo-
nent form and compact form.

Vacuum (V) $;=0 A=0 RoG=0

Vacuum with
cosmological
constant (¥ + A) A, constant

Electrovacuum ¢, =2kd, ¢, A=0

6, =0 A=1, R& + Ao555 =0

Ao constant
RG — 2ka¢'G¢5 =0

(EV)
&,’s given by Egs. (2.20) ¢ given by Eq. (2.24)
Maxwell equations by Maxwell equations by
Egs. (2.21) d(5¢5) =0

1821 J. Math. Phys., Vol. 27, No. 7, July 1986

(b) Vacuum with cosmological constant (Einstein space):
In the NP formalism Einstein equations are ¢, =0 and
A = A, where A, is a conistant. The corresponding equations
are given in compact form as

R6 + A,606 =0, (2.18)
where A, is a constant.

(c) Electrovacuum: In the NP formalism we have

¢ij = 2k¢i¢j9 A = Oy (2-19)

where k is the gravitational constant and the ¢,’s are given in
terms of the Maxwell tensor F,, as

$o=F,1"m", (2.20a)
¢, = \F,, (I"n" + m'm"), (2.20b)
¢2 = vam#nv (2-200)

(recall that / =/, dx*, n = n,dx", and m = m,,dx* in a co-
ordinate basis), and the ¢,’s satisfy Maxwell’s equations:

D¢, — 8¢y = (7 — 2a)d, + 206, — k5, (221a)
D¢, — 8¢, = — Ado+ 27, + (p — 2€)$,,  (2.21b)
8¢, — Ado = (4 — 27)do + 27, — 0, (2.21¢)
8, — Apy = — vdo+ 2ud, + (1 — 2B)4,,  (2.21d)

where Dy =[*3d,m, Ay =n*d,n, and &7 = m"d, 7 for a
scalar 7. For the purpose of formulating these equations in a
compact form, we define the Maxwell two-form as

F =F+i*F= —¢,(In — mm) — $,nm + ¢,lm,
(2.22)

where F = F,, dx* dx” and *F is the Hodge dual of F, i.e,,
*F=1€,,%F,; dx'dx".

Then the Maxwell equations are simply d% = 0. Now
we can give electrovacuum Einstein equations in compact
form as*®

RG — 2ké¢t o¢5 = 0, (2.23)
where & is the gravitational constant, and
-6 —¢
¢ —( 4 4, ) (2.24)
We write the Maxwell two-form as
1¥ = o¢a, (2.25a)
IZ = —&¢'o, (2.25b)

where [ is the 2 X2 identity matrix and .# is the complex
conjugate of .. Then Maxwell equations are

d(5¢5) = 0.

We summarize these results in Table I.

(2.26)

lll. CARTAN IDEAL FOR EINSTEIN’S EQUATIONS

Cartan’s geometric theory of partial differential equa-
tions (PDE’s) essentially consists of the description of a
PDE as a differential ideal I (equivalently, an exterior differ-
ential system) on a manifold N. Then an integral manifold of
I will be the pair (M, f), where M is a manifold and f:
M — N is an embedding such that f*a; =0, for a; in the
ideal I. The differential system is said to be completely inte-
grable if f(M) is a submanifold of N. The terms, integral

A. H. Bilge and M. Giirses 1821



submanifold or regular integral manifold, will also be used
for such integral manifolds, and the term regular embedding
will describe corresponding embeddings.

We recall that* systems of PDE’s can be represented as
systems of homogeneous p-form equations (PDE’s in the
form of exterior differential equations) by possibly introduc-
ing new variables. We describe V to be a manifold with local
coordinates consisting of all independent and dependent var-
iables in the PDE’s and auxiliary variables introduced in the
previous step. Local coordinates of M will consist of inde-
pendent variables. We then define the forms a; on ¥ such
that their restriction to M gives the PDE’s we started with,
i.e., for the embedding /: M -— N, f*a; = 0 gives our PDE’s
in the form of exterior differential equations. We remark
that, if f*a; =0, then f*(2,;£,a;) = 0 also for forms &; on
N. Hence any form in the differential ideal I = {a, } generat-
ed by the a; vanish when restricted to M. Therefore we can
conclude that it is rather the ideal generated by the ¢, that
represents the PDE’s.

We note that different sets of generators may represent
the same ideal: We define two exterior differential systems
{a,}and {a;} asalgebraically equivalent if they generate the
same ideal. Then {a;} and {a;} will represent the same
PDE, hence their integral manifolds will be (possibly differ-
ent) solutions of this PDE.

The closure of an ideal I = {a, } is an ideal T = {a;,,de, }
obtained, by adjoining to /, exterior derivatives of its genera-
tors. An ideal and its closure have the same integral mani-
folds since f*da; = df *a; = 0. Anideal is closed if it is alge-
braically equivalent to its closure (equivalently if dICIT).
The study of differential systems is concerned mainly with
regular integral manifolds of closed ideals.

In this study, our main interest will be the solution gen-
eration using Bécklund transformations and we will not be
interested in the existence and complete integrability prob-
Iems. We only note that, for ideals generated by one-forms
( Pfaff systems), the Frobenius theorem states that the sys-
tem is completely integrable if and only if the corresponding
ideal is closed.* For higher-order systems we do not have
such a complete result,”®® however, the Cartan-Kahler
theorem provides (in the real analytic case) a method of
construction for integral manifolds starting from lower-di-
mensional integral manifolds. We will now express the Ein-
stein equations for various sources (V,V + A,EV) as a dif-
ferential ideal 7 on a manifold .

We start by describing local coordinates of M (space-
time manifold to be embedded in N) as x*, u =0,1,2,3.
PDE’s in the form of exterior differential equations, repre-
senting structure equations, are given by Egs. (2.9a) and
(2.9b), and their integrability conditions, i.e., Bianchi iden-
tities are given by (2.10a) and (2.10b). Also Egs. (2.17),
(2.18), and (2.23) represent, respectively, Einstein’s equa-
tions for V,V + A, and EV fields. Dependent variables con-
sist of the components of the metric (in fact coordinate com-
ponents of the tetrad frame) of the connection of the
curvature, and of the physical fields, for the nonvacuum
case. They will constitute, together with x*, local coordi-
nates of N. We will construct for V,V + A, and EV, a closed
Cartan ideal with generators {e; } such that, for f M — Nan
embedding, f*a; = 0 gives the corresponding structure and
Einstein equations. To be precise, /is two sided, and includes
complex conjugates of scalar forms, hence complex conju-
gates and Hermitian conjugates of matrix forms. We will
give for each case (V,V + A, and EV) two algebraic equiva-
lent sets of generators denoted by generating set A and gener-
ating set B.

Generating set A: This generating set defines connection
and curvature forms and gives Einstein’s equations. We will
use this generating set to obtain a prolongation of I that will
be used for constructing Bicklund transformations.'®

(a) Vacuum: I = {a,,a,a,,a,}, where

a, =dé + I'é — 6T, (3.1)
a,=dl + T —R, (3.2)
a; = Ro, (3.3)
a,=dR — RT 4+ TR. (3.4)

We note that dim N = 58 since we have 10, 24, and 20 varia-
bles to describe the metric, connection, and curvature, re-
spectively. Also we remark that da, = a; + a;" and da,
= a,, hence I is closed.

(b) Vacuum with cosmological constant:
I={a,a,a,a,}, where a,, a,, and a, are given by Egs.
(3.1), (3.2), and (3.4), respectively, and

ay; = R + 4,000, (3.5)
where A, is a constant. The dim ¥ is still 58. We remark that
since go ¢ is anti-Hermitian, de, C I, and, using Eq. (2.86),
we obtain

do=a,+Ite—orl. (3.6)

TABLE I1. The generating set A and generating set B for the Cartan ideal of Einstein’s equations for vacuum, vacuum with cosmological constant, and

electrovacuum.
Vacuum Vacuum with cosmological constant Electrovacuum
a, =do + e — 6Tt a, =di+ g — 6Tt a, =dé 4 I'é — oT"
. a,=dl' +TT —R a,=dl'+TT —R a,=dl' +TT —-R
Generatingset A o _ R& @y = R& + Ago55 a, = Ro — 2kisd a5
a,=dR—RT +TR a,=dR—RT+TR a,=dR —RT 4+ TR
as = d(5¢5)
a, =dé + T — 6T @, =db + Té — 57" a, =dé + I'g — &T?
Generating set B a,= (dl +TT)o ay= (dT + I'T)& + A,655 a, = (dT + ') — 2ko¢'Ges
as =d(5¢5)
1822 J. Math. Phys., Vol. 27, No. 7, July 1986 A. H. Bilge and M. Girses 1822



Then, it can be checked that da, C 1, hence [ is closed.

(¢) Electrovacuum: I = {a,,a,,a;,0,,05}, where a,,a,,
and a, are given by Egs. (3.1), (3.2), and (3.4), respective-
ly, and ‘

a; = Ro — 2kad' 646, 3.7

as = d(G¢5), (3.8)
where k is the gravitational constant and ¢ is given by Eq.
(2.25), and we note that 5¢¢ is proportional to the identity
matrix. For EV fields, dim ¥ = 58 + 6 = 64. Using Eqgs.
(3.6) and (3.8) it can be checked that da;C1, hence I is
closed.

Generating set B: In this generating set, we omit the de-
finition of the curvature, hence the Bianchi identities, then
dimension of N is considerably reduced. This generating set
will give a prolongation of I that has been proposed for in-
verse scattering problems, '618:1

(a) Vacuum: I = {a,,a,}, where a, is given by Eq. (3.1)
and

a;=(dl +I'T)g, (3.9)
than dim NV = 38, and again it can be seen that 7 is closed.

(b) Vacuum with cosmological constant: I ={a,,a,},
where «, is given by Eq. (3.1) and

a, = (dl' + I'T)& + Ag00,
also dim N = 38 and [ is closed.

(c) Electrovacuum: I = {al,a3,a5}, where a, and a, are
given by Egs. (3.1) and (3.8) and

ay= (dU + I'T)a — 2k(5¢'065).

In this case, dim N = 38 + 6 = 44, and I is closed.

We present both sets of generators for V, ¥ + A, and EV
in Table I1.

(3.10)

(3.11)

IV. PROLONGATION OF THE CARTAN IDEAL FOR
EINSTEIN'S EQUATIONS

Prolongation of an ideal I in a manifold & is an ideal I’
containing /, in a fiber bundle N over N. If m: N’ — Nis the
projection, we construct I’ by lifting the generators {a; } of
to N’ and by adding new generators w ; thatis I ' is generated
by {m*a;,w}. In this construction the w ,’s are not of the
formw, = df,,for6,el’. ThenifI' = {7r*a;,w ,}is closed,
we have a nontrivial prolongation of I, and the PDE we
started with is said to have a prolongation structure.> "1

If(M, f'),f': M — N'isanintegral manifold of I, then
f'*(m*a;) =0and f'*w, = 0. Therefore (M,7of’) is an in-
tegral manifold of I with additional equations given by f*w ,

=0 also solved. Furthermore,'® for the nontrivial pro-

longed ideal I’ constructed as above, the maximum-dimen-
sional regular integral submanifolds of 7 and I’ are the same.
Therefore, if I is a completely integrable system, its prolon-
gation I is also completely integrable.*

In the prolongation process of an ideal representing a
PDE, we are interested in finding additional forms that are
linear in fiber variables. In these cases, they represent *“asso-
ciated linear equations” for original PDE’s. In any case, pro-
longation forms are useful whenever they represent equa-
tions easier to solve than the original PDE’s. Although the
term “‘associated linear equation” has a special meaning in

1823 J. Math. Phys., Vol. 27, No. 7, July 1986

inverse scattering problems, we will use the term “associated
equations” to designate the equations represented by f'*w ,
=0.

In the following sections we will give two different pro-
longations of the Cartan ideal constructed in Sec. III for V,
V + A, and EV field equations. The first =onstruction will
give the linear equation proposed to be useful in the inverse
scattering approach, the second will lead to Biackiund trans-
formations.

A. Prolonged ideals using generating set B

In this section we construct a prolongation of 7 using
generating set B given in Sec. II1. In each case (V,V + 4,EV)
associated linear equations are formally the Rarita-
Schwinger equations, and fiber variables admit a transfor-
mation that leave the associated equations and the ideal in-
variant. We give the prolonged ideals as follows.

(a) Vacuum: I' = {a,,a;,w}, where a,,a; are given by
Egs. (3.1), (3.9), and

w=0c(d+TI)Y, 4.1)

where W is a complex vector one-form. Using Egs. (3.1),
(3.6), and (2.8b), we find

do=2,(d¥ +T¥) + ¥ + T w, (4.2)
hence I’ is closed.

The transformation

¥Yo>¥ 4+ (d+De, (4.3)

where @ is an arbitrary zero-form vector, leaves @ invariant
(modulo I).

(b)  Vacuum  with  cosmological  constant:
I' ={a,,a;0,,0,}, where a,,a, are given by Egs. (3.1) and
(3.10) and

o, =0[(d+T)¥, +ud¥,], (4.4a)

o, =&[(d — THW, + u5¥,], (4.4b)
where 4> = A, and ¥, and ¥, are one-form vectors. Using
Egs. (3.1), (3.6) and (2.8b), we find

do, =a,(d¥, + TV, + ua¥,) — uoa,¥, + &Y,

+ o, + pow,, (4.52)
do,=a,(dV, — TV, + ua¥,) — uoa,¥,
+alV¥, + pow, — To,, (4.5b)

hence I is closed. It can also be checked that the transforma-
tion
\1’1—"\[’1 + (d + 1-\)¢71 +,U&¢727 (4.6a)
V,—¥, + (d - T, + use,, (4.6b)

where @,,@, are arbitrary zero-form vectors, leaves the ideal
invariant.

(c) Electrovacuum: I' = {a,,a,a5,0,0,}, where a,, a,,
and a; are, respectively, given by Eqgs. (3.1), (3.11), and
(3.8), and

w, =a[(d + )Y, + uds¥,], (4.7a)
w0, =&[(d—THV¥, + ugtaw,], (4.7b)

where u*> = — 2k, ¥, and ¥, are one-form vectors. Using
Egs. (3.1), (3.6), (3.8), (2.8b), and (2.8¢c), we obtain
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dw,=a,(d¥, + T'V,) +alV¥,

+ pas¥, + Mo, + podw,, (4.8a)
do, = a,(d¥Y, — T'V,) +alV¥,
—ual¥, + uid'o, — To,, (4.8b)
hence I' is a closed ideal. The transformation
V,—V¥, + (d+ D)e, + udop,, (4.93)
V,—¥, + (d — T, + ud'op, (4.9b)

leaves the ideal invariant.

Equation (4.1) was proposed as an associated linear
equation for vacuum Einstein equations by Julia'® and
Chinea,'® and is expected to be useful in finding solutions of
Einstein’s equations by inverse scattering technique. For
space-times admitting symmetries, inverse scattering is re-
duced to two dimensions, and can be solved,''"'* but in the
general case, application of the inverse scattering technique
to general relativity is an open problem. The results of this
section are summarized in Table III.

B. Prolonged ideals using generating set A

Prolonged ideals described in this section will be used to
find Bicklund transformations. For notational convenience,
we introduce the differential operator D as

Dy =dy+Typ+ (—1)"C",
for any p-form 7. We give the prolonged ideals.
(a) Vacuum:I' = {a,,a,,a,,0,0,,0,}, where @, a,, as,
and a, are given by Eqgs. (3.1), (3.2), (3.3), and (3.4), re-
spectively and

(4.10)

(4.11)
(4.12)

where 7 is a Hermitian and wisasl( 2,C)-valued (traceless)
one-form. We then obtain

o, =D + 0d + (05)7,
w, = Rt + D(wd),

do,=at +to} —Tw, —o T + 0, +0}, (413)
dw, = 2,00 + wial + a0’
+wal +ag+ Ro, —Tw,+o,I'T,  (4.14)
hence I’ is closed.
(b) Vacuum with  cosmological  constant:

I' = {a,,a,,a;,0,4,0,,0,}, Where a,, @,, @, and a, are given
by Egs. (3.1), (3.2), (3.5), and (3.4), respectively. The first
prolongation form o, will be the same as the one given for
the vacuum case, i.e., @, is given by Eq. (4.11). The second
prolongation form will be obtained by adding a source term
to the right-hand side of Eq. (4.12), i.e.,

w, = Rt + D(w6) — y,. (4.15)
We write y; as

X1= — HoBo — AoB,, (4.16)
where A, 1, are constants, and

B, =600, (4.17)

B, = 35t + 516 + 150. (4.18)

We note that y, is anti-Hermitian, hence Eq. (4.15) ex-
presses thatdw, C 1, and weneed to check only dw, CT'. We
will use the following forms of Eq. (4.11):

dt =w, — Tt + T — 06 + G, (4.19)
dt=o, + 1 =1 + o' — 5o. (4.20)

In the following (i.e., for ¥+ A and EV) the calcula-
tion of exterior derivatives will be given, mod I, since com-
plete expressions become increasingly lengthy. We can ob-
tain

(mod I'").
dB, = — I'(65t + 615 + t65) + (30t + 616 + t55) T

dB, = — T'667 + 55oT"

— w00d + 606w’  (modI’). (4.21)

We rewrite them as

DB,=0 (modI’), (4.22)

DB, = (1/4,) [wR& — Réw'] (modI'). (4.23)
Therefore,

Dy,= — @R + Réw' (modI’). (4.24)
We now obtain dw, as

do,= — Dy, + Réo' —owRG (modI’), (4.25)

and Eq. (4.24) implies that dw, C 1"

(c) Electrovacuum.: I = {a;,a,,03,04,05,0 02,0504},
where a,,a,,a,5,0,, and o, are given by Egs. (3.1), (3.2),
(3.7), (3.4), (3.8), and (4.11), respectively. We define

w, = Rt + D(w5) — y,, (4.26)
where
X1=A40(4:9) + 4o(@,8) + Ao(@:p) + A4,(d4), (427)
where

Ay(uw) =2k [6ut5va], (4.28)

A, (u) = 2k [u'ovt + dutve + t'evs].  (4.29)

In Eqgs. (4.28) and (4.29) and throughout Secs. IVand V, u
and v replace either ¢ or @, where ¢ is given by Eq. (2.24)
and @ is a SL(2,C)-valued zero-form (whose components
are additional field variables).

TABLE III. Prolongation of the Cartan ideal of Einstein’s equations using generating set B for vacuum, vacuum with cosmological constant, and electro-

vacuum.

Vacuum

Vacuum with cosmological constant

Electrovacuum

a,=do+Té—aIt a,=dé + g —alt

a,= (dlr+TIT)o

@y = (dT + TT)5 + A555

a,=do + T — 6Tt
ay = (dT + I'T)é — 2ko4'5o5
a, = d(545)

wo=¢(d+ ¥ o, =d((d+ D)¥, +ud¥,] o, =0[(d+T)¥, + udd¥,]
w,=§g[(d —THY, + us¥,] w,=&[(d — THY, + us'a¥,]
wherep? =4, where > = — 2k
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TABLE IV.Prolongation of the Cartan ideal of Einstein’s equations using generating set A for vacuum, vacuum with cosmological constant and electrova-

cuum.

Vacuum with cosmological

Vacuum constant

Electrovacuum

a,=dé + T — 6T
a,=dl +TT —R
@y = R + A5G0
a,=dR —RT + TR

a, =do+ e —olt
a,=dl +IT ~R
a;=Ro
a,=dR—~RT +TR
», =Dt + 05 + (05)" ®, =Di + 05 + (05)'
@, = Ri + D(w5)
X1= — poBo — AoB,
By=666 _ . _
B, = got + 6to + oG

®, = Rt + D(wd) — y,, where

a,=dé+ I'eg — 6T

a,=dl' +TT —R

a; = Ro — 2kip'ops

a,=dR — Rl + TR

as = d(F¢5)

o, =Dt + 07 + (05)'

w, = Rt + D(wé) — y,, where

Xy =Ao(¢»¢) + A0(¢!¢) + A0(¢’¢) + Al(¢>¢)

Ap(u,p) = 2k(6u*&v£'7)

Ay (u,v) = 2k(6u'ovt + Gu'nG
+ tu'5v)

w; = d(Tt + 197)

w, = d(opo)

The remaining prolongation forms are
w; = d(54t + 145),
w,=d(0g0o).

(4.30)
(4.31)

Since @, and w, are exact and y, is anti-Hermitian, we need
to check only if dw, CI’. We also note that Eq. (4.26) and
(4.15) differ only in the definition of y,, therefore dw, will be
in I'" if (4.25) holds with y, given as in (4.27). To obtain
dAdy(u,p) and dA,(uv), we use d(au'cvb) = au'devb
+ d(au'¢)vb — au'd(cvb) (wherea, b, and ¢ replace either
oort) and Egs. (3.8), (4.30), and (4.31). We obtain

d[Ady(up)] =2k [6u'dovs] (modI'),  (4.32)
d[4,(¢,9)] =2k (64" d5 ¢t + 5¢" dt p&
+t¢*do ¢5] (modI'). (4.33)

Finally using Eqgs. (3.6) and (4.20) (and also the fact that
F¢a is proportional to the identity matrix), we write (4.32)
and (4.33) as

DAy(u,v) =0 (modl"),

DA4,($,4) = — wdy($,$) + 4o(d,$)0" (mod '),
(4.35)

and since A,($,¢) = R (mod I’') we have verified that
dw,CI'.

This completes the second set of prolonged ideals. The
results of this section are summarized in Table IV. In the
next section we will give a Backlund transform using these
prolonged ideals.

(4.34)

TABLE V. Bicklund correspondence for Einstein’s equations.

V. BACKLUND TRANSFORMATIONS OF EINSTEIN’S
EQUATIONS

Bicklund transformations are basically methods of gen-
erating new solutions from known solutions of a PDE. The
prolonged ideals that we have constructed in Sec. IV B will
be used to find such transformations. We describe the proce-
dure as follows: I is an ideal on N (representing a PDE)
generated by {@;, } and I’ its prolongationon N’ (fiber bundle
over N, with projection 7), with generators {7*a;,0,}. We
start with a known solution, i.e., an integral submanifold
(M, ). Then the construction of / ' ensures that (M, f’) isan
integral submanifold of I’ with f = 7o f'. We then look for a
map F: N'—N' that induces a diffeomorphism of N, then F
induces a (linear) mapping (F ~')* of forms in N. That is
m*a; is mapped to (F ~')*7*a,, as a linear combination of
a;’s and w ;’s, If we can choose a special form of F, such that
the ideal generated by {(F ~!)*m*a;} is algebraically equi-
valent to ', then (M,Fo f') will be a new solution for the
PDE. Thus Fis a Bicklund transformation relating two so-
lutions of the PDE. If furthermore F can be extended to a
diffecomorphism on N' then we can describe
I'={(FY*r*a;,, (F~")*0,} as prolongated from
(F ~"*m*a'f. This process is illustrated in Table V.

A. Construction of Backlund transformations for
Einstein’s equations

In order to obtain a Backlund transformg.tion, we con-
sider a map F on N’, such that 6—6 +¢, I'>I" + o,

I'={rap % = {(F~)*m*a,(F—")w,}
N{x*x ey} T N{x* Y%z}
v 4 # 7
Mixy  S=T  Nfexs N ¥y _I=7 e
I= {(1,-} I= {&:}
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R—R + p, ¢—¢ + @. Such a characterization ensures that
F induces a diffeomorphism of N'. Then we denote &,
= (F~")*r*a;, and we can find explicit forms of &; by
simply replacing &,T',R, ¢ in each a; by their values under F.
Therefore

& =a, + Dt + 05 + (06) + (w2) + (01)1,
d,=a,+do+ ol +To + oww —p,
a,=a,+dp—Ro+oR —p(I' +w) + (I +w)p,

(5.1)
(5.2)

(5.3)
@, = a3 + Rt + D(w6) + D(wt) + 0én' + oto’ — y,,
(5.4)
where
0, forV, (5.5)
— Ao+ 1) (G +D(@E+ DG +1)
Y= + 4,055, for V+ A, (5.6)
k(G + (P +eN@+D(G+@) G+ 1)
—2ko¢'ops, for EV; (5.7
Gs=as;+d[(G+D(+¢)(F+1D]—d[545]. (58)

We note that @, gives the definition of p and &, gives an
identity, then, to obtain algebraic equivalence, we have to
express d,, &,, and @ as a sum of ¢;’s and w s, by equating
remaining terms to 0. Comparing Eq. (5.1) with Egs. (3.1)
and (4.11) we obtain

(5.9)
(5.10)

a,=a,+w,
wt + (o)t =0.

Now consider three cases.
(a) Vacuum: Comparing Eq. (5.4) with Egs. (3.3) and
(4.12), we have

a; = a; + 0,
D(wt) + wéw’ + wtw’ = 0. (5.11)

(b) Vacuum with cosmological constant: Comparing
Eqs. (5.4) and (5.6) with Eqgs. (3.5) and (4.15), we obtain

d; =a; + oy, (5.12)

D(0t) + wéw' + ote’ — y, =0, (5.13)
where

Yo= —Ao(By+ B;) —po(B,+ B+ B;),  (5.14)
with

B, = 551 + 615 + 166,

B,=4t1t+ tot + 1 15, (5.15)

B,=1t1t.
(c) Electrovacuum: Comparing Egs. (5.4) and (5.8)
with Eqgs. (3.7), (4.26), (3.8), (4.30),and (4.31), we obtain

Oy =ay +w,, (5.16a)
a5 = a5+ w3 + w, (5.16b)
D(wt) + woo' + otw' —y, =0, (5.17a)
d (Ggt + tpo + (@ + $)t) =0, (5.17b)

where
3

x2= Y [4:(d@) +4,(@8) + 4,(00)]

i=1
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3
+ X 4:(8:4), (5.18)
i=2
with
A, (u) = 2k [6u'ovt + u'tve + tu'ova],
A, (uw) = 2k [6uttvt + tu'ovt + 'ne], (5.19)

Ay (uw) =2k [tu'tor ].

To obtain a Backlund transform for ¥, ¥ 4+ A, and EV,
we propose to solve the equations
wt =0, (5.20)
(5.21)

where y, is Ofor ¥, and is given by Eqs. (5.14) and (5.18) for
V + A and EV, respectively.

woo' — y, =0,

B. A method of solution for of = 0, wée' = x2

We note that, since  is defined by Eq. (4.12), it is un-
necessary to consider it anymore as a fiber coordinate, as
long as we solve for the components. Therefore, the first step
will be, starting from an arbitrary parametrization of ¢, to
solve for the components of » from Eq. (4.11), i.e., the asso-
ciated equation f*w; = 0; then to put restrictions either on
the background or on the components of f such that wt = 0
and wéw' = y,, for the appropriate value of y,. The equa-
tions for ¢ will be first order, and in general, we will be inter-
ested in simple linear equations that are sufficient to solve
wt =0, wow = y,. We will give general expressions for o
with wt = 0. The expression for wéw' is cumbersome in the
general case, but once w is found, wdw’ can be obtained by
simple substitutions for each special type of transformation

under consideration.
Solution of  and the constraint equations completes the

construction of the Bicklund transform. But still we may
have constraints on the background arising from algebraic
or overdetermined equations in w,.

We now solve w from the associated equation f "*w, = 0,
where @, = Df + wé — 6o': Starting with the following
parametrization of 7 and as

(%, Tl )
—C a; —C a,

d, —d4) (22 —23)_
+(-—d3 g, )" t\a, & /™

(5.22a)
wy @ wy @
O Fei) L Wl |
oy @ 0wy @3 \_
i (w? ~w3) " (w‘: —-wa) ™
(5.22b)
we will solve w from restriction of w, [Eq. (4.11) ] on M, i.e.,
dt + Tt — T = — wé + Gt (5.23)
We write
dt + Tt — Tt
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_( A4, —El) In +( G —Es) Im Eg=05dy—8d,+ (p—p)e, + (u — i), — Ad,

“\-E 4, -E G + fid, + od, — pd, + 2(a — B)d,,
(5 w)me (B B)m BT Eeohat e e
—-_.EB 1_ - 4 _ ! +26!d1 +ﬁd3—pd3 +0’d4—5'd4,
(2 =) i+ ( 2 ’F’") i, Fy=8d,— 53, + (p — )b, + (u — )b, + 264,
—E D - — - - -
s ! ° (5.24) —2Bd, — pd; + jid, — Ad, + Ad,.
and solve for the components of » as We then write
wé:%(—ZA2+E2—E2+Fz), wi:(_N Q )’
o} =4(—24,+E,—E,+ F), ) P -M
0} =3(—C,+ D, +E, +2E), where
0t =1(—C,+ D, +E, —2Ey), M = [w}a, + 0|T, — w}a, — 93¢, ]in
o! =4(C,+D, +E)), + [wod, + 01d, — w3a, — wic,|Im
o] =D, + [wbd, + wid; — wha, — wte, |1
. =
o] =}(—E, — Es+ F), (5.25) + [wéd, + wld, — wja, — wiC, |nm
4
- —E, - - o
wl c 3 + [wid, + wid; — wha, — wiT,|nmm
@3 =% 37 373 4 4 =
— d d; —wgd, — wid,\mm,
w2 =4(C,+D,—E,), + Lood, + 0id, —opd, — wid, mm
0} = —E, N=[w}c, — wpb, —wic, + w}b, |in
o = — (B, +E, + F)), + [@2d; — wod, — 3¢, + b, ]Im
where + [03ds — wpd, — wie, + wib, | Im
A, = — Da, + Aa, — 2(y + ¥)a, — k¢, — K€, + 7¢,

+ [w3d; — wid, — w3¢;, + w3b, | nm
+7¢, — (r+T)d, — (T +m)d,,

+ [0}d, — w3d, — wic, + wib,|nm
Ay = — Db, + Ab, — 2(e + €)b, + 7¢, 4+ 7e, — vc,

- + [@}d, — wid, — 0}d; + wid, | mm,
-V, — (t+7)d, — (T+ 7, 1 1 , - (5.27)
C, =ba, + Ad, — 7a, + va, + ac, + pc, P = [wyc; + 01by, — w56, — 01y ]in

- - 1 1y 3. 3
+ (@ —2)d, +Ad, + (7 +Pd,, + [w0ds + @1d; — @, —wib,Im

C,=58b, + Ad, + [2(a + B) — 71b, + vb, — Ac, + [wid, + wld, — v, — 0} b, I
— jig, + (i@ + 27)d, + Ad, — vd, — ¥d,, + [0id; + wid, — w3c, — w1b, | nm

D,=8a,+Dd, —ka; + [ — 2(a +B) + 7la, + ¢, + [03d, + 0d, — whc, — wtb, | n
+ pt, — (28 + p)d, + 5d, + Kd; + kd,, + [wid,s + i d, — wids — wtd,\mm,

D2 = 6b2 + Dd2 - Kbl +_ﬂ-b2 _ZCZ _#Cz Q — [w;az _ w(l)Ez _ wgal _ a)gcl]In
+ (2¢ —p)d, — 0d, — wd; — 7d,,

+ [0ld, —wid, — w3a, + &3¢, 1Im
E,= —Dc, + Ac, + 7a, — Va, — kb, +7b,  (5.26) [@2d, — @ods — @70, + 0ot ]

_ + [0id, — wld, — wta, + 0ic, |Im
— ¢, — 2y¢, — (1 + T)ds — (F+ m)da, [02d) — wody — w30, + @]

E, =3¢, + Ad; — jza, + pb, + (28— T)c,
+ ve, —vd, + 1d, + jid; + /124, ¢ i
Ey =8¢, + Ad, — Aa, + ob, + (2& — 7)¢, + ¥, + [w3d, — wid; — w3d, + wid,]mm.

+ [wid, — wid, — w3a, + &}C, | nm

277 27 4 4~ —-
+ [w3d, — wods — w3 a, + wgc, | nm

- vd, +7dy + Ads + [+ 2(y =) 1d,, Then, to construct a Bicklund transformation we start

E,=08c, + Dd; — jia, + pb, + ( — 22 + 7)c, with a parametrization of 7 as given in Eq. (5.22a), then

— 7d, + kd, — pd, — 5d, — ¢1F, insert these parameters in Eq. (5.26), and using (5.25) we

- - _ = determine the corresponding parametrization of o, i.e., we

Es =8¢, + Ddy — Aa, + b, + ( — 2B + T)e, — 7d, have @ = w(?). We then insert these expressions in (5.27) to
+kd, — od, + [2(E—€) — p‘]fi s — €1, solve wt = 0. The next section illustrates this method.
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C. Examples for Backlund transformations of Einstein’s
equations
1. Example 1 (generalized Kerr-Schild transformation)

Generalized Kerr-Schild transformations constitute an
important example for Biacklund transformations of Ein-
stein’s equations. An extensive review of Kerr—Schild trans-
formations can be found, for example, in Kramer et al. (see
Ref. 23, Chap. 28). Generalized Kerr—Schild transforma-
tions are those with nonflat background, and they will be
studied in detail in Sec. VI.

We choose 7 as

T (VI 0)
“\0 o)’
i.e., we let I-/, n—n + VI, and m—m. Then from Eq.

(5.25), by taking b, = V, we obtain
b =4[DV+2(e+EV+ (p—pIV ],

(5.28)

wh =8V + [2(a +B) — 71V, (5.29)
w; = —av,
w3 = —pV,

and we can see that, if & = 0, then wf = 0, hence Eq. (5.10) is
satisfied. Then we give

S 0
Fot = 5.30
o0 (0 0)’ (330)
where
S=W~1p+p)DV—(e+E)(p+p)V
+1(p* + p°)V — oGV} Imm. (5.31)

We solve the remaining constraints for ¥V, ¥V + A, and EV as
follows.
(a) Vacuum: We have

wiw’ =0, (5.32)
Therefore, k = 0 and
—lp+p)DV—(e+E)(p+p)V
+§(p2+ﬁ2)V—a&V=O (5.33)

solve the constraints.
(b) Vacuum with cosmological constant: We have

0ot = y,, (5.34a)

where y, is given by Eq. (5.20c). We note that tat = tat
= tat = tat =0 for any a, and we obtain, from Eq. (5.14),

Imm 0
—x2=3ro(";m o)' (5.34b)

Hence, using Eq. (5.30), we can see that x = 0 and
—l+pP)DV—(e+E&)(p+p)V
+ (P P+ PV —0oaV = — 3V

solve the constraints.
(c) Electrovacuum: The constraints are given by Eqgs.
(5.27a)-(5.27¢). We start with

wio’ = y,, (5.36)

where v, is given by Eq. (5.25¢). We note that 4,(¢,¢)=0.
Then

(5.35)
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(5.37)

A, () = 2kV( — 4w, Ilmm 0)

0
and using (5.17b) we have
—ip+p)DV—(e+E)(p+p)V
+ 3> +p )V —0oaV
+2k(:@, + P1d) + Pigpy) =0.
Then we observe that

(5.38)
Gut + tue = — u,Vim, (5.39)

hence we take @, =0 to satisfy Eq. (5.17b). Therefore,
K = ¢y = @y = 0 and Eq. (5.38) solve the constraints.

2. Example 2

As a second example of Backlund transformations, we
take the two-parameter transformation, which includes the
GKS as a limit. This example is as follows:

- 14 -7
=
(—Z OZ)I’

i.e., we let [/, n—n + VI, and m—m + ZI. For this exam-
ple, we will construct only the Biacklund correspondence,
the solution of the associated equation will be presented else-
where. To illustrate the Backlund construction process, we
give the results in detail. We first set b, = Vand ¢, = Z. We
also take « = 0. Then from Eq. (5.26), we obtain the non-
vanishing terms as

Ay= —DV—-2e+ )V +71Z+72Z,
C, =PZ+5'Z,
C,=6V+ Qa+28—-7)\WV—AZ—[iZ,
E, = — DZ — 2&Z,
E,=8Z+ (2B—-TZ+pV,
E,=6Z+ (2a—7)Z+ 0V,
Es=(p—p)Z
We already have o? =0} = 0} = w} = 0. Inserting Eq.
(5.41) in Eq. (5.27) we have

M=0,
N= —02Zin+ (— a3 Z + oiV)im

(5.40)

(5.41)

+ ( — 03 Z + o} V)im, (5.42)

P=(—-w}Z)im+ (—wiZ)im,

Q0 =w}Zim + i ZIm.
We solve w? = 0 by taking (for Z #0)

C,—E =E,=E,=0, p—p=0. (5.43)
Therefore we have (for Z #0)

DZ + 2 +p)Z +5Z =0, (5.44a)

8Z+ (2B—F)Z+pV=0, (5.44b)

8Z+ (2@—1)Z+0oV=0. (5.44c)
Nonvanishing components of  are

wh =DV +2e+ &)V —71Z—-72),

w! = (pZ + 0Z), (5.45)
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TABLE VI. Construction of Biicklund correspondence for the examples given in Sec. V C.

— e —— e e— —

Vacuum with cosmological

Vacuum Constant Electrovacuum
Example 1 k=0 x=0 k=0, $y=0
GKS

~Hp+p)DV—(e+E(p+p)V —Hp+p)DV—(e+E(p+PV —~sp+pP)DV —~ (e +E)(p+p)V
N + (> +p)V — 0BV =0 + 4 + PV — 00V = — 3y, +4(p* + )V — 0oV
n—n + V1 - - -
m—sm +2(i i+ @b+ @) =0
Example 2 k=0, p—p-—0 k=0, p—p=0, p=0
Ll - _ _
n—sn + VI DZ + (26 +p)Z+FZ=0 DZ+ (26 +p)Z+5Z=0
mom+Zl  SZ4(B-FZ+pV=0 8Z+ (2B-FZ+pV=0

$Z+ (@ —1)Z+0oV=0

8Z+(Z@—1)Z+aV=0

hence wdw'=0. We note that tar = tat = tat = tat = 0 for
this transformation also with a an arbitrary zero-form ma-
trix. Then for vacuum fields all constraints are satisfied iden-
tically, but for vacuum with cosmological constant we also
need g = 0 to construct a Bicklund correspondence.

We summarize these results in Table V1.

VI. GENERALIZED KERR-SCHILD TRANSFORMATION

The generalized Kerr-Schild (GKS) transformation
was given in Sec. V as an example of Bicklund transforma-
tions of Einstein’s equations. We started with the parametri-
zation of ¢ given by Eq. (5.28) and we found that if
K == ¢, == 0 for the background (known solution) and if ¢
satisfies Eq. (5.33), (5.35), or (5.38) (depending on the
source) we have a Bicklund transformation. To find a new
solution we have to solve the associated equations given in
Table III for various cases.

As an alternative approach to the study of the GKS
transformation, we use the Newman-~Penrose (NP) formal-
ism in component form (see Table I). Starting from trans-
formation of the tetrad vectors of the form I—/, n—i,
m—», where ‘

I=1 A=n+Vl, m=m, (6.1)

it is possible to obtain the change in spin coefficients, compo-
nents of the tracefree Ricci spinor, Weyl spinor, and scalar
curvature in an arbitrary background (without assuming
any symmetry or any simplifying choice of the tetrad®*). By
a simple study of these expressions it can be seen thatx = O1is
a linearity requirement for the transformation of the trace-
free Ricci spinor and the curvature scalar. Furthermore, it
can be seen that Eqgs. (5.33) and (5.35) are in fact one of the
field equations for ¥ and ¥ +4 A, similarly Eq. (5.38) is a
field equation for EV. Therefore if x == 0, the solution of the
associated equations in compact NP formalism is equivalent
to solving the transformation equations in component form.
The integrability of the solutions is guaranteed by construc-
tion of the prolonged ideal in the compact NP formalism.
In the following we will restrict ourselves to the case
K = o, = 0 and give in Sec. VI A a brief review of Kerr-
Schild metrics, the transformation of NP quantities, and
some algebraic properties that follow. In Sec. VI B we give
the mixed component of the Einstein tensor and we also ob-
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serve that (since /Ju is geodesic) the field equations for the
new solution are linear in ¥. We then consider vacuum to
vacuum and vacuum to electrovacuum transformations (in
fact, we need only a part of the transformation equations to
obtain the following results). The main result is that it is not
possible to find algebraically general, asymptotically flat
vacuum or electrovacuum metrics by applying the GKS
transformation to a vacuum metric. This restriction is due to
the fact that field equations are overdetermined and give a
constraint on the background.

A. GKS transformation: Review and transformation
properties

Kerr-Schild (KS) metrics® have a special importance
in the theory of general relativity. Einstein field equations
constructed from these metrics are equivalent to the linear-
ized field equations with flat background.>* Most of the well-
known metrics are in this class. These are the Schwarz-
schild, the Reissner-Nordstrom, the Kerr, the Kerr-
Newman, the Vaidya, p—p waves, and the de Sitter-
Schwarzschild metrics. All twisting metrics in this class are
obtained from the nontwisting metrics by a complex transla-
tion.>*** This is due to the fact that the field equations are
Lorentz covariant and linear, hence the complexification
generates the twisting solutions. In other words, the field
equations are also invariant under complex Lorentz trans-
formations.

The generalized Kerr-Schild (GKS) metrics are those
with nonflat background. Until now, the space-times de-
scribed by these metrics (GKS space-time) were considered
only for vacuum®® and pure radiation®**” cases. Xanthopou-
los*® has shown that the vacuum field equations correspond-
ing to the GKS metrics are equivalent to the linearized field
equations in the background geometry. Taub®” was interest-
ed in the pure radiation and cosmological solutions and us-
ing the GKS metrics he found some new solutions. In all the
studies mentioned above the background metric is algebrai- -
cally special. In this work we make no assumption on the
background, and we find that there are in fact algebraic gen-
eral backgrounds, admitting the GKS transformation. We
now give the transformation of NP quantities.

The transformation of the spin coefficient can be either
obtained by comparing with @ [Eq. (5.25)] or calculated
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directly from the expressions for the derivatives of the tetrad
frame (i.e., definition of connection), making use of

D=D, A=A—-VD, §=3¢, (6.2)

where (D,A,8) and (D,A,8) are derivative operators defined
in Sec. II, for background and transformed spaces, respec-
tively. In the following all symbols represent scalar quanti-
ties and ~ over a letter denotes the corresponding variable in
the transformed space. We will also denote the background
by (M,g) and the transformed space by (M,g), wheregand g
denote the corresponding metrics. We recall that we restrict
the background to the case x = 0, doy = 0, and we give the
transformations of spin coefficients as

k=0, 6=0, p=p,

E=¢, F=r1, F=m,
A=2+3V, j=p+pV, (6.3)
d=a, B=5,

y=v+iD+2+p-p)V,

V=vy 4 (3+2a+2,§——7'—1r)V.

In Eq. (6.3) and from now on in this section, @, 8, ¥, 4, 4, v,
p» 0, €, 7, k, w will denote the NP spin coefficients.

Then the transformations of the tracefree Ricci spinor,
curvature scalar, and Weyl spinor can be obtained from NP
equations®? by direct substitution of Eq. (6.3) and making
use of Eq. (6.1) as

b, =0, +S; iji=012, (6.4)
A=A+S,, (6.5)
b=, +8, i=0,1,234, (6.6)
where the §;’s, S, and ; are
Soo =0, (6.72)
8o, =0, (6.7b)
So; = 0DV + oV + o[2(e + &) + (p—-p) 1V, (6.7¢)
28, =4D*V +}(e+€)DV + [D(e + 7€)
+(e+8>+05+pp—p*—p* 1V, (67d)
65, = — DV — e +E)DV+ (p+p)DV
+ [ —D(e+8& — (e+8)°
+2(e+8&(p+p) +05—pplV, (6.7¢)

S=16(D+2+2€+p—p)V+ a6V
+ (¢ +20(a+B) —0oF —pr
+i@+B—71)(D+2e+26+p—p)1V,

(6.71)
Sp= —AEV) + [(6—T7+T+3B)
X +2a+28B-7)+ ¢,
~ (D +2€+26+p—p)
—plp+7+7) =51V, (6.7g)
S, =0, (6.8a)
S, =0, (6.8b)

3S,=4(D+e+E+p—p)
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X(D+2+2+3p—p)V— 206V,
S;=VDa+i(6+B—-F)(D+2%+p—p)V
+p+e)d+2a+28-7—m)V

—(r+B)oV+ia(D+2—p—p)V,
S, = — A(GV) + VD(A +35V)

+8(6+2a+2B-F—mV

— oV +iE+3y—7)
—(A+N(D+3—€e+3p—-p)V
+@Ga+B+7—7)
X(8+2a+2B—-7—mV.

(6.8¢)

(6.8d)

(6.8¢)

We now give a few results that can be obtained by a
simple inspection of Egs. (6.1)-(6.8).

(a) The transformation of the tetrad basis [Eq. (6.1)]
shows that there is a subgroup of the local S1(2,C) transfor-
mations in the background that also leave the transformed
metric § invariant. This subgroup consists of null rotations
around /¥, and boosts in the /#-n* plane and spatial rotations
in the m*-77* plane.®’ Also it can be seen that only the sub-
group consisting of spatial rotations in m*-m* plane com-
mutes with the GKS transform.

(b) Since I* is a geodesic null vector in (M,g) [ie,
1,.,1”" =0, where a semicolon denotes the covariant deriva-
tivein (M.,g) ], and sincex = /., m*!” = Ois invariant under
the GKS transformation, /, is also a geodesic null vector in
(Mg) (ie,l,,1" = 0), where | denotes the covariant deri-
vative in (M,g).

(c) If the tetrad frame 7° = (I#,n",m",in*) propagates
parallely along /# (ie., /#r,, =0) in (M,g) we have
x =€ =m=0. From the invariance of these spin coeffi-
cients we have that 7 = (J*,7#*, /", /") propagates parallely
along /*in (M,g) also (ie., /#7°,, =0).

(d) The optical scalars o and p belonging to the null
congruence with the tangent vector /# do not change.

(e) If/, is a principal null direction (pnd) of the Weyl
tensor of (M,g) then ¢, = 0, and since /,, is also geodesic, we
have ¢, =0, thus /, is also a pnd of the Weyl tensor in
(M,2).

(f) If the geodesic null vector /, is a pnd of (M,g) with
multiplicity 1 (i.e., ¥, = 0, ¥,50, the space-time is called
algebraically general), then it is a pnd with multiplicity 1 in
(M) also. If /, is a pnd with multiplicity 2 (i.e,
¥, = ¢, = ¥, 50, the space-time is called algebraically spe-
cial), then it is a pnd with multiplicity at least 2 in (M,2). In
other words, if /, is a geodesic null vector and a pnd in
(M,g), then (M.g) will be algebraically general (special) if
and only if (M.,g) is algebraically general (special), but in
the case (M,g) is algebraically special (M,2) need not be of
the same type.

B. The field equations

Starting from the expression of the Einstein tensor given
asg

Gyv = 2¢221u Iv + 2¢00n,unv + 2¢20m;4 m, + 2¢02h_zyﬁ?v
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+ 2(¢ll + 3A)(lynv + n;zlv)
+2(¢y, —3A)(m,im, + m,m,)
- 2¢21(Iumv + m,ulv) - 2’¢12(1y’71v + mplv)

- 2¢10(n;4mv + mpnv ) — 2¢01(nu'-ﬁv + ﬁpnv )’
(6.9)
and using Eqs. (6.4)~(6.8), we obtain for the mixed compo-
nent of the Einstein tensor

G# =G* —2(S,, — 35,)8"
+ 2[S;, — V?(doo + Soo) 111, + 2Sgonn,
+ 2‘5420’nM’nv + 2‘5,02’71“’711' + 4'S'll(lynv + nl‘lv)
— 2W(dog + Seo) (1#n, — ntl,)

—28,,(I*m, +m"l)
+ 2V (410 + S10) (I#*m, — m*l,)
—28p,(Hm, + m*l,)
+ 2V ($o, + Soy) (I, — m*l,)

— 28 o(W*m, + mtn, ) — 28,,(nm, + m¥n, ).
(6.10)

Thus it can be seen that when /, is geodesic (note that
Sy, — V2, is linear for k = 0) and ¢y, = 0, G# is a linear
functional of V. This is an important property that can be
used for various purposes: If the background space-time is
specified then the gravitational field equations become linear
partial differential equations for V. Another consequence of
this property follows: If a solution of the Einstein field equa-
tions can be put in the GKS form, i.e., g,, =g,, + 2V, 1,
whereg,,,,V,/, are all known and if (M,g) has a cyclic coor-
dinate, then any complex translation generates a new solu-
tion of the Einstein field equations. These solutions may or
may not be distinct.

Now we shall study the Einstein field equations, first
assuming the background space-time is fixed. We recall that
the transformation of the NP quantities are given for x =0
and ¢y, = 0. Also, for electrovacuum, ¢,, implies ¢, =0,
hence ¢, = ¢y, = 0. Since Sy, = O we have $, = O therefore
So1 = Sy = 0 (in fact S;,;=0). Thus, in the cases under con-
sideration, the backgrounds V¥ and EV satisfy
doo = P01 = $o; = 0 and a first set of transformation equa-
tions are given by S, = S, = 0 (since Soo = Sy, = 0). Also
the equations giving the Bécklund correspondence [Eq.
(5.33) for ¥V and Eq. (5.38) for EV] is equivalent to the
S, + 35, term.

We rewrite the transformation of the tracefree Ricci
spinor and curvature scalar for V, ¥ + A, and EV as

S0z =0, (6.11a)
65, =0, (6.11b)
28, = 4k(:9, +¢1$1 +@:@1), (6.11c)
51 =2k($:F> + @92 + 9:F2), (6.11d)
Sy, = 2k($,8, + .0 + P.P2). (6.11e)

From (6.11) it can be seen that the solution of ¥V de-
pends crucially on p 4 p and o, and the main compatibility
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problem is in the solution of DV. For ¢ = 0, we have a consis-
tent system, and the solution will depend on arbitrary con-
stants only, unless p + p = 0 (in this case AVis not specified
and the solution will depend on an arbitrary function). But
since x = 0 and @y, = dg; = P, = 0, then o = Oimplies that
background is algebraically special with 3, = ¥, = 0 (Gold-
berg—Sachs theorem?®). Also it can be seen that p +p =0
implies o = 0. In the following we will be interested in alge-
braic general backgrounds admitting the GKS transforma-
tion, hence we will take 0#£0, p +p#0. We analyze the
solutions for two cases: (i) §;; = 0, and (ii) 5,, 0. The first
case includes F—V, V—null EV [¢, =0 (see Ref. 27)]
transformations, and the second represent V— (non-null)
EV transformations.
(i) S,, = 0: We solve DV from Eq. (6.11c) as

DV = w,V, (6.12)

where
wo=(p+p) '[P’ +P" — 200 -2(p +P)(e+ D).
(6.13)

Then §, =0 is satisfied, but from S, = 0, we obtain the
following constraint on the background:

Yo/20 = (p +p) "' (07 — p?). (6.14)

(ii) S;,#0: We solve DV from Eq. (6.11c). Then using
So2 =0, and S, = 0, we obtain
D (¢o/0) + 2p]

= [(¥o/0) + 2p]* + (e + &) [(Yo/0) + 20]. (6.15)
Using Bianchi identities it can be seen that this condition is

tme whenever SOO = So] = S02 = So = 0.
Then V'is the solution of

DV =,V + u, (6.16)
where w, is given by Eq. (6.13), and
uy = 4k($:@, + 161 + @:91)- (6.17)

The constraints (6.14) and (6.15) are satisfied in the cylin-
drical class of metrics described by Newman and Tambur-
ino* and in stationary vacuum space-times discussed by
Kota and Perjés.*°

We now give expressions for §¥ and AV. From Eq.
(6.11d) we obtain

[(p> —03)/(p +P)18V + 05V + Q¥ =S,,, (6.18)
where

Q=9+ @ +a+B—7[(p*—05)/(p+p)]

+20(a +B) — o7 —pr (6.19)
and
0, for ¥ and V+ A,

Si= [2k(¢1¢2 + @@+ ¢1P2), for EV-‘ (620)
Hence we can solve §V if

|(p*> — 03)*/(p +P)|* — 3G #O0, (6.21)
as

V=w,V+u, (6.22)
where
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p*—od

o]

2 -7 =
—a&] [an—L——”‘-’-n]

p+p pP+p
(6.23)
and
2 __ 2 -1 —_
u1=[ £ 0_ "‘7—] [_‘7512"" aasn]’
pt+p P
(6.24)
and, since p + p#0, we solve AV as
AV—': Q)2V—'S22, (6.25)
where

w, = (p+p)"'[8(a +B~7+1d,)
+8@+pB— 1+, + 0,(8, + 3a + 58 — 27)
+ 1B, (0, + 38+ 5B —27) + ¥, + ¥, ,
—(P+p) ¥+ V) +ip+p) Qo5 - 3p* +5%)
+1/2(p +P) (205 — I +p*) + (@ +B—7)

X(@+38) +27+ @+B—1)(a+38) (6.26)
and
= [O, fo_r_ V and V+1§ 627
2k{ps@, + s, + @>P,}, for EV.

Also #; and ¢; + @; satisfy Maxwell equations [Eqs.
(2.21a)-(2.21d)] in (M,g) and (M,g), respectively. Then
V, in general, can be solved from Egs. (6.12), (6.18), and
(6.25).

We now return to the constraint equations (6.14) and
(6.16) and investigate the existence of asymptotically flat
solutions. We recall that the behavior of these space-times
has been studied by Newman and Unti** and by Exton, New-
man, and Penrose?® for vacuum and electrovacuum fields,
respectively. Using their results we obtain the following
theorems.

Theorem 1: If both (M,g) and (M.g) are asymptotically
flat vacuum space-times, then their Weyl tensors must be
algebraically special. The GKS transform does not preserve
algebraic generality transformations (see the next theorem
for vacuum to electrovacuum transformations).

Proof: Following Newman and Unti*® we can find a tet-
rad frame for which k=r=€e=p=p=7—a—pg=0.
In this tetrad Eq. (6.14) has the form

Yo/0 = (06 — %) /p. (6.28)
We write the relevant NP equations as

Dp =p* + 07, (6.29a)

Do = 2po + i, (6.29b)
Then Eq. (6.28) gives

Do/o = Dp/p =p + (c0/p). (6.30)

Solving this equation, we have ¢ = ap, where Da = 0. Then
(6.29a) gives

p(r) =[b—(1+ad)rl~' =00, (6.31)

where Db = 0, and O(7") is the order of magnitude symbol.
Thus

o) =a[b— (1 +a@)r] =01, (6.32)
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¢0(r) =a(a(_z — l)[b — (1 +aa)r]—2 — O(r_g)’
(6.33)

V(ry=V,[b— (1 4+aa)r]*, (6.34)

where k= (1 —aa@)/(1 + aa) and DV, =0. It is an as-
ymptotically flat space-time* p=0(r~"'), o= 0(r"?),
and ¢, = O(r—>), hence Egs. (6.32) and (6.33), and shows
clearly that (M,g) cannot be asymptotically flat, and, since
ps O, ¥, are invariant under the GKS transform (M,g) will
have the same behavior.

Theorem 2: If (M,g) is vacuum or electrovacuum with
I* a principal null direction (pnd) of the Maxwell tensor
(¢o=0), and (M,g) a non-null (4,7#0) electrovacuum
space-time, their Weyl tensors are algebraically special.

Proof: Asymptotic behavior of electrovacuum space-
times are given in the same tetrad frame as in the previous
theorem. Then using Eqgs. (6.15) and (6.29b) we have

Do _ D/ +2p) _ o

X 6.35
o Yo/o+ 2p o +¥ (639
hence
Y/o+20=(b"—r)"', Db'=0, (6.36a)
oc=a(b'—r)"!', Da =0, {6.36b)

but for asymptotically flat space-times,”® o = O(r™?), also
p =001 and ¢, = O(r~*). Therefore Egs. (6.36a) and
(6.36b) cannot be satisfied unless o = 0, i.e., (M,g) hence
(M,g) are algebraically special.

VII. CONCLUSION

We expressed Einstein’s equations for vacuum, vacuum
with cosmological constant, and electrovacuum fields as a
differential ideal using a compact Newman-Penrose formal-
ism, and we gave two prolongations of this ideal generalizing
previous works'” to vacuum with cosmological constant and
electrovacuum fields. We obtained prolongations of these
ideals and constructed Bicklund transformations. Vacuum
and vacuum with cosmological constant cases were also dis-
cussed in Ref. 19.

We also gave a method to obtain Bicklund transforma-
tions. The generalized Kerr-Schild transformation is a well-
known example to these transformations. Existence of other
Bicklund transformations will also be studied.

The transformations of Newman-Penrose quantities
were given in Ref. 24. We present here the (linear) differen-
tial equations for the transformation parameter for each case
discussed above and show that algebraically general asymp-
totically flat vacuum and electrovacuum solutions cannot be
obtained (starting from a vacuum solution).

We finally remark that when the space-time admits two
Killing vectors, it is known that Einstein’s equations consti-
tute a completely integrable system. For space-times with-
out symmetry, the Rarita-Schwinger equation'®'® was pro-
posed as an associated linear equation for Einstein’s
equations, therefore in the case of two Killing vectors this
equation should reduce to the Belinski-Zakharov system.
This problem is currently studied.
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