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1. Introduction

In this paper we point out two important misunderstandings of the system of integrable equations
possessing recursion operators. The first one is about the superposition of integrable equations. In general
the integrable equations admitting recursion operator generate an infinite hierarchy of other integrable
equations. Superpositions of different members of this hierarchy are also integrable. These equations should
not be proposed as new integrable equations, because they are integrable by construction. Second point is
that soliton solutions obtained via the Hirota bilinear method of the superposed equations have the same
soliton solutions of the generating equation (generally the first member) of the hierarchy, the only difference
is their dispersion relations.

In (1 4 1)-dimensions, the following system

qz :Fi(qj’lrj7qi7,ri7qix7rix7'")7 i7j:1727"'7N (1)
ri =G ¢, @l ), 4 =1,2,... N (2)
of evolution equations is called integrable, where F* and G* (i = 1,2,..., N) are functions of the dynamical

variables ¢*(x,t), r(x,t), and their partial derivatives with respect to z, if it has a Lax pair and a recursion
operator R.
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There are local and nonlocal reductions of the above system of equations (1) and (2). They are given as
follows:
(a) Local reductions: The local reductions are given by

r(z,t) =k ¢ (2,t), i=12,...,N (3)

and
Tl(m7t):/<’2q_z(x7t)? i:1)27"')N7 (4)

where k1 and ko are real constants and a bar over a letter denotes complex conjugation. If the reductions
are consistent the system of equations (1) and (2) reduces to one system for ¢'’s

4 =F(, ¢ ¢y ), 1,i=12...,N (5)
for the reduction (3) and
4 = F(¢ @ @ @ Wos Tor -+ )y 65 =12, N (6)

for the reduction (4), where F = F| ; and F = F)|
(b) Nonlocal reductions: Recently, Ablowitz and Musslimani introduced a new type of reduction [1-3]
(see also [4-22])

riz=ryq rizrygi»> Tespectively.

ri(z,t) = 11q' (e1t,e92) = T1qL, T €R (7)

and
ri(xz,t) = 2q' (e1t,€92) = Toq., T2 €R (8)

fori =1,2,...,N and e? = 2 = 1. When (e1,£2) = {(-1,1),(1,—1),(—1,—1)} the above constraints reduce
the system (1) and (2) to nonlocal space reflection symmetric (S-symmetric), time reflection symmetric
(T-symmetric), or space—time reflection symmetric (ST-symmetric) differential equations.

Since the reductions are done consistently the reduced systems of equations must also be integrable. This
means that the reduced systems admit recursion operators and bi-Hamiltonian structures. We can obtain
N-soliton solutions of the reduced systems, for instance, by the inverse scattering method [2,20], Darboux
transformation [19], and Hirota bilinear method [4-6].

2. Superposition of integrable equations

We can write (1) and (2) by the use of the recursion operator as

L )

for a, 0 =1,2,...,2N, i =1,2,...,N, and R is the recursion operator which is a 2N x 2N matrix. Here
repeated indices are summed over their range. In the sequel we omit the indices over the dynamical variables
u, q, and r for simplicity. The system in (9) has an infinite hierarchy of equations [23]

uy =RY u,y, N=1,2,.... (10)

Since the recursion operator is the symmetry generating operator we can easily modify the above system of
equations as the following superposition of the hierarchy of equations:

ug, = a1 Ruy + asR%uy + -+ + anR" Uy, u= < Z ) , (11)
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where aq,a9,...,a, are arbitrary constants and n = 1,2,.... The system (11) is also integrable and its
recursion operator is also R. The system of equations given in (11) cannot be considered as new integrable
equations.

If we apply the local and nonlocal reductions; (3), (4), (7), and (8) to the system (9) then we obtain
reduced systems possessing the recursion operators yielding from the recursion operator R of the original
system (9) as R1 = Rr=kq, R2 = Rr=kg, R3 = Ry=iq., and R4 = R,—pgq., respectively. Corresponding to
each reduction we have the following hierarchies of equations:

) xr ’

q tn q x tN
q N q N

= R ; = R ;

( e )tN ° ( e )x ( )tN ! ( )r

where N =1,2,....

One can consider reductions of the superposed system (11). Similarly the reduced systems have their own

|
SESERCES
Vi QR

hierarchy. In particular, nonlocal reduced system of equations has the following forms:

q q 2 q n q
=a1R + asR +---+a,R 12
(%) 13(%)96 23(%)90 3(615)30 12)

and
q q 2 q n q
> ) =uR Z + bR ~ +--+ bR ha , 13
(%) 14(Qe>x 24<q5>$ 4<qg>x (13)
where a;, b; are some constants, and i = 1,2,...,n.
As an example we can consider the AKNS system. The AKNS equations [24] can be written as
_ ([ q _( —gD7'r+ %D —qD™Yq
uy = Ruy, where u = ( . > and R = ( D1y rD-lg—1p - (14)

Here R is the recursion operator, D is the total z-derivative, and D~! = i * is the standard anti-derivative.

If we consider the nonlocal reduction
r(x,t) = kq(eix, eqt) = kqe, 5% = sg =1, (15)

where k is a real constant, then the nonlocal reduced system is
q q
2 =R i 16
( 2 >t ) ( 2 ) 1o

—kqD7'g. + 3D —qD7q >
Ry = 52 _ . 17
* ( k*¢D7'q. kgD 'q— 3D a7)

with the recursion operator

This way we can also generate an infinite hierarchy of nonlocal equations

q N q
K =RN( T ), N=12,..., 18
(%)m 4<Qe>z (s

and also superposition of integrable nonlocal equations

q q 2 q n q
: =aR 2 + asR. : +--+a,R : , 19
( qe )t a“ 4( qe )x @2 4( qe )x In %4 ( qe >x ( )

where aq,as,...,a, are some constants and R4 is given by (17). In particular, consider the case for n = 2,

Uy = CkR'LLg; + BR2UI, u = ( ? > ) (20)

r
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where a and § are some constants. If we let a« = 2a and 8 = —4b the above system can be written as
gt = A4za — 2aq27“ - bQIzm + qur% (21)
Ty = —aTpy + 2aqr? — brypgs + 6bqrr,. (22)

This system of equations has been called as the generalized Hirota equation in [25] which is just the
superposition of the coupled nonlinear Schrodinger (NLS) and modified Korteweg—de Vries (mKdV) systems.
Therefore it should not be considered as a new integrable system of equations.

If we take b = 0 then the system becomes the coupled NLS system. We obtained one-, two-, and three-
soliton solutions of the coupled NLS system by using the Hirota bilinear method in [4]. Then we studied
all possible local and nonlocal reductions of the coupled NLS system with their soliton solutions. If a = 0
we have the coupled mKdV system. Similar to the coupled NLS system we gave all the local and nonlocal
reductions of the coupled mKdV system with their soliton solutions in [5].

The local reduction of the system (21) and (22) by r(z,t) = kq(x,t), k is a real constant, was first
introduced by Hirota in [26]. He obtained N-soliton solutions of this reduced equation by Hirota bilinear
method. In [27] and [28] the authors found rogue waves, rational, breather type, and multi-pole solutions of
the reduced equation (called the Hirota equation).

The superposed system (21) and (22) has the recursion operator given in (14). When we apply the
reduction (15) to (20) with a@ = 2a and § = —4b we obtain the nonlocal system

(q> :2aR4(q> —4bR§(q>
qe /, 4= ), 4= ),

_ ( —QCLk‘qu_E + aqze + 60kqq. G — bGuaa )
QakQ(q€)2 - a(q_e)xx + Gka(q_s)ac qe — b(q_e);cacar ’

where R4 is given by (17). Clearly, to have a consistent reduction we must have a = —ae, and b = beyes.
The nonlocal reduced equation is

4t (2, 1) = Qs (,t) — 2akq? (2, 1)q(e17, €ot) — b (,t) + 6bkq(x,t)qs(z,1)q(e1, £01). (23)

Therefore depending on (g1,¢2) = {(-1,1), (1,

—1),(—=1,—1)} we have three types of nonlocal equations:
S-symmetric Hirota equation (g1,¢2) = (—1,1

) ):
qi(x,t) = aqeq(x,t) — aqu(x, Hq(—z,t) — bggea(x,t) + 6bkq(x, t) g (x, t)q(—x, t), (24)

where a and b are pure imaginary numbers.
T-symmetric Hirota equation (e1,£2) = (1, —1):

qi(z,t) = aqus(z,t) — akq® (2, t)q(x, —t) — bGpas (,t) + 6bkq(x, t)qu(x, t)q(z, —1), (25)

where a € R and b is pure imaginary.
ST-symmetric Hirota equation (g1,¢2) = (-1, —1):

@ (2,t) = aqus (z,t) — akq® (2, t)q(—2, —t) — by (z,t) + 6bkq(x, t)qp (z, t)q(—x, —1), (26)

where a,b € R. All these equations have been proposed by [25] as new equations.

3. Soliton solutions

If we let g(z,t) = ?Ezg and r(z,t) = fgi t% in the system (21) and (22) we obtain the Hirota bilinear

form of the system as

(D¢ —aD2 +bD2 + MNa —3bD,)){g- f} =0 (27)
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(D¢ +aD? +bD3 — X a +3bD,)){h- f} =0 (28)
(D3 = M{f - [} = —2gh, (29)

where ) is an arbitrary constant. When we apply the Hirota method it arises that A\ = 0. Notice that the
forms of the one- and two-soliton solutions of the coupled NLS system [4], the coupled mKdV system [5],
and the superposed system (21) and (22) are same except the dispersion relations. Indeed we can directly
write one-soliton solution of these systems with the pair (¢(z,t), r(x,t)),

ef ez

q(z,t) = r(z,t) = (30)

1 5 ef1+02 ’

i
T (k1+ka2) 1=

1 )
CETSE ef1+062

with 0; = kijx + wit + §;, i = 1,2, where for the coupled NLS system the dispersion relations are
w1 = ak?,wy = —ak3; for the coupled mKdV system we have w; = —bk?,i = 1,2; and for the superposed
system (21) and (22) the dispersion relations are

wy = ak? —bkY,  wy = —ak3 — bk, (31)

Here k1, ko, 61, and J5 are arbitrary complex numbers.
Similarly, two-soliton solutions of the coupled NLS [4], the coupled mKdV [5], and the superposed system
(21) and (22) are given with the pair (¢(x,t), r(x,t)),

ef1 €92 4~y ef1t02tm 4~y 014024 m2

q(w,t) = 1+ efrtmtanr 4 ebrtmators 4 elotm+tazr 4 efa+natazs 4 Nfeb1+02+n1+n2’
e + e 4 31691-&-711-&-772 + 626924-711-&-712
r(z,t) = 1 4 efrtmtoir 4 ebritnetaiz 4 eb2+m+taz 4 glat+mat+aze 4 Nfeb1+02+n14m2’
where
o 1 (k1 — k2)?
e = T L N2 Yi = — 2 27
(ki +45) (k1 + €)% (k2 + ;)
B = — (4 — £)? M= (k1 — k)2 (I — I9)?
' (01 + ki) (b2 + ki)? (k1 +11)2 (k1 + 12)? (k2 + 11)2 (k2 + 12)?
and 0; = ko + wit +90;, 3, = Lix + mit + «; for 1 < 4,5 < 2, where for the coupled NLS system
the dispersion relations are w; = ak?,m; = —al?,i = 1,2; for the coupled mKdV system we have
w; = —bk3,m; = —bl3 i = 1,2; and for the superposed system (21) and (22) the dispersion relations are
wi = ak? — bk}, m; = —al? —bl3 i=1,2. (32)

Here k;, ¢;,90;, and «ay, i = 1,2 are arbitrary complex numbers.

In [25], the authors also obtained the one- and two-soliton solutions of the superposed system of the
coupled NLS and mKdV systems (21) and (22) by using the Hirota method but these solutions have already
been given previously in [4-6] except the dispersion relations. In addition, the authors studied one- and
two-soliton solutions of the nonlocal reductions of the superposed system (21) and (22) in [25]. Obviously,
one also does not need to find the soliton solutions of the nonlocal reductions of the superposed system
(21) and (22) as well since these nonlocal reductions are also superpositions of the nonlocal reductions of
the coupled NLS and mKdV systems which have already been studied in [4] and [5]. We derived one- and
two-soliton solutions of the nonlocal reduced equations obtained by the reduction r(z,t) = g(e1z,e2t) in [4]

and [5], as
ek‘l r4wit+d1

q(@,t) = e(k1+k1e1)m+(wywa)t+61+51 (33)

_k
(k1+k1e1)?
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where for nonlocal NLS equations the dispersion relations are wy = ak?,ws = —ak? and for nonlocal mKdV
equations we have w; = —bk:{’,wz = —balk:f, with a = —aeq, b = beyey. Therefore one-soliton solution of the
nonlocal superposed equations (23) is again (33) with the dispersion relations

w1 = ak:f - bkf, Wy = —CLI_C% — bé‘ll_CLl?’, for a= —(7,82, b= 56152. (34)
4. Conclusion

The aim of this work is to remark on two basic wrong approaches. The first one is proposing the
superpositions of integrable hierarchy of equations as new integrable systems and the second one is obtaining
the soliton solutions of these superposed equations by the Hirota bilinear method. For this purpose we gave
the superposition of the coupled NLS and mKdV systems, as an example, which are members of AKNS
hierarchy with well-known recursion operator. These systems are integrable and the superposition of them
is also integrable possessing the same recursion operator. We pointed out that the superposed systems
should not be considered as new integrable systems, because they are integrable by construction. The soliton
solutions of the coupled NLS and mKdV and the superposed systems obtained by Hirota bilinear method
are exactly same except their dispersion relations. We have the same conclusion for the local and nonlocal
reductions of the coupled NLS and mKdV systems. Their superposition does not give any new integrable
equations and furthermore the reduced superposed equations have the same form of soliton solutions with
different dispersion relations.
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