
The Special Theory of Relativity

Departures from Newtonian Dynamics
Özlem Köylü, Zeynep Günsu Elmas
What does the word relativity bring to your mind? Dictionary definition of the word is a state of comparative dependence in which the existence or significance of one entity is dependent on that of another. Why did Einstein call this theory of his as the “Special” theory of relativity? The last of the three articles that Einstein published in 1905 is about the special theory of relativity. The main reason for writing this article was to elucidate the constancy of the speed of light. Yet, a theory that reformed the concepts of space and time emerged. A few years later, Einstein noticed that this theory was indeed a special case of a more general one, hence he called this “The Special Theory of Relativity” and the other one which he could complete by 1916 “The General Theory of Relativity”1. The special theory of relativity does not take gravity into account but still deals with acceleration, whereas the general theory of relativity takes account of gravity2. Actually basic concept of special relativity is reminiscent of Galilean and Newtonian mechanics where reference frames have no priority among each other and they all hold under the same physical laws. Einstein made his special tribute to the concept by letting us apply relativity to “all” physical concepts, not to any restricted range of phenomena3. He not only generalized the Galilean and Newtonian mechanics to all physical laws including electrodynamics but also broadened the postulate of relativity by asserting that all observers measure the same value for the speed of light independent of their state of uniform linear morion2. Hence Einstein made the motions at speeds of the order of the speed of light not be categorized separately from motion at other speeds.
The new theory came with some features that were at first startling such as the twin paradox. Yet the theory’s striking beauty was in explaining and eliminating such paradoxes with clarity and simplicity. At this point, the theory was elaborate because it was far reaching with a minimum of data. Bearing little constituents and yet drawing generalizations in a flawless manner, the special theory of relativity reflects Einstein’s greatness. 
Certain observed effects could not be pinned down with Newtonian mechanics. In Newtonian mechanics, a particle that is regarded as a material point in space has a motion which is a function of time. Although Newton believed in an absolute space, he knew that one cannot map the motion of a body through this space. It was only possible to talk about the position of one body with respect to another. Hence Newton talked about relative places and motions instead of absolute ones. Yet, his calculations reveal an absolute acceleration despite the relative position and motion. What Newtonian dynamics finally does is to relate this fundamental acceleration quantity to the force supplied to the particle by its environment. This relation is bound via the particle’s inertial mass. Given an explicit force as in universal gravitation, Newton’s law becomes completely applicable in terms of F, mass and acceleration.  Even when the force on the particle is not known explicitly, Newtonian mechanics is marked with the conservation of linear momentum, where each particle’s momentum (mass multiplied by its velocity) gives a sum that is constant if any external force is ignored. Hence, a particle’s momentum p divided by its velocity v is an invariable quantity which is the particle’s mass.  Besides the momentum issue, any particular law of force leads to the work done on the body. This work exposes itself as a change in the kinetic energy of the body:
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                 So far, ingredients of classical mechanics (space, time, force, acceleration, inertial mass, momentum, energy) have been laid down. These ingredients have been in conformity for about 200 years, after which some discrepancies have occurred. Most of these discrepancies emerged in association with particles having very high speeds on the order of speed of light. 
In Newtonian mechanics, no upper limit for velocity exists in principle. That is, an object can be as much energy as possible to increase its speed to any desired value. If an acceleration of  9.8 m/sec2  acts on a body which is initially at rest, a year later the body is calculated to have a speed of 3×[image: image3.png]10°



m/sec, after two years same acceleration yields a speed of 6×[image: image5.png]10°



m/sec. Yet experiments refute such speeds and the “non-existence of upper limit for speed” is a clear example of the inadequacy of classical mechanics for all dynamical situations. Electron can be rather easily accelerated up to very high speeds when its minute mass is considered. Let us take an electron that travels from cathode to anode in a vacuum tube where the electron experiences a potential difference of 100 volts. If the electron starts from rest at cathode, then it arrives at anode with a velocity of  6×[image: image7.png]10°



m/sec 
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where q=1.602 x 10-19 C, V=100 volts, m=9.109x10-31 kg. So far the Newtonian mechanics explains the physics correctly. When a potential difference of one million volts is applied between the two electrodes, electron acquires twice the speed of light, 6×[image: image11.png]10°



m/sec, theoretically. With this result, the need for a revised dynamical approach is obvious. Obtaining such extreme speeds have been shown by experiments, one of which takes direct time measurements of flight for electrons passing through a linear accelerator (linac). A Van de Graff generator acts as an injector for the accelerator which gives electrons energies up to 1.5MeV (1eV=1.60217646x10-19J). Electrons are released in bursts of nanosecond duration from the electron-gun system of the Van de Graff’s negative high voltage end. Electrons enter the drift tubes of the accelerator and the time it takes them to travel the flight path AB is measured. Knowing the distance “l” between points A and B, velocity of the electrons are calculated. 
During the experiment, energies on the order of MeV are given to the electrons. It is observed that even if the given kinetic energy increases by a factor of about 3, speed of the electrons shows no such obvious increase by any fold. At the table below given are the results of the experiment:
	     Kinetic Energy, MeV
	     Flight time, ×10-8 sec
	Electron  speed, ×10-8 m/sec
	

	0.5
	3.23
	2.60
	

	1.0
	3.08
	2.73
	

	1.5
	2.92
	2.88
	

	4.5
	2.84
	2.96
	

	15
	2.80
	3.00
	


 Above results are far different from what Newtonian mechanics would yield. Let us assume that the classical approach is applied, where the kinetic energy that the accelerator delivers to the electrons is KE. Then applying KE = [image: image13.png]1
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, we get velocity values that increase as directly proportional to the square root of KE. In this case, increasing KE by a factor of 30 (as is done in the experiment), velocity should increase by a factor of √30≈5.5. Yet the increase is only by a factor of 0.15. As a result, experiment data shows discrepancy between velocity and energy of electrons when their classical picture is considered: Increasing values of kinetic energy does not promise increasing values of speed. Facing this discrepancy, one may be suspicious about the accuracy of the supplied energy while accelerating the electrons during the experiment. Van de Graff machine gets rid of such suspicions by making a “calorimetric” measurement of electron energies when they reach the positive end of the AB path. This measurement shows that the energy “is” supplied to the electrons.    
Thus, the experimental back up of a speed limit is obtained and this limit is the speed of light. This ultimate limit changes the rule of velocity addition when relativistic approach is taken. At this point, a new velocity addition rule is required. This new addition formula should yield the same results independent of the observer’s reference frame.  
If we take a detailed look at the results of the ultimate speed experiment, various questions come to mind. For instance, one cannot help but wonder why it is impossible to give a particle an arbitrarily high speed when one can give it as much energy as one wishes. Since the ultimate speed is the speed of light, a closer look at photon nature is both descriptive and clarifying. 
Einstein proposed the special theory of relativity by suggesting that as light travels between two points in empty space, the time of travel is the relative distance between the two points divided by a universal velocity c and that this velocity does not depend on any velocity that one’s reference frame may have through space.  Speed of light is the same for all observers even if they are in relative motion with respect to one another. All of dynamics was affected by Einstein’s theory. His approach led all the way from optics through kinematics to dynamics of particles. Today a vast amount of data about dynamics of particles traveling at extremely high speeds makes it apparent that Newtonian approach must be revised if particles like electrons which have such extreme speeds are considered3. 
Einstein’s theory of special relativity puts an end to Newtonian concept of absolute space and absolute time by merely stating that space and time are two interdependent concepts and that they are perceived differently for different observers. The interdependence of space and time is maintained by the speed of light (Lorents transformation for x and t). Special theory of relativity reconstructs the Newtonian approach: This new theory covers Newtonian mechanics when motion with velocities that are small compared to the speed of light are concerned and further gives physical explanation of motion when velocities on the order of the speed of light are concerned2.  

At this point, a closer look at the structure of photons will be helpful to understand the behavior of light. Although energies of the photons making up light vary over a wide range, all of the photons have the same speed c. When photons of visible light and microwaves are considered, it is seen that although their energies differ by a factor of [image: image15.png]10*



 their speeds are the same up to 1 part in [image: image17.png]10°



. These results prove that increasing energy does not connote increasing speed. The ultimate speed experiment already suggests that an electron with kinetic energy of a few MeV has a speed within 1% of the speed of light and that a substantial increase of energy can- if anything at all, narrow down the 1% deficiency slightly. 
One important dynamical property of photons is the relation between a photon’s energy and momentum. A photon with energy [image: image19.png]


 has a linear momentum [image: image21.png]


associated with this energy           [image: image23.png]
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 . An indirect experimental support for this energy-momentum relation comes from analyzing collisions between individual photons and other particles by initially assuming that the relation holds. Experiments designed to test the validity of the energy-momentum relation have been conducted with continuous light beams instead of individual photons. Hence, incidence of huge numbers of photons is involved such that a flow of 3×[image: image27.png]1018



 photons/sec is equivalent to 1 watt of visible light. Such a flow can be analyzed without referring to the photon nature of the radiation. As a matter of fact, the energy-momentum relation  [image: image29.png]


  has its origins in Maxwell’s equations. It was again Maxwell’s theory from which the correct value of the speed of light was obtained. The radiation-pressure experiments were actually verifying Maxwell’s theory while being used to test the validity of the energy-momentum relation. Beauty of the radiation-pressure experiments came with the fact that there was no difference between using continuous beam or individual photons to obtain the radiation for the experiment 3. 
So what is a radiation-pressure experiment (RPE) which measures pressure due to radiation? In 1873, Maxwell showed that if light were an electromagnetic phenomenon, pressure should result from the absorption or reflection of a beam of light. Maxwell put forward that as waves propagated in a medium there appeared a pressure in the direction perpendicular to the waves. He said that a considerable amount of radiation might be obtained through concentrated rays from an electric lamp. When these rays fall on a thin metallic disc which is suspended in a vacuum, one can observe a mechanical effect on the disc. The early attempts to investigate the pressure caused by radiation involved the problem of gases which were impossible to be removed away from the body onto which radiation fell 4. Experimenters Nichols and Hull did not have the access to high vacuum in their laboratory, so they separated the true radiation pressure from a false radiometer effect. In this effect, a surface under incident radiation absorbs the radiation and gets warm. In the meantime, gas molecules next to the surface exert a slight push onto the surface since their kinetic energy also increases. This effect can be ignored only if experiment is conducted in high vacuum 3. To come over this problem up to some extent, experimenters decided to use perfect reflectors as surfaces to receive radiation. Here the theory says that under the same radiation, a totally reflecting beam exerts twice the pressure of an equal beam yet being completely absorbed4. 

The first quantitative experiment on radiation pressure was done by Lebedef, in 1901, in quite a good vacuum but there were still substantial radiometer effects. Yet a cleaner experiment was conducted by Gerlach and Golsen, in 1923. Having an improved vacuum condition, they managed to make the radiometer effect negligible. 
Their experiment tests the validity of the following relation
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where W is the incident power of radiation (arrival of radiation per unit time), ρ is the fraction of incident radiation that is reflected by the surface and F is the force exerted on the surface by a known flux of radiation. In RPE, surface is a thin metal vane that is suspended on a delicate torsion fiber.  Attention must be paid to ρ because the reflected beams of light contribute to the radiation force. Their experimental data below gives an average of 2.98 ×[image: image33.png]10°



 m/sec for the speed of light.
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	Pt
	0.60
	6.07
	3.14
	3.09

	Pt
	0.60
	2.80
	1.44
	3.11

	Ni
	0.43
	6.39
	3.23
	2.83

	Al
	0.81
	6.39
	3.91
	2.96

	Al
	0.81
	2.78
	1.74
	2.89
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 and the Newtonian relation [image: image43.png]KE
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 for a photon particle. It is true that all of the energy of a photon is kinetic, since photons simply cease to exist when we try to stop them in an absorber. Yet, a wrong deduction may end us up writing [image: image49.png]


 since photons travel with speed [image: image51.png]
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. Then what is the energy of a photon-is it [image: image55.png]


 or [image: image57.png]


 ? This quandary makes one wonder how a photon’s kinetic energy and momentum change when its speed is almost equal to c. The situation is clarified by the fact that photons with relatively low speeds (<0.1[image: image59.png]


) obey the Newtonian dynamics, but when the photon’s energy becomes relatively high ([image: image61.png]KE



>0.1 MeV) momentum becomes remarkably less than what the Newtonian would give. If even higher photon energies are considered ([image: image63.png]KE



>50 MeV), momentum is equal to [image: image65.png]KE/c



 within an accuracy of 1%. It should be noted that evidence for these results come from investigations of atomic collisions involving energetic electrons 3. 
Similar to the observation where one cannot increase a photon’s speed to any desired high value solely by increasing its energy, now we see yet another departure from the Newtonian dynamics: Speeds approaching the speed of light make us take a different route of physics to investigate the particle. So the next step is to decide on this new route to study particles like photons and other similar ones. The inescapable departure from Newtonian to non-Newtonian behavior will be on the basis of the postulates of special relativity. 
                                  MATTER AND RADIATION: THE INERTIA OF ENERGY

The relation between the inertia of matter and the energy of radiation will lead us to a new dynamical system that applies to both photons and “gross bodies”.  In order to obtain this new system it is better to start with a thought experiment, invented by Einstein in 19065, to propose equivalence of energy with a certain amount of inertial mass. 
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Consider the following box with mass M and length L and let it be isolated from its surrounding. One end of the box (say left) emits a radiant energy E when the box is at rest and the radiation has a momentum [image: image68.png]p=E/c



. Due to the conservation of total momentum the momentum of the box will have same magnitude with the radiation but opposite direction. Therefore, the speed of the box will be;
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(1)

When the radiation hits the other end after [image: image72.png]At =L/c
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), the momentum of the radiation will be totally transferred to the box and brings the box to the rest again. At the end it has a displacement difference[image: image76.png]


, which is;
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(2)

Since the box has a nonzero displacement in our isolated system the center of mass must have been removed. Now our proposition is that the radiation has carried an amount of mass m equivalent to itself.
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(3)
Substitute  Eq. (2)into Eq. (3),
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(4)

This equation constructs an important relation between the inertial mass and the energy. By this result we can say that the radiation emitted from the left end decreases inertial mass of the same end by the amount  [image: image84.png]E/c?



. Similarly the inertial mass of other end increases by the same amount. We know that the absorbed energy is transformed into thermal energy. This brings the result that all kinds of energy have a mass equivalency which is defined by Eq. (4). This phenomenon is clearly seen in thermonuclear reactions seen in stars. For example, the conversion of deuterium (D) into helium (4He) seen in the sun is worth mentioning:
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Here the separate proton and the proton and neutron of deuterium are converted in to helium. However, mass-spectrometer measurements give that the total mass before the fusion is greater than the after. The approximate measurements are as follows3:


Proton
[image: image88.png]1.6724 X 107 kg





Deuterium
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3He nucleus
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Mass difference
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This mass difference is converted into energy which is carried away by gamma rays. Gamma rays have energy on the order of MeV, hence

[image: image100.png]E=mc® =9.8 Xx107°9.0 X 10'® = 8.8 X 10”joule = 5.5MeV




Hence, we can say that any change in the energy of an object corresponds to a change in its inertial mass.
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(5)

This is the equivalence of; “the conservation of energy and the conservation of total mass are not two separate laws; in fact they are the same”.

Einstein’s Box Unhinged

The definition of a rigid body is “an object along which physical information can be transmitted in an arbitrary short time, so that the object is set in motion instantaneously, as a single unit, when a force is applied to any point in it”3. However, if we hit one side on a rigid body the information will be carried by elastic waves which are much slower than the speed of light. Therefore, Einstein’s box is no longer a rigid body. In this case we can consider both ends as separate masses. 
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Let the left end, [image: image105.png]


, emits energy E  at t=0 and after emission its mass is [image: image107.png]


. Due to sonservation of momentum its speed and position are;
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(6)
When t=L/c  the emitted radiation reaches to the right end and absorbed by [image: image113.png]


. The position of right end at any t  for  [image: image115.png]t=L/c



 is found by;
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(7)
If the total mass is M;
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(8)

where [image: image121.png]


 is the position of center of mass before the emission. After emission;
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(9)

If [image: image127.png]


 , from Eqs. (8) and (9);
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(10)

This result is the theoretical verification of the principle of inertia.

ENERGY, MOMENTUM, AND MASS

We know that the relationship between a photon’s energy and its momentum is;
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(11, 12, 13)

From Newtonian mechanics;
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(14)

Here, Eq. (13) is a special case of Eq. (14) for [image: image143.png]


. From (12) and (14);
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(15)

In classical physics the change of kinetic energy of an object equals to work done on that object:
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(16)

After multiplying Eq. (15) by Eq. (16) side by side and integrating;
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(17)

Substitute Eq. (15) into Eq. (17);
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(18)

For [image: image161.png]v
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(19)

We can call [image: image165.png]E,
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 as the classical inertial mass of the object ([image: image167.png]


). Hence, the second term in (19) is the classical kinetic energy. Eqs. (4) and (18) give us the variation of inertial mass with respect to speed:
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(20)

Here [image: image171.png]


 is the rest mass of the object for [image: image173.png]


; for any [image: image175.png]v#0



 the inertial mass is greater than the rest mass. Figure-3 indicates the variation of inertial mass with respect to ratio of the speed of the object to the speed of light. 
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The kinetic energy of a particle in this new dynamical system is the difference between the total energy and the rest energy (Eq. (21)). Kinetic energy means the extra energy that a particle has through the work done by external forces. Since there is an ultimate speed limit, increasing the external energy given to the object does not increase the speed as expected in classical dynamics. This is due to the variational behavior of the inertial mass. The given energy is not totally converted into kinetic energy; some of it is converted into inertial mass.
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(21)
Eq. (20) is one of the basic results of this new dynamic system. This basic result brings us the following equations:
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(22)
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(23)

These results have the same behavior with the Newtonian mechanics e.g. momentum is mass times velocity, i.e. [image: image184.png]m(v)



 is a basic construct in this dynamical system. For the simplicity we can define  [image: image186.png]y =1 —-v¥/c?)1?



, which is a frequently seen term. Hence we have;
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IS THE NEW DYNAMICS CORRECT?

We found a relationship between kinetic energy and speed (Eq. 21) but are we sure about its correctness? The linear acceleration experiment gives us satisfactory results. From Eq. (15) the speed can be written as;
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Table.1: Speed vs. kinetic energy ([image: image196.png]mpc® = 0.51 MeV



 for electrons)
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	0.1
	1.56
	1.249

	0.2
	2.75
	1.658

	0.3
	3.67
	1.916

	0.5
	5.00
	2.236

	1.0
	6.75
	2.598

	2.0
	8.00
	2.828

	5.0
	8.87
	2.978

	10.0
	8.93
	2.988

	30.0
	8.99
	2.998


In Table 1, the results of the linac experiment is given. As it is seen the experimental results are consistent with theory. In the table,  [image: image201.png]


 is dependent only on the mass of the particle, therefore in order to calculate kinetic energy for particles at speed [image: image203.png]


 we need only mass of that particle. 

MOTION UNDER A CONSTANT FORCE

Let [image: image205.png]


 be the force acting on a body for time [image: image207.png]


. If the body is initially at rest at the end of the time its speed will be [image: image209.png]


:
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(28)

Therefore;
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(29)

Now consider two cases:

i) [image: image219.png]Ft < mgyc
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Therefore; 
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In this case the problem is an ordinary problem in Newtonian mechanics.

ii) [image: image226.png]Ft < mgyc
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Therefore;
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This means that the speed of light is a limiting case and it is not possible to accelerate an object above the speed of light.

In the 20th century, by the concept of “ultimate speed” a new dynamical system has come into the picture –special relativity. Einstein’s assumption that the center of mass of an isolated system does not spontaneously shift, leads us to relate energy, momentum and mass to each other  for all attainable speeds. 
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Fig.1: Eintein’s box-a thought experiment. The radiation from left end to right end makes the box move from its initial position





Fig.2: “Einstein’s box unhinged”





Fig.3: The variation of inertial mass with speed
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