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Abstract

1 Introduction

Characteristic vector fields for the hyperbolic type PDE were introduced by E.Goursat [1]
in 1899. They provide a very effective tool for classification of Darboux integrable systems.
Interest to the subject renewed after the paper [2]. Characteristic Lie algebras for sine-Gordon
type nonlinear PDE are studied in [3], [4]. The concept of characteristic vector fields was
adopted to the quad graph equations in [5].

2 Characteristic Lie ring of the N-wave system

We study the following system of hyperbolic type partial differential equations

(
∂

∂t
+ ai

∂

∂x
)ui = φi(u

1, u2, ...un), i = 1, 2, ...n. (1)

Here ai – are arbitrary constants and φi are arbitrary functions. Particularly when the func-
tions φi are quadratic one gets the well-known system of n-wave equations [6]. Let us fix two
characteristic directions and introduce new variables ξ and η in such a way

∂

∂t
+ ai0

∂

∂x
=

∂

∂ξ
,

∂

∂t
+ ai1

∂

∂x
=

∂

∂η
.

In terms of the new variables the system takes the form

pξ = f((p, q, r),

qη = φ((p, q, r), (2)

rξ = rηA+ ψ((p, q, r),

where f = (f 1, f2, ...f s), φ = (φ1, φ2, ...φl), ψ = (ψ1, ψ2, ...ψm), p = (ui1 , ui2 , ...uis), q =
(uj1 , uj2 , ...ujl), r = (uk1 , uk2 , ...ukm), A = diag(λ1, λ2, ...λm), ∀i λi 6= 0. Below we use also
the following notations p = (p1, p2, ...ps), q = (q1, q2, ...ql), r = (r1, r2, ...rm). Denote through
F (or F̄ ) the set of locally analytic functions depending on a finite number of dynamical vari-
ables p, q, r, q1, r1, q2, r2, ..., qi, ri, ... (respectively, p, q, r, p̄1, r̄1, p̄2, r̄2, ..., p̄i, r̄i, ...). Here qi = Diq,
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ri = Dir, p̄i = Dip̄, r̄i = Dir̄, i = 1, 2, ..., D = d
dξ

, D̄ = d
dη

. The operator of total derivative D̄
with respect to the variable η is defined on the set F due to the following formula

D̄ =
i=s∑
i=1

p̄i
1

∂

∂pi
+

i=l∑
i=1

φi(p, q, r)
∂

∂qi
+

i=m∑
i=1

[
1

λi

ri
1 −

1

λi

ψi(p, q, r)]
∂

∂ri
+

+
i=l∑
i=1

Dφi(p, q, r)
∂

∂qi
1

+
i=m∑
i=1

[
1

λi

ri
1 −

1

λi

Dψi(p, q, r)]
∂

∂ri
1

+ ... (3)

+
i=l∑
i=1

Dnφi(p, q, r)
∂

∂qi
n

+
i=m∑
i=1

[
1

λi

ri
n+1 −

1

λi

Dnψi(p, q, r)]
∂

∂ri
n

+ ... .

Initiated by this formula introduce the following set of vector fields: Xi = ∂
∂pi , i = 1, 2, ...s, and

Xs+1 =
i=l∑
i=1

φi(p, q, r)
∂

∂qi
+

i=m∑
i=1

[
1

λi

ri
1 −

1

λi

ψi(p, q, r)]
∂

∂ri
+

+
i=l∑
i=1

Dφi(p, q, r)
∂

∂qi
1

+
i=m∑
i=1

[
1

λi

ri
1 −

1

λi

Dψi(p, q, r)]
∂

∂ri
1

+ ... (4)

+
i=l∑
i=1

Dnφi(p, q, r)
∂

∂qi
n

+
i=m∑
i=1

[
1

λi

ri
n+1 −

1

λi

Dnψi(p, q, r)]
∂

∂ri
n

+ ... .

Then evidently we have D̄ =
∑i=s

i=1 p̄
i
1Xi +Xs+1.

Definition. The Lie ring Rξ,η over the field F generated by the vector field X1, X2, ..., Xs+1

is called characteristic Lie ring in the direction of (ξ, η) of equation (1).
In a similar way one can define characteristic Lie ring Rη,ξ in the direction of (η, ξ). The

latter is generated by the following vector fields

Yi =
∂

∂qi
, i = 1, 2, ...l,

Yl+1 =
i=s∑
i=1

φi(p, q, r)
∂

∂pi
+

i=m∑
i=1

[λir̄
i
1 + ψi(p, q, r)]

∂

∂ri
+ ... (5)

+
i=s∑
i=1

D̄nφi(p, q, r)
∂

∂pi
n

+
i=m∑
i=1

[λir̄
i
n+1 + D̄nψi(p, q, r)]

∂

∂r̄i
n

+ ... .

In this case the operator D of total derivative with respect to the variable η is defined on the
set F̄ due to the formula D =

∑i=l
i=1 q

i
1Yi + Yl+1.

3 Lie rings of the evolution equations

In this section we study evolution type equation

∂u

∂t
= f(u,

∂u

∂x
, ...,

∂nu

∂xn
). (6)

Apply the operator D of total derivative with respect to x to both sides of the last equation
and deduce a new equation

∂2u

∂t∂x
= F (u,

∂u

∂x
, ...,

∂n+1u

∂xn+1
), (7)
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where F = Df . Define an operator D̄ acting on the set F1 of locally analytic functions,
depending on dynamical variables u, u1, u2, ...ui with un = ∂nu

∂xn due to the rule

D̄ =
∂u

∂t

∂

∂u
+ F

∂

∂u1

+DF
∂

∂u2

+ ...+Dn−1F
∂

∂un

+ ... .

Introduce characteristic vector fields

X1 =
∂

∂u
, X2 = F

∂

∂u1

+DF
∂

∂u2

+ ...+Dn−1 ∂

∂un

+ ... .

Definition. The Lie ring R over the field F1 generated by the vector field X1, X2 is called
characteristic Lie ring of equation (6).

The statement takes place.
Lemma. If dimR < ∞, then the right hand side F (u, ∂u

∂x
, ..., ∂n+1u

∂xn+1 ) of equation (7) is a
quasi-polynomial with respect to the variable u.

Proof. Since [D, D̄] = 0, then it follows from [D, D̄] = [D, ∂u
∂t
X1 +X2] that

[D,X1] = 0, [D,X2] = FX1. (8)

Now put X3 = [X1, X2] and get due to the Jacobi relation and equations (8)

[D,X3] =
∂F

∂u
X1. (9)

Define now a sequence of the vector fields Xi, i = 4, 5... as follows Xi = [X1, Xi−1]. Evidently
they satisfy the relations

[D,Xi] =
∂i−2F

∂ui−2
X1, i = 3, 4, ... . (10)

Suppose that the ring R is of finite dimension. Then for some natural m the vector fields
X2, X3, ..., Xm are linearly independent whereas

Xm+1 =
i=m∑
i=2

αiXi, (11)

where the coefficients αi, i = 2, 3, ...,m are functions of the dynamical variables u, u1, u2, ... .
Now due to (11) we have [D,Xm+1] =

∑i=m
i=2 D(αi)Xi +

∑i=m
i=2 αi[D,Xi] which implies according

to the relations (10) the following equation

∂m−1F

∂um−1
X1 =

i=m∑
i=2

D(αi)Xi +
i=m∑
i=2

αi
∂i−2F

∂ui−2
X1.

Since the vector fields X1, X2, ..., Xm are linearly independent hence the equations are valid

D(αi) = 0, i = 2, 3, ...m (12)

and
∂m−1F

∂um−1
=

i=m∑
i=2

αi
∂i−2F

∂ui−2
. (13)

From these equations it follows immediately that αi are all constant and F is a quasi-polynomial
with respect to the variable u. The proof is complete.

Study some examples of Lie rings for evolutionary type equations.
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Example 1. Begin with the equation ut = ux + u2. By applying the operator D to both
sides of the equation one gets: uxt = uxx +2uux. From the formal equation DtF (u, u1, u2, ...) =
(ut

∂
∂u

+ f ∂
∂u1

+Df ∂
∂u2

+ ...)F = (utX1 +X2)F for the integral we have

Dt = utX1 +X2, (14)

where f = uxx + 2uux.
Lemma. A vector field of the form Y = a1(u, u1, ...un1)

∂
∂u1

+ a2(u, u1, ...un2)
∂

∂u2
+ ... com-

mutes with the operator D if and only if Y = 0.
The proof follows from the formula [D, Y ] = (Da1

∂
∂u1

+ Da2
∂

∂u2
+ Da3

∂
∂u3

+ ...) − a1
∂
∂u
−

a2
∂

∂u1
− a3

∂
∂u2

− ... = 0.
By evaluating the commutator of equation (14) with the operator D and using the relation

[D,Dt] = 0 we obtain the equation

fX1 + ut[D,X1] + [D,X2] = 0

which splits down into two equations [D,X1] = 0 and [D,X2] = −fX1. Introduce notations
X3 = [X1, X2], X4 = [X1, X3], X5 = [X2, X3]. It is easy to check that [D,X3] = −2u1X1 and
[D,X4] = 0. By means of the Lemma the latter gives X4 = 0. Direct computations show that
X3 = 2u1

∂
∂u1

+ 2u2
∂

∂u2
+ ... . Evaluate now

[D,X5] = (X3f)X1 + [X2,−2u1X1] = (4u1u+ 2u2)X1 + 2u1X3 − 2fX1,

or [D,X5] = 2u1X3.
Prove that the basis of the algebra consists of the operators X1, X2, X3, X5. Evidently

[X1, X5] = 0. Consider X7 = [X2, X5]. It is found by a direct calculation that [D,X7] =
−4u2

1X1 + 2u1X5 + 2fX3, therefore X7 = 2u1X3 + 2uX5. Finally consider the operator X8 =
[X3, X5]. Find [D,X8]:

[D,X8] = −[X5, [D,X3]] + [X3, [D,X5]] = 2X5(u1)X1 + 2X3(u1)X3 = 4u1X3.

Compare the equation obtained [D,X8] = 4u1X3 with [D,X5] = 2u1X3 to make a conclusion
X8 = 2X5. Therefore the Lie ring for this equation is four-dimensional and the elements
X1, X2, X3, X5 are linearly independent.

Example 2. Consider the Burgers equation ut = uxx + 2uux. Find the corresponding
equation of the form (7):

uxt = u3 + 2uu2 + 2u2
1. (15)

We have the following characteristic vector fields: X1 = ∂
∂u

and

X2 = (u3 + 2uu2 + 2u2
1)

∂

∂u1

+ (u4 + 2uu3 + 6u1u2)
∂

∂u2

+ ...+ (un+1 + 2uun + ...)
∂

∂un

+ ... .

Evidently
X3 = [X1, X2] = 2D − 2u1X1, (16)

where D = u1
∂
∂u

+ u2
∂

∂u1
+ ...+ un

∂
∂un−1

+ ... . Now from the relation [D, D̄] = 0 we find

[D, utX1 +X2] = (u3 + 2uu2 + 2u2
1)X1 + ut[D,X1] + [D,X2] = 0.

Consequently
[D,X1] = 0 and [D,X2] = −(u3 + 2uu2 + 2u2

1)X1. (17)
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Now it follows from (16) and (17) that

X4 = [X1, X3] = [X1, 2D − 2u1X1] = 0, i.e. X4 = 0,

and then
X5 = [X2, X3] = [X2, 2D − 2u1X1] =

= 2(u3 + 2uu2 + 2u2
1)X1 − 2(u3 + 2uu2 + 2u2

1)X1 + 2u1X3,

therefore X5 = 2u1X3. Thus the basis of the characteristic Lie ring for the Burgers equation
consists of the operators X1, X2, X3.

Example 3. Consider the Korteweg-de Vries equation ut = uxxx + uux. Find the corre-
sponding equation of the form (7):

uxt = u4 + uu2 + u2
1. (18)

For the equation (18) it is easy to show that X4 = [X1, X3] = 0, X5 = [X2, X3] = u1X3.
Hence, the basis of a characteristic Lie ring of the Korteweg-de Vries equation consists of
operators X1, X2, X3.

Example 4. For the modified the Korteweg-de Vries equation ut = uxxx + u2ux equation
(7) receive to a kind

uxt = u4 + u2u2 + 2uu2
1.

The basis of the characteristic Lie ring of modified the Korteweg-de Vries equation consists
of operators X1, X2, X3 = [X1, X2], X4 = [X1, X3].

4 The associated Lie algebras of the evolution equations

Examples studied in the previous section show that finiteness of the characteristic Lie algebra
introduced specifies dependence of the function f = f(u, ∂u

∂x
, . . . , ∂nu

∂xn ) in the equation (6) on the
variable u. Now we will introduce a Lie ring which would allow us to specify also dependence
of f on the other arguments i.e. on ∂u

∂x
, ∂2u

∂x2 , . . . ,
∂nu
∂xn . To this end we will define a system

of equations closely connected with equation (6). First introduce new variables as follows
u1 = u, u2 = ux, u

3 = uxx, . . . , u
n = ∂nu

∂xn . Then equation (6) takes the form

u1
t = f 1(u1, u2, u3, . . . , un). (19)

Then applying consecutive differentiation with respect to x to equation (19) we obtain
equations for the variables u2, u3, . . . , un. Finally one arrives to a system of equations

u1
t = f 1(u1, u2, . . . , un),

u2
t = f 2(u1, u2, . . . , un, un

x),

u3
t = f 3(u1, u2, . . . , un, un

x, u
n
xx), (20)

. . . ,

un
t = fn(u1, u2, . . . , un, un

x, u
n
xx, . . . , u

n
x . . . x︸ ︷︷ ︸

n−1

),

generated by equation (6). Now apply the method defined in section 3 to define the character-
istic Lie ring for (20). Consider the following hyperbolic type system

ui
xt = F i, F i = Df i, i = 1, 2, . . . , n.
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The characteristic Lie ring of system (20) is defined by the operator D:

D =
∂ku

∂t
· ∂

∂uk
+ F k ∂

∂uk
1

+DF k ∂

∂uk
2

+ . . . ,

which defines a set of the vector fields

X1 =
∂

∂u1
, X2 =

∂

∂u2
, . . . , Xn =

∂

∂un
, Xn+1 = F k ∂

∂uk
1

+DF k ∂

∂uk
2

+ . . . .

The Lie ring generated by the operators X1, X2, . . . , Xn+1 is called associated Lie ring for
the evolutionary type equation (6).

5 Characteristic Lie rings of systems of ordinary differ-

ential equations

Let us consider a system of the ordinary differential equations

dui

dy
= fi(x, y, u

1, u2, ..., un), i = 1, 2, ..., n. (21)

To introduce the concept of the characteristic Lie ring to system (21) we assume that the
variables u1, u2..., un depend on a parameter x. Then by differentiating equations (21) with
respect to x we arrive at a system of the hyperbolic type equations

∂2ui

∂y∂x
=
∂fi

∂x
+

n∑
k=1

∂fi

∂uk
· ∂u

k

∂x
. (22)

System (22) possesses a pair of characteristic Lie rings, in directions of x and of y, respec-
tively. In the former case we have the characteristic Lie ring X generated by the vector fields
(see, for example [7])

X1 =
∂

∂u1
, X2 =

∂

∂u2
, . . . , Xn =

∂

∂un
,

Xn+1 =
∂

∂y
+ Fi

∂

∂ui
1

+DFi
∂

∂ui
2

+D2Fi
∂

∂ui
3

+ . . . ,

and in the latter case – the characteristic Lie ring Y is generated by the vector fields

Y1 =
∂

∂u1
1

, Y2 =
∂

∂u2
1

, . . . , Yn =
∂

∂un
1

,

Yn+1 =
∂

∂x
+ ui

1

∂

∂ui
+ Fi

∂

∂ui
1

+DFi
∂

∂ui
2

+ . . . ,

where D and D are the operators of total differentiation with respect to the variables x and y

correspondingly. Recall that ui
k = Dkui, ui

k = D
k
ui, i = 1, 2, . . . , n, k = 1, 2, . . ..

Now we call the Lie rings X and Y the characteristic Lie rings of system of ordinary
differential equations (21). Note that by construction dimY <∞ and generally the dimension
of ring X is not finite. A problem is to describe all equations of the form (21) for which
dimX <∞.
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l’Universite’ de Toulouse pour les Sciences mathématiques et les Sciences physiques,
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