LECTURE 24, WEDNESDAY 05.05.04

FRANZ LEMMERMEYER

1. 2-ISOGENIES

Let us recall what we did last time. Starting from an elliptic curve E : 3% =
x(2? + ax + b) with discriminant A = 160 (a? — 4b) we constructed another elliptic
curve E : 32 = (2% + ax + b), where @ = —2a and b = a® — 4b; this is an elliptic
curve with discriminant A = 162b(a? — 4b)?. We also came up with a map

-2 9 7
1) ¥ EQ —EQ): 77— (L, 1T ),
T 8%
and our job today is to show that this is a homomorphism.

Before we do that, let us iterate this procedure: since E has the same form as
E, we can form the elliptic curve F : Y2 = X (X% + AX + B) with A = —2a = 4a
and B = @* — 4b = 16b, and we have a map ¢ : E — E defined as above. But
now the tranformation Y = 8y and X = 4z gives an isomorphism ¢ : E — E. The
composition of maps

Joay > RN 5
defines a map ¢ =1 o1~ ' : E — E given by
2 yx®—b
P(z,y) = (%, ZJ(T)
Note that y?/2? = (22 + ax + b) /2, hence ¢(0,0) = O.

As we have already seen, we also have homomorphisms «a : E(Q) — Q*/Q*?

and (3 : E(Q) — Q*/Q*2. With all these maps in place, we now can claim

Theorem 1. The maps ¢ and ¢ defined above are homomorphism. Moreover, the
following sequences are exact:

0 —— {0,(0,0)}) —— E(Q) —2— F(Q) —*— Q*/Q*?

0 — {0,(0,0} — E(Q —— E@ —— Q*/Q**.
Finally, we have v o ¢ = [2|g (multiplication by 2 on E) and ¢ o = [2]4.

Thus although the situation is more involved than for the 2-descent on curves
with three rational points of order 2, we have managed to break up the multiplication-
by-2 map into two homomorphisms ¢ and 3 between E and the associated curve
E. Multiplication by 2 has a kernel of order 4 (three points of order 2 and the point
at infinity), whereas the isogenies ¢ and 1) have kernels of order 2 (which is why
they are called 2-isogenies).

Proof. We have to show that ¢ is a group homomorphism. This is done, you guessed
it, by distinguishing several cases:
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a) The claim is obviously true if one or more of the points Py, Py or P + P,
is the point O at infinity.

b) Consider two points P,Q € E(Q) and assume that @ = (0,0); the case
P = (0,0) is taken care of in a), so assume that P = (z,y) # (0,0). Then
P+ (0,0) = (b/z,—by/x?), hence

_ y?D+Q yP+Q(x§>+Q —b)
0P +Q) = (G = —)
b2y et —bya?(b?/x? - b)
B ( b2 /x2 "’ b2x2 )
2 2 _ b
- (5122 -
= ¢(P) +6(Q).

¢) P and @ are points of order 2 different from T'= (0,0). If P+ Q = T,
then P+ T = @, and this case was covered in b). If P,Q, P+ Q # T, then
P =@ and thus P 4+ @ = O, which was covered in a).

d) Since ¢(—P) = —¢(P) it suffices to show that ¢(Py) + ¢(Ps) + ¢(Ps) = O
if Py + P, + P3 = O. Thus assume that the P; are collinear and pairwise
distinct, and let y = mx + ¢ be the equation of this line. We have to show
that the points ¢(F;) are collinear; more exactly, we will show that they are

on the line y = Mz + ¢, where m = 1 (mc —b) and ¢ = 1(c? — amc + bm?).

Note that ¢ # 0 since we may assume that the P; # (0,0).

Write ¢(z;,y:) = (T;,7;); then

___ mc—bry;\? 2 — ame + bm?2
mI| +¢= (—) 4+
c T c
(me — b)y? + (2 — ame + bm?)z?

B cx?
me(y? — azd) — b(yr — ma1)(yr + mar) + 2z}

)

2
cry

Now we use y? — ax? = x5 + bxy, as well as y; — mx; = ¢, and get

m(x} + bxy) — by +may) + ca?
2
Ly

mzT+c=

aimxi4c)—byr (@ —by
- x? - x? =Y
1 1

The calculations for P, and Ps are analogous.
e) The case P; = P, is left as an exercise.

This proves that ¢ (and, by symmetry, v) is a group homomorphism.

Now let us see why ker ¢ = {O, (0,0)}. Clearly {O, (0,0)} C ker ¢. Conversely,

assume that ¢(P) = O for some P = (z,y) € E(Q); then z = 0, hence y = 0 and
P = (0,0).

Finally we have to show that im ¢ = ker@. Showing that im ¢ C ker @ is easy:

the x-coordinate of ¢(x,y) is a square, hence @ o ¢(x,y) = 1-Q*2. Conversely,
assume that (z,y) € ker@, i.e., that * = w? for some w € Q. Define

1 Y .
xj = §(x —a+ (fl)JE), y; = (1) wz;
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for j = 1,2; then x1z2 = b (use the fact that y* = x(z? + ax + b)), hence z; # 0.
In order to check that the points (x;,y;) are in E(Q), we have to verify that
y?/x? =zj+a+b/z;, ie,z=av1+a+b/z =x1+a+ryand z =zo+a+b/xg =
Ta+a+xy; but this is clear. Finally we have ¢(z5,y;) = ((y;/7;)% y;(23=b)/x3)
(w?, w(zz — 1)) = (2,y).

Finally, let us check that the composition of the 2-isogenies is just multiplication
by 2. On the elliptic curve E : y? = z(2? + ax + b) we have the duplication formula

22 —b\2 (2% — b)(z* + 2a2® + 6bx® + 2abx + b?)
With ¢(z,y) = (7,7) and $(z,7) = (7,7) we now get
y2 y2(1,2 _ b)2.734 _ (332 _ b)2

T
4 4z 4yt 4y

if xy # 0. Similarly,

= 2 4
)
(@ =b)(yt - (a® —4b)at) (2 —b)((2® + ax 4 b)? — (a® — 4b)x?)
- 8z:2y3 - 8y3
(2 = b)(2* + 202 + 6ba” + 2abx + b?)
= 5 .
The special cases xy = 0 can easily be taken care of. O

2. THE SNAKE LEMMA

Everything we say below about exact sequences of abelian groups also holds in
the category of R-modules (note that abelian groups are just Z-modules) or vector
spaces (a vector space over K is just a K-module), or, more generally, in abelian
categories.

A sequence of abelian groups is a diagram

I 42 ,p—t o
where A, B,C, ... are abelian groups, and where f, g, h,,... are group homomor-
phism. Such a sequence is said to be exact at A if im f = ker g; similarly it is exact
at B if im g = keri etc. A sequence

A B G H

is said to be exact if it is exact at B, ..., G. In exact sequences of finite abelian
groups, the alternating products of the group orders equals 1:

Lemma 2. If the sequence

0 A A, - A, 0

of finite abelian groups is exact, then the alternating product of the group orders is
trivial, i.e., #A - #Az - = HAy - HAL .

This is easily proved by induction using the observation that if

0 A B C
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is an exact sequence of finite abelian groups, then so is

0 —— B/A C

Another useful technique is that of breaking up and gluing exact sequences.
Assume for example that

A—L,p_2
is an exact sequence; then the sequence can be broken up at f into two exact
sequences as follows:

A im f —— 0

and

0 — im f —— B —¢
In fact, f : A — im f is surjective, and its kernel coincides with the kernel of
the original map f : A — B. Thus the first sequence is indeed exact at A and
im f, and since we haven’t changed anything to the left of A, the whole sequence

remains exact. Similarly we can show that the second sequence is exact.
Conversely, assume that

Y/ QY I NYo 0
and
0 c =~ p -
are exact sequences; by gluing these sequences together we get the exact sequence

L .
_oa g ey o d
V‘ h/’
C
0 0
which is easily seen to be exact.

Next we are going to discuss a very important tool in homological algebra: the
snake lemma. It will help us construct lots of exact sequences. The basic ingredients
are pretty innocent:

Lemma 3. Assume that
A 1
[ L

Al—)Bl

f/
18 a commutative square of abelian groups. Then the maps f and f' induce homo-
morphisms f : ker o« — ker 8 and ?l : coker o« — coker [ in such a way that the
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diagram
0 ker « A2 A coker « —— 0
?l fl f/l ?’l
0 ker 3 B . p coker f —— 0

is exact and commutative.

Proof. We define f : ker & — ker 3 by mapping a € ker a to f(a); we have to show
that f(a) € ker 3. But since 3o f(a) = f' o a(a) = f'(0) = 0 this is a consequence
of the commutativity of the diagram.

Similarly, we put ?l(a'—l—im a) = f'(a’)+im §. We have to show that f'oa(A) C
B(B): but since f' o a(A) = fo f(A) C B(B) this is again clear. Moreover, it is
immediately checked that the induced maps f and T are homomorphisms, since
they essentially are restrictions of homomorphisms. 0

The next lemma is the one we will actually be using for deriving Tate’s formula
for the rank of an elliptic curve:

Lemma 4. Assume that f : A — B and g : B — C' are homomorphisms between
abelian groups. Then there exists an exact sequence

0 —— kerf —— ker(gof) —— kerg

l

0 «——— coker g «——— coker(go f) «—— coker f

Proof. Consider the homomorphism f : ker(go f) — kerg : a — f(a). This is
well defined since if a € kerg o f, then f(a) € kerg. Clearly ker f = ker f, hence
we get an exact sequence

0 —— kerf —— kergo f —— kerg.

Similarly, consider the homomorphism g : coker f — coker go f : b+ im f +——
g(b) +im go f. This is again well defined and provides us with an exact sequence

coker f —— coker go f ——— coker g —— 0.

We can glue these sequences together in the following way. Define a homomorphism
¢ : ker g — coker f by ¢(b) = b+im f. Then ker ¢ = kergNim f = f(kergo f) =
im f. Moreover, im ¢ = kerg: in fact, im ¢ is the subgroup of B/im f whose
cosets are represented by elements in the kernel of g, hence im ¢ C kerg. On the
other hand, b+im f € kerg is equivalent to g(b) € im go f, which holds if and only
if b can be written in the form b = b + f(a) for some b’ € ker g. But this implies
b+im f €im ¢.

The claim now follows from the simple observation that coker g = coker g. In
fact, the map coker go f — coker g : c+im go f — c+im g is clearly surjective,
and the kernel consists of all elements of the form f(b)+im go f, that is, the kernel
of this map is im g. O
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Theorem 5 (Snake Lemma). Assume that

A B C 0
f g
IC L
0 A B’ c’
1’ g

is a commutative diagram of abelian groups with exact rows. Then there exists a
homomorphism § : ker v — coker « such that the following sequence is exact:

0 —— kerf —— kera —— kerf —— kery
|
0 «——— coker ¢ «——— coker v +——— coker 3 «——— coker «

Proof. Applying Lemma 4 to the homomorphisms f and § and observing that
e fof=foa

e ker /' o a = ker « since f’ is injective
gives the exact sequence

0 ker f kera —— ker §.

Lemma 3 provides us with a homomorphism g : ker 3 — ker ~, the sequence

0 —— kerf —— kera S, ker 3 N ker y

is exact if we can show it is exact at ker g.

Observe that if a € kera = ker S o f, then f(a) € ker 3, hence 5(f(a)) = 0; this
shows that im f C kerg. Conversely, assume that b € ker 3 is in the kernel of g.
Then 3(b) = 0, hence b = f(a) for some a € A. Moreover, 0 = 3(b) = S o f(a) =
f'oa(a), hence a € ker f’ o a(a) and f(a) € im f.

The last three terms of the second sequence

0 «——— coker ¢ «—— coker v «—— coker 8 +—— coker «

again come from Lemma 4, the map coker « — coker § from Lemma 3, and
exactness at coker 3 has to be proved by hand.

Let us now construct a homomorphism § : ker vy — coker a. This construction
is the heart of the proof of the snake lemma, and the homomorphism ¢ is called the
connecting homomorphism.

We start with ¢ € ker+y; the idea is to pull ¢ back to B, map it down to B’,
pull it back to A’, and finally map it to coker a. Here are the details: since g is
surjective, there is some b € B with ¢ = ¢(b); then 8(b) € kerg’ = im f’, hence
B(b) = f'(a’), for some a’ € A’. Now we put d(c) = a’ + im «; in other words:
§=mo f 'Bog !, where m: A —> coker « is the canonical projection.

This map is well defined: if ¢ = g(b1) with by € B and 8(b1) = f'(a}), then
by —b € kerg = im f, hence 3(by —b) € im So f =im f’ o . This shows that o’
and a} are in the same coset modulo im «.

We next show that the sequence is exact at ker+y. If ¢ € ker v satisfies ¢ = g(b)
for some b € ker 3, then 5(b) = 0 and §(¢) = 0+im «; this proves that im g C ker §.
Conversely, let ¢ € kerd. Then ¢ = (b), 5(b) = f/(a’), and d(c) = 0 means that
a’ = a(a) for some a € A. But then 3(b) = f'(a’) = f' o afa) = 8o f(a). Thus
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b= f(a) + by for some by € kerg. Applying g then shows ¢ = g(b) = g(b1), hence
ceEimg.

Finally, we have to show that the snake sequence is exact at coker a. Since
d(c) = 8o g 1(c) +im a and the map ?l : coker &« — coker [ is induced
by f/, we have f'(f'"'Bogt(c)+im B) = Bog(c) +im B = 0+ im 3, hence
imdé C kerf/. Conversely, assume that ¢’ +im « € ker?l. Then f'(a’) € im 3,
that is, f'(a’) = B(b) for some b € B. Put ¢ = g(b); then d(c) = ¢’ +im « by
construction, hence ker 7 Cim 4. O

Note that the exact 6-term sequence is an immediate consequence of the snake
lemma: all you have to do is apply it to the exact and commutative diagram

A / B coker f —— 0
o b
0 c 4. ¢ 0

3. TATE’S FORMULA

Consider the sequence

E(Q —2— E@Q) —— E(Q).

Lemma 4 then gives us the exact sequence

0 —— ker¢ —— ker(po¢p) —— kery

l

0 «——— coker 1) «—— coker (¢ 0 ¢) «—— coker ¢

Now ker ¢ = {O, T}, ker(¢ o ¢) = E(Q)[2], keryp = {O, T}, coker ¢ = E/im ¢ ~
E/ker 3 ~ im f3, coker () 0 ¢) = E(Q)/2E(Q) and coker 1) ~ E / ker o ~ im a, so
the above exact sequence becomes

0 — {07} —— E@Q[2 —— {0,T}

l

0 —— ima «— EQ)/2E(Q) «—— im

If we put #F(Q)[2] = 2¢, then since E(Q) is finitely generated (we proved this for
all elliptic curves for which E(Q)/2E(Q) is finite), then the classification theorem
for finitely generated abelian groups says that E(Q) = E(Q)tors @ Z", where r € N
is called the (Mordell-Weil-) rank of E(Q). Thus #E(Q)/2E(Q) = 2", and we
find 2-2-2" =2t . #im o - #im 3, that is,
_ #ima-#im
= I )
Exchanging the roles of E and E shows immediately that the 2-isogenous curves E
and E have the same rank.

Let me also recall the description of the image of a again. Starting with a
rational point P = (z,y) € E(Q), we have constructed an integral point (N, M, e)

2T

on one of the torsors ’];flw); given (N, M, e), we can compute x from x = by (M /e)?.
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Thus (z,y) leads to a point on ’];)(lw), where b, is determined by b Q*? = zQ* 2.
The map « was defined by a(P) = 2Q*?: an element b;Q*? is in the image of «
if and only if '];(fb) has a rational (and therefore integral) point.

4. TATE’S METHOD

In this section we want to describe Tate’s method for computing the rank of
(certain) elliptic curves E : y? = z(2? 4+ ax + b). The idea is to consider E simul-
taneously with the 2-isogenous curve E : y? = (2% + @z + b), where @ = —2a and
b= a? — 4b. Here’s what to do:

(1) List all torsors TW) (b1) : N? = by M*+aM?e?+bye?, where by runs through
the squarefree divisors of b = bybs; the number of such torsors that have a
rational point # (0,0, 0) is a power of 2, say 2%.

(2) List all torsors T(¢)(b1) : N2 = by M*4+-aM?e?+bye*, where by runs through
the squarefree divisors of b = b1bs; the number of such torsors that have a
rational point # (0,0, 0) is a power of 2, say 2%.

(3) The rank of E (and of E) is given by r = w + w — 2.

Example. 1. Consider E : y?> = x(2? + 1). There are only two squarefree divisors
of b= 1, but only 7*)(1) has a rational point:

by | T (b)) | (V.M.e) | P
LIN2=Mitet | (1,1,0) | O
— 1| N2=—M*— 5t
Thus w=0.
2. Consider E : y? = x(2? — 4). Here we find four torsors:
by | T (by) (N,M,e)| P
1| N2 = M4 — 4e (1,1,0) | O
—1|N2=-M*+4et | (2,0,1) | (0,0
2| N2=2M*—2¢ | (0,1,1) | (2,0)
—2 | N?=-=2M*+2¢*| (0,1,1) | (-2,0)
Thus w = 2.

3. Now Tate’s formula gives 7 = 0+ 2 —2 = 0, that is, E(Q) = E(Q)tors and
E(Q) = F(Q)tors- Determining these torsion groups using Nagell-Lutz is left as an
exercise.

As we will see, the main problem with this method is that we do not have an
algorithm for deciding which of the torsors 7 (b;) have rational points and which
don’t.

5. SELMER AND TATE-SHAFAREVICH GROUPS

For computing the rank of an elliptic curve E : y? = x(2? + az + b) we have
to decide whether certain torsors have rational points or not, that is, we have to
compute #im « and #im (. This is a difficult problem. On the other hand, it
is relatively easy to decide whether these torsors have local solutions everywhere,
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that is, whether they have solutions modulo all prime powers and in the reals. The
classes b1Q* 2 corresponding to such everywhere locally solvable torsors T(w)(bl)
(these are the torsors that have solutions modulo every prime power as well as real
solutions) form a group Sel'”)(E/Q) containing W (E/Q) := im a as a subgroup.

The group structure can be explained as follows: if 7(*)(b;) and 7(*)(b}) have
points over some field K containing Q (we only use Q itself as well as the p-adic
completions Q,,), then these give rise to points P, P’ € E(K); the point P = P+ P’
will come from some K-rational point on the torsor 7() (b)), where v/Q*? =
a(P") = a(P)a(P') = bib)Q*2.

The following exact sequence then defines the i-part of the Tate-Shafarevich
group of E:

0 —— W(E/Q) —— Sel”(E/Q) —— II(E/Q)[¢] —— 0

Note that both W (E/Q) and Sel™) (E/Q) are finite elementary-abelian 2-groups,
hence so is their quotient III(E/Q)[¢]. Using Galois cohomology one can define
the full Tate-Shafarevich group III(E/Q); the conjecture that this group is always
finite is an important part of the Birch—Swinnerton-Dyer conjecture.

Of course there is a ‘dual’ sequence

0 —— W(E/Q) —— Sel(E/Q) —— II(E /Q)[¢] —— 0;

note that although E(Q) and E(Q) have the same rank r, their torsion subgroups,
Selmer groups, and Tate-Shafarevich groups are in general different.

6. LOCAL SOLVABILITY

Let us now discuss how we can test a torsor 7(¥)(b;) for local solvability. Such a
test consists of two parts: checking solvability modulo p, and then checking whether
solutions modulo p can be lifted to Q.

A theorem due to F.K. Schmidt says that any smooth curve of genus 1 has an
F,-rational point. Thus 7 () (b;) is solvable modulo p for all primes p { 2b(a? — 4b).
Let me now explain an elementary way to prove this result.

Theorem 6. The quartic Tp, : Y2 = b1 X* 4+ aX? + by has nontrivial solutions
modulo every prime p not dividing 2(a® — 4b1by).

For the proof of this result we need some preparations. We start with

Lemma 7. Let f,g € F,[X] be quadratic polynomials over F,. If f(t)™ = g(t)™ for
allt € F), and some integer n < 1’2;1, then there exists a constant c € F,, such that
f=cyg

Proof. Clearly deg f™ = ndeg f < p — 1, hence the polynomial f™ — ¢g"™ has degree
< p—1 and at least p roots 0, 1, ..., p — 1. Since F, is a field, polynomials of
degree m have at most m roots; hence we conclude that f™ = g™.

Now factor f and g into linear factors over some finite extension of F,; then
every root o with multiplicity m is a root of multiplicity mn of f", thus of g",
hence a root of multiplicity m of g. Thus f and g have the same roots (with
multiplicity) over some extension of F,, hence they are equal up to some constant
¢ (which necessarily is an element of the base field F,, since the coefficients of f and
g are). O
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Proposition 8. Assume that f,g € F,[X] are quadratic polynomials over I, such
that ( £t )) (%) for all t € F,. Then there exists a constant ¢ € I, such that
f=c-g.

Proof. By Euler’s criterion we know that (%) = f(t)" (mod p) with n = 23

thus the assumptions imply that f(¢)” = g(¢)™ (mod p) for all t € F,, so the claim
follows from Lemma 7. O

Corollary 9. We have ((motﬂf)tl&) = (t _bl) fort=20,1,...,p— 1 if and only

if yo = 0 and by = byad.

Proof. 1If yo = 0 and by = by2, the claim is obvious. If (M) = (t2’b1)
for t = 0,1,...,p — 1, on the other hand, then applying Prop. 8 shows that
f(X) = (xOX—yO) —by and g(X) = X2—b, dlffer by a constant factor ¢; comparing
the coefficients of the leading term shows that ¢ = 23 whereas comparing linear
terms gives yo = 0. Finally, comparing constant terms shows that by = byz2. O

Now we are ready to give the

Proof of Theorem 6. If e = 0 gives rise to a solution (N, M, e), then we have N? =
b1 M* mod p, and this implies that b; is a square modulo p (possibly 0). Conversely,
if by is a square modulo p, then there exists an Fp-rational point (N, M, e) with
e=0 (and M #0).

If b; is a square modulo p we are done, so from now on we will assume that
(b1/p) = —1. In this case we can’t have solutions with e = 0, so we might as well
divide through by e*, put y = N/e? and X = M/e, and get

(3) Y2 = b XY+ aX? + by
Now the substitution X? = x transforms (3) into the conic
(4) C:y? = b1z + ax + bo.

Our aim is to find an F,-rational point (z,y) on C such that z = X? is a square.
The proof proceeds in several steps:

1. The conic C has an IF,-rational point.

Proposition 10. Let C : Y? = aX? + bX + ¢ be a conic defined over F,,, where p
is an odd prime, and assume that a # 0. Then C(F,) # @.

Proof. Assume not; then the values of the polynomial f(X) = aX? + bX + c are
nonsquares for every x € F,. Thus, by Euler’s criterion, f(X) = (aX? 4+ bX +
¢)P=1/2 4 1 € F,[X] is a polynomial of degree p — 1 (here we use that a # 0) with
f(z) = 0 for all z € Fy,: this is a contradiction because polynomials f over fields
have at most deg f roots.

The argument above goes back to Lagrange; a different proof starts with the
observation that the polynomial f(X) = aX?+bX + c attains exactly p%l different
values (by completing the square the claim can be reduced to counting values of
f(X) = X?). Since there are only pr1 nonsquares in F,, the claim follows. O
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2. Parametrize the conic C using lines through the known point (xg,yo)-

Proposition 11. Let C : Y? = aX? + bX + ¢ be a nonsingular conic defined over
Fp, and let P = (z0,y0) be a point in C(F,). Then the Fy-rational points # P are
given by

t2xg — 2tyo + axo + b

(5) T = 5 ;
t“- —a

—2 t(2axg + b) — a

(6) y = Yo + ( . o+ ) Yo )
t“ —a
Since we assumed that b; is a nonsquare modulo p, every t € ), gives rise to a

point on C over IF,. If z9 = 0, then z is a square and we are done. If o # 0, then
we can multiply the numerator and denominator in (5) by xg and get

(ot —yo)® — by
(7) a xo(tQ — bl)

3. Assume that there is no point (z,y) € F, x F, on C with x € Ff); then we must

(zot—yo)®—bs ) _
p

have (z/p) = —1 for all z, in particular (zo/p) = —1 and therefore (
(ﬁ;bl) for all t € IF),.

P

By Corollary 9 we have yo = 0 and by = x3b;. This gives 0 = y¢ = by23 + axo +
by = bla:g + axg + blx%, hence a = —2byx¢. But then a? — 4b;b, = 0 contradicting
the assumption. ([l

This criterium allows us to decide in a finite number of steps for which primes a
given quartic has an F,-rational point. If such a point exists, it is easy to transform
the quartic into an elliptic curve in Weierstrass form, for which the bounds of Hasse
apply.

As a first step in deciding whether 7y, : Y2 = by X* + aX? + by has a nontrivial
rational solution, one checks whether 73, has solutions in all completions @Q, of the
rationals. Fortunately, it is sufficient to test solvability only for a finite number
of ‘bad’ primes. Here is what we know so far: 7 (b;) has F,-rational points for
every prime p { 2(a? — 4b), where b = b1be. Note that a® — 4b = disc g, where
g(X) = leQ +aX + b2.

Now the polynomial f(X) = by X*+aX?+by has discriminant disc f = 16b(a® —
4b)? = 16b(disc g)?. Although p { 2disc g was sufficient to guarantee solvability
modulo p, for lifting these solutions to the completions via Hensel’s Lemma we
need the stronger condition p { disc f. Thus we have proved the following

Theorem 12. The quartic 7 (b1) has a solution in Z, for all primes p not dividing
2b(a? — 4b).



