LECTURE 19, WEDNESDAY 14.04.04

FRANZ LEMMERMEYER

1. OUTLINE

This time I will give you an idea of the set-up of Mazur’s classification of torsion
groups of elliptic curves defined over Q. The big tool is a family of compact Rie-
mann surfeaces X (N); compact Riemann surfaces correspond to compex algebraic
curves, and the points on these curves (except for a few points called cusps) corre-
spond to isomorphism classes of elliptic curves with a point of order IV; its rational
points (except for some cusps) correspond to isomorphism classes of elliptic curves
defined over Q with a rational point of order N. What Mazur did was prove
that the only rational points on these curves X;(N), N > 12, are necessarily cusps.
Sounds simple, but ...

What I'll do below is explain

e how to set up this bijection between isomorphism classes of elliptic curves
with torsion points on the one hand, and points on some set on the other
hand;

e how to make this set into a Riemann surface Y7 (N);

e how to make Y;(NN) into a compact Riemann surface X;(N) by “adding”
cusps;

e how to realize the function field of X;(N) using modular functions;

e how to find an equation for the algebraic curve corresponding to the Rie-
mann surface X (N).

This is material for a whole semester or more, and I haven’t even mentioned Hecke
operators, Eichler-Shimura theory, or the Taniyama-Shimura conjecture (now a
theorem due to Wiles et al.); here are a few books that will help you understand
the basics:
(1) J.P. Serre, A course in arithmetic, Springer Verlag. Gives the basic theory
of modular forms with respect to SLo(Z) with Serre’s usual clarity.
(2) A. Knapp, Elliptic curves, Princeton UP. Also very down to earth.
(3) G. Shimura, Introduction to the arithmetic theory of automorphic forms,
Princeton UP. This book contains the details of the constructions, but
some claim it is not very user-friendly.



2 FRANZ LEMMERMEYER

2. IsoMORPHISM CLASSES OF ELLIPTIC CURVES

2.1. Isomorphisms and Isogenies. Let H = {z + iy € C : y > 0} denote the
upper half plane. Let M = (‘; Z) denote a 2 x 2-matrix with real coeflicients,

and put M(z) = ‘jzzj_'g The identity Im M(z) = det M|cz + d|~? Im z shows that

the group GL;(R) of matrices with positive determinant act on H. In particular,
GL3 (Q) and SL(Z) act on the upper half plane.

Now consider lattices A, A’ in C and the corresponding tori £ = C/A and E' =
C/A’. We say that E and E’ are isomorphic if there is a A € C* with AA = A’
(note that this induces a map F — E’ sending z + A to Az + A’). We say that a
map ¢ : E — E’ is an isogeny if it is given by z + A —— Az + A/, where A € C
satisfies AA C A.

Example. If A = Z & iZ, then multiplication by ¢ induces an isomorphism, and
multiplication by 1 + ¢ induces an isogeny £ — E since (1 +¢)A C A. Moreover,
multiplication by m is always an isogeny [m] : E — E. The last example also
shows that describing isogenies by equations on the elliptic curves side is much
more involved than on the side of lattices.

By the way, the degree of an isogeny is the cardinality of the kernel. For example,
multiplication by N is a map [N] with kernel E[N] ~ Z/N @& Z/N, hence [N] has
degree N2.

Given any lattice, the map

A — A :mywy + mows — 2miwy + mows

defines an isogeny of degree 2, that is, a 2-isogeny: its kernel consists of the images
of 0 and %wl, corresponding to the point at infinity and some point of order 2 on
E = C/A. The isogeny E — FE will be defined over Q (i.e. the corresponding
rational maps will have rational coefficients) if and only if the point corresponding
to %wl has rational coordinates. Such 2-isogenies will be central in our proof of the
Mordell-Weil theorem, although we will construct them in a completely different
way.

2.2. Isomorphism classes. In the following, for any 7 € H put A, = Z ® 7Z and
E, =C/A,. A simple calculation shows

Proposition 1. For 7,7 € H,
(1) E; and E. are isomorphic if and only if there is an M € SLy(Z) such that

M(r)="1".
(2) E. and E, are isogenous if and only if there is an M € GL (Q) such that
M(r)="1".

The first result shows that there is a bijection between the isomorphism classes
of complex elliptic curves and orbits of elements in the upper half plane under the
action of SLy(Z). This set of orbits is traditionally denoted by SLg(Z)\H. The
notation stems from the fact that SLo(Z) acts from the left on H. The points in
SLy(Z)\H are equivalence classes of elements 7 € H, where 7 ~ 7/ if M7 = 7’ for
some M € SLy(Z).

Note that this bijection is explicit: given some 7 € H, form the lattice A, and
compute the associated coefficients go and g¢s; the action of SL2(Z) on A, and hence
on E, induces an admissible transformation £ — E'.
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The next step is adding structure to this picture: isomorphism classes of elliptic
curves over C correspond to points in the space SLo(Z)\H. The first thing to do
is to find a fundamental domain for the action of SLy(Z) on H. Call two points
7,7 € H equivalent if M (7) = 7/ for some M € SLy(Z). Then it is relatively easy
to show that every 7 € H is equivalent to some 7 in the region defined by |7| > 1
and —1 < Re 7 < 1, and that two points in that region can be equivalent only if
they lie on the boundary. More exactly, the points —% + iy on the line Re 7 = —%
are clearly equivalent to the points % + ¢y via the map 7 —— 7 + 1 induced by
T = (§1) € SLy(Z). Similarly, the points —z + iy, 0 < < 1, on the piece of the
unit circle bounding the fundamental domain are equivalent to the points = + iy
via the map 7 — —1/7 induced by the matrix S = ({ ') € SLy(Z).

By glueing these equivalent points together we get a topological space Y (1) whose
points are the orbits of H under the action of SLy(Z). The space Y'(1) also inherits

a complex analytic structure from H, making it into a Riemann surface.

: ; ; sTS | ST sT'|sT's
i2 1

FIGURE 1. Fundamental domain for SLy(Z)

Note that instead of using the shaded part in the figure on the left as our fun-
damental domain, we could as well pick the dark shaded “triangle” in the middle
figure. In fact, SLa(Z) is generated by the matrices S = ({ ') and T'= (§ 1), and
the dark triangle is the result of applying the map S : 7 —— —1/7 to the original
fundamental domain, which means that they are equivalent under the action of
SLo(Z). Observe that the point 0 on the boundary of the dark triangle corresponds
to the point at infinity on the boundary of the standard fundamental domain. The
figure on the right shows the action of some elements of SLy(Z) on this fundamental
domain.

This space Y (1) can be made into a compact space X (1) by adding a point
(at infinity) and modifying the topology a little bit. We even can give X (1) the
structure of a complex analytic manifold, and it turns out that X (1) ~ P'C is just
the complex projective line, or the Riemann sphere.

2.3. Level Structure. It is an important observation that this classification of
isomorphism classes of elliptic curves can be refined. In fact, consider a lattice A
in C and its associated elliptic curve E = C/A. Then E[N] = £A/A is a group of
type Z/NZ & Z/NZ. We will use this group to ‘add structure’ to E.
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e Consider pairs (F,C), where C is a cyclic subgroup of order N of E[N];
every point P of order N determines such a subgroup, but in general several
P will generate the same C. We say that (E,C) and (E’, C") are isomorphic
if there is an isomorphism ¢ : E — E’ of elliptic curves whose restriction
to C satisfies ¢(C) = C".

e Consider pairs (E, P), where P is a point of order N. Two pairs (E, P)
and (E’, P') are isomorphic if there exists an isomorphism ¢ : E — E’ of
elliptic curves with ¢(P) = P’.

e Consider triples (E,P,Q), where {P,Q} is a basis for the group E[N].
We say that (E,P,Q) and (E’, P’,Q’) are isomorphic if there exists an
isomorphism ¢ : E — E’ of elliptic curves with ¢(P) = P’ and ¢(Q) = Q.

You may look at these variations as modifications of the category of elliptic curves
whose morphisms are rational maps respecting the group law (we speak of adding a
level-N structure): from the category of elliptic curves one builds e.g. the category
whose objects are pairs (E, C'), and whose morphisms (F,C) — (E’,C") are mor-
phisms f : E — E’ in the category of elliptic curve with the additional property
that the restriction of f to C maps C to C'.

Examples of such objects are easy to construct: to this end consider the elliptic
curve B, = C/A,; with A, =Z @& 7Z.

e The images of the points %Z + 77 in E. form a subgroup C; of order V
and gives a pair (E,, C;); the images of the points Z ® %TZ define another
group C’ and another pair (F,C").

e The image P: of + defines a pair (E, P;).

e The images P, and @, of % and %T define a basis for E,[N] and give rise
to an object (E., Pr, Q).

FIGURE 2. Level-6 structure on E;

This diagram® shows two level-6 structures on some elliptic curve E,, namely
two different cyclic subgroups C of E,[6]: the subgroup generated by the image of
& (blue points), and the subgroup generated by the image of 1 + 7 (green points).

IStolen from Helena Verrill
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3. CONSTRUCTION OF THE RIEMANN SURFACES

3.1. Congruence Subgroups. In order to describe isomorphism classes of these
objects we need several subgroups of SLy(Z), namely

o Io(N)={(2%) :c=0mod N};

e I'(N)={(2%):a=d=1, c=0mod N};

e I'(N)={(2%):a=d=1, b=c=0mod N}.
We clearly have I'(N) C T'1(N) C I'g(N) C I'(1) = SL(Z). The canonical projec-
tion SLg(Z) — SLo(Z/NZ) has kernel I'(N), hence I'(N) is a normal subgroup of
['(1) with finite index (T'(1) : ['(N)) = # SLo(Z/NZ) = N3 [~ —p~2).

Now we can state

a

c
b
d
)

Theorem 2. Let E be a complex elliptic curve with a cyclic subgroup C of order
N >1.
o Thereis a T € H such that (E,C) ~ (E.,C;).
e We have (E.;,C.) ~ (E;,Cy) for 7,7 € H if and only of there is some
M €Ty(N) such that Mt =1".

Thus isomorphism classes of pairs (E,C) correspond to points in To(N)\H.

Proof. Let E be a complex elliptic curve. Then E ~ C/A for A = w1 Z ® woZ.
We can choose the basis of the lattice in such a way that C' = w1Z & %ng. Put
T = wy/wy and define u : A — A, as multiplication by wy ! Then u induces an
isomorphism F — E, that sends C' to the group C;. (]

Theorem 3. Let E be a complex elliptic curve with a point P of order N > 1.
o Thereis a T € H such that (E,P) ~ (E., P;).
e We have (E;,P;) ~ (E.,Py) for 7,7/ € H if and only of there is some
M eT(N) such that Mt =171".

Thus isomorphism classes of pairs (E, P) correspond to points in T'y(N)\H.
Proof. Similar. O

Theorem 4. Let E be a complex elliptic curve, and let {P,Q} be a basis for E[N]
for some N > 1.
e There is a 7 € H such that (E,P,Q) ~ (E;, Py, Q).
e We have (E;,P;,Q;) ~ (Er, Py Q) for 7,7 € H if and only of there is
some M € I'(N) such that Mt =171".
Thus isomorphism classes of pairs (E, P,Q) correspond to points in T'(N)\H.

Proof. Similar. O

Thus the isomorphism classes of our objects correspond to points on the asso-
ciated Riemann surfaces Yo(N) = To(N)\H, Y1(N) = I't'(N)\H, and Y(N) =
I'(N)\H. The underlying topological spaces can be constructed by gluing together
parts of the boundaries of the fundamental domains of these groups: as before,
these are sets containing exactly one representative of H modulo the action of the
congruence subgroups.

Computing these fundamental domains is rather straightforward: For some sub-
group I' with finite index in SLy(Z), find a decomposition

SL2 U ’Vz
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of SLa(Z) into cosets modulo I'; if F denotes a fundamental domain of SLy(Z), then
D= U Y v

will be a fundamental domain for I'.
For the level-2 subgroup T" = T'y(2), for example, it is easily shown that

n=(p ) =0 o) =4 o)

are representatives for SLy(Z)/T'¢(2); using the generators S and T of SLy(Z), these
elements can be written as y; = 1, 72 = S, and v3 = T~1S~!. Now Figure 1 shows
that the fundamental domain corresponding to this choice of representatives is given
in Figure 3.

=172 0o 172

FIGURE 3. Fundamental domain for T'g(2) and T'y(6)

As in the case of Y(1), these Riemann surfaces are not compact but can be
compactified in a natural way by adding several points called cusps; these compact
Riemann surfaces Xo(N), X;(N) and X (N) then correspond, as every compact
Riemann surface, to projective algebraic curves; these curves are called modular
curves and play a central role in the theory of elliptic curves.

Note that the inclusions I'(N) C I';1(N) C T'o(N) C I'(1) induce holomorphic
maps (actually coverings of Riemann surfaces) X(N) — X;1(N) — Xo(N) —
X (1) = PIC. For example, the map X;(N) — Xo(N) sends the isomorphism
class of (E, P) to the isomorphism class of (E,C), where C' = (P)) is the cyclic
group of order N generated by P.

3.2. Cusps. “Compactification” sounds pretty simple, but recall that we not only
have to give the spaces X (V) a topology but also a complex structure: this actually
requires some care.

The explanation of what the cusps are is not difficult, on the other hand: put
H* = HUP'Q, i.e., add the rational points and infinity to the upper half plane.
This can be given a natural topology, and then we put Xo(N) = To(NV)\ H*,
X1(N) = T'1(N)\H*, and X(N) = I'(N)\H*. Thus X(N)\ Y(N) consists of the



LECTURE 19, WEDNESDAY 14.04.04 7

equivalence classes of P1Q under the action of I'(V), and similarly for the other
curves.

For the group I'(1) = SLy(Z), there is only one equivalence class in P'Q: given
any fraction % with ged(e, d) = 1, choose integers a, b € Z with ad—bc = 1 (Bezout);
then M (%) = o00: thus all rational numbers are equivalent to the point at infinity
on P'Q, and adding this point to Y (1) gives the Riemann sphere X (1).

For primes p and I'g(p), there are exactly p+ 1 cusps, and they can be computed
rather easily from the decomposition of SLy(Z)/T'o(N) into cosets.

Now that we have the compact Riemann surfaces, let me explain how to get from
there to algebraic curves.

4. MODULAR FORMS FOR SLy(Z)

4.1. Modular Forms of Level N. For 7 € H and the associated lattice A, =
Z @ TZ, define the Eisenstein series

1
G = —_—.
Qk(T) Z (mT+n)2k
(m,n)#(0,0)
The Eisenstein series, viewed as functions on the upper half plane, have remarkable
properties: let v = (25) denote an element of SLy(Z); then v acts on the upper

half plane via vz = 22+8

tdr and we have

Gog(y7) = (em + d)%ng(T).
Meromorphic functions f on the upper half plane with the property
fOr) = (er + d)* f(7)

for all v € SLy(Z) are called modular functions of weight &; the Eisenstein series
Gy are modular functions of weight 2k. They do not vanish at infinity: we have
Gap(00) = 2¢(2k), where ¢ denotes the Riemann zeta function.
Since SLy(Z) is generated by the matrices S = (9 ') and T = (} 1), a function
is modular of weight k if and only if
o f(r+1)= f(r) and
o f(=1/7)=7"f(7)
for all T € bH.
Let us introduce some notation: for a function f : H — C, some v = (2 }) and
integers k € N we define

() (2) = (dety) 2 (cz + d) ™ f(72).

Then (c4|47)(7) = ca(7) and (cgley)(T) = ca(T).
Meromorphic functions defined on H that are invariant under the translation
7+— 7+ 1 (i.e. with respect to v = (} 1)) have a Fourier expansion

f(T) _ chqn, q= 6271'1-7"

neE”Z

A modular function will be holomorphic at co if ¢,, = 0 for all n < 0; such functions
are called modular forms. Cusp forms are modular forms that vanish at infinity,
i.e. that satisfy ¢g = 0. Modular forms and cusp forms of weight k£ clearly form
vector spaces over C denoted by M} and Sk. If k is odd, these spaces are empty.
The modular forms of even weight are generated by the Eisenstein series: in fact,
the products GJ*G§ are modular forms of weight 2k = 4m+ 6n, and every modular
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form of weight 2k is a linear combination of these. In particular, dim M} = 1 for
k = 4,6,8,10 (here the M, are generated by Gy), and dim M5 = 2 since G and
G2 are independent modular forms (in particular, G12 must be a linear combination
of these two).

These results imply

| & +1 if k#2mod 12,
|55 | if k=2 mod 12.

Also S, = 0 for k < 12; if k > 12 is even, then dim Sy = dim My, — 1: this is because
My = S, @ G,C.

Eisenstein series can also be used to construct cusp forms: all we have to do is
take two independent modular forms of weight 2k having the same value at infinity,
and then take the difference. The smallest weight for which this Works is 2k = 12.
Put g4 = 60G4 and gs = 140Gg; then g4(c0) = 37* and gg(00) = 2-7°, hence

dika = {

Sl

70,
A = gj - 27g5

is a modular form of weight 12 with A(cc) =0, i.e., A is a cusp form of weight 12.
Moreover, A(1) # 0 for 7 € H.

Let us now construct some meromorphic functions on X (1). The idea is simple:
take any two modular forms f1, fo € My of the same weight k; then fi/fs is a
meromorphic function of weight 0, hence invariant under the action of SLo(Z) and
therefore a meromorphic function not only on H, but on Y (1) = SLo(Z)\H, and this
extends to a meromorphic function on all of X(1). Note that if dim My = 1, then
both functions will be constant multiples of each other, and we have constructed
a constant function. Thus we only get nontrivial functions if we take k so large
that dim My > 1. This happens, as we have seen above, for k = 12, where we have
the modular forms G3 and G2, as well as the cusp form A. This means that the
j-function

1728G3
i) =—x
is a modular function of weight 0, and since A(7) # 0 for 7 € H, the only pole of j
is at infinity.

The map 7 — [1728G3 : A] induces a map j : X(1) — PC; this map can
be show to be bijective, hence the isomorphism classes of elliptic curves E, are in
bijection with the values j(7), or in other words: two elliptic curves F., E,/ are
isomorphic if and only if j(7) = j(7').

Let me note in passing that the g-expansions of A and j are given by

o0
=a]J-a*
n=1

=q— 24¢% + 252¢° — 1472¢* + . ..

1
i) = [+ T4+ 196884 + 21493760¢> + . ..

It is customary to write A(q) = .7 | 7(n)¢" and call 7(n) Ramanujan’s tau func-
tion.
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5. MODULAR FORMS FOR CONGRUENCE SUBGROUPS

More generally, we can consider modular forms of level N, weight k, and neben-
typus x: these are functions on H such that
(1) f is holomorphic in Hi
(2) (flev)(2) = x(d)f(2) for all z € Hand v = (2%) € [y(N); here x is a
Dirichlet character whose conductor f divides the level IV;
(3) f is holomorphic at the cusps.
The set of all modular forms of level N, weight k£, and nebentypus x forms a C-
vector space and is denotes by My (N, x). If x is the trivial character, we write
My(N).
A modular form f is called a cusp form if f vanishes at the cusps. The C-vector
space of cusp forms of level N, weight k, and nebentypus x is denoted by Sk (N, x).

Proposition 5. We have dim S3(N) = g(Xo(N)), the genus of Xo(N).
This is because the map f(z) — 2wif(z)dz induces a C-linear map between

the space of cusp forms of weight 2 and the space Q'(Xo(N)) of holomorphic

differential forms on Xo(N). The reason for this is that d’g—(;) = (ez+d)~2 by

simple calculus, hence the differential forms are invariant under the action of ~,
(i.e. f(y(2))dvy(z) = f(2)dz) if and only if f has weight 2.
Here comes the deep stuff:

Theorem 6. The curves X1(N) and Xo(N) are defined over Q. The spaces of
modular and cusp forms My (N) and Si(N) have bases with integral Fourier coef-
ficients.

Examples:
Xo(11) : y? +y = 2* — 2% — 10z — 20;
X1(11) : 92 +y = 2® — 22

Once we know that the curves X;(N) and Xo(N) have equations defined over
Q, we can ask about their reductions modulo primes p. A deep theorem in this
direction is

Theorem 7. The reductions modulo p of X1(N) and Xo(N) are nonsingular for
all primes p{ N.

5.1. Sums of four squares. Modular forms also occur in other parts of number
theory. Consider the function

0(r) = Z q", where q = 2™,

nez
Then
0(r)" =Y ra(n)q",
n=0

where 74(n) is the number of (x1, 2, 3, 24) € Z* with n =z + 23 + 24 + 2. The
proof of Jacobi’s theorem that

ra(n) = SZdlnd if n =1 mod 2,
243 4n, orad i n=0mod 2,
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is based on this identity and on analytic properties of 6, namely the fact that it is
a modular form of weight 2 with respect to I'g(4).

6. THE MODULAR EQUATION

The curves X1(N) and Xy (V) are defined over Q, and so is the natural projection
X1(N) — Xo(N); this means that rational points on X;(/N) will get mapped to
rational points on Xo(NN). For some levels, this can be used to show that X;(N)
does not have any rational points by showing that this holds for the curve Xo(NV),
which has smaller genus and therefore is often easier to deal with.

Now it is very easy in theory to come up with an explicit equation for Xo(N): it
can be shown that the function jy(7) = j(INT) is algebraic over C(j), hence there
is a polynomial @y (z,y) with ®x(j,jx) = 0. This polynomial has coefficients in
Z, and it defines the affine part of Xo(N). Unfortunately its coefficients as well as
its degree are so large (in particular, the equation is highly singular, so in order to
get better equations you have to remove singularities) that this is almost impossible
even for N = 11.

A practical method for computing models of Xy(N) is the following: compute a
basis {f1,..., fg} of the space S2(IN) of cusp forms of weight 2; we know that we
can choose a basis whose g-coefficients are integers. This space has dimension g,
where g is the genus of X((N). Now

Xo(N) —PUH(C) s 7 [fa(r) : - fy(7)]

is a well defined map away from the cusps: this is because all the f; behave in
the same way (that is, get multiplied by the same factor) when acted on by some
v €To(N). If g > 2 and Xo(N) is not hyperelliptic, then this map is injective, and
now relations between the f; then give equations describing the image of X (V) in
the projective space of dimension g — 1. If ¢ = 1 or if X((V) is hyperelliptic, there
are other methods for getting an equation.

Nevertheless, here are a few g-expansions for cusp forms of weight 2 for T'o(V)
for the smallest values of N with genus 1:

N |f

Nlg—2¢¢ @ +2¢" +¢" +2¢5+ ...
4|qg—q¢*—2¢>+¢+2¢°+. ..

Blg-—F - "+ ++...
17qg—¢®>—q¢*—2¢° +...

The relations between the f; give equations in P9~'Q describing the curve; by
eliminating variables using resultants it is possible to realize these curves as plane
affine curves, but doing so often produces singularities. This cannot be avoided,
of course: the genus formula shows that there cannot be a smooth plane algebraic
curve with genus 2, for example.

Some meromorphic functions on Xo(N) can be constructed directly. In fact,
consider Dedekind’s eta function

n(r) =" [ —q"),

where ¢ = ¢>™7 and ¢'/?* = €2™7/24 and put n (1) = n(kT).
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Sometimes products of powers of these eta functions, such as h = 7n?,, turn

out to be nice functions:
o0

hr) =n(r)Pm(r)? =g [[1 =" - ¢"")? =q¢-2¢" - ¢ +2¢* + ..
n=1
has a g-expansion and is therefore invariant under 7 —— 7 + 1. It turns out
that h actually is a cusp form of weight 2 for I'g(11). Using eta functions, it is
possible to write down modular forms for quite a few levels; for example, n*n3n3n2 =
q—2q¢*> —3¢> +4¢* +6¢° + ... is a cusp form of weight 4 for I'y(6). Note, however,
that not every modular form can be constructed in this way.

We get more freedom by allowing negative exponents in such products, but then
the result will not be holomorphic in general. But in some cases such a product of
eta functions is modular of weight 0, and the following theorem due to Ligozat tells
us exactly when this happens:

Theorem 8. The function Hle nyt is a modular function of weight 0 for T'o(N)
(in other words: an element of the function field of Xo(N)) if and only if the
following conditions are satisfied:

(1) Zd|N ra = 0;

(2) Zle rqd = 0 mod 24;

(3) 2an r¢¥ =0 mod 24;

(4) TLyn(N/d)™ is a square in Q.

For example, hg = 131375 lng ® is a modular function of weight 0 with respect
to Xo(6), and its g-expansion is hg = % —5+10g — 16¢% + .. ..
Here are some hyperelliptic modular curves:

N Xi(N)

13 2 =ab + 425 4627 +22% + 22 22+ 1
16 y? =20 +22° —a* — 22 22 +1

18 y? =254+ 22° 4+ 52* + 1023 + 1022 + 42 + 1
28 y? =% — 4zt — 1323 - 922 — 2

40 y? =a® —32* — 1222 — 162

7. MAZUR’S THEOREM

Theorem 9. If the curve Xo(N) has genus g > 0, then its only rational points are
the rational cusps.

The modular curves X;(N) with genus > 0 are those with N =11 and N > 13.

Not all cusps are rational: the curve X;(11) has five rational cusps and five cusps
defined over the maximal real subfield of Q((11).

Recall that the points of X;(IN) (with the exception of cusps) correspond to
isomorphism classes (E, P), where P is a point of order N. It turns out that
the isomorphism classes of pairs (E, P), where E is an elliptic curve defined over
Q and P € E(Q) a rational point of order N, correspond exactly to the non-
cuspidal rational points on X7 (V). Thus in order to prove that there are no elliptic
curves defined over Q with a rational torsion point of order IV, all one has to do
is compute an explicit equation for X;(N) defined over Q and show that its only
rational points are cusps. Mazur’s proof, of course, does not use explicit equations
of modular curves.
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Exactly the same thing works for Xo(N): its non-cuspidal rational points corre-
spond to pairs (E, C) of elliptic curves defined over Q and rational cyclic subgroups
C of order N; here a subgroup C is called rational if it is a Gal (Q/Q)-module, in
other words: if every automorphism of Q/Q maps elements of C' to other elements
of C. This does not mean that all the points in C' are rational (this is a suf-
ficient condition for C' to be rational, but not necessary): consider the example
E : y?> = 23 — 1; letting p denote a primitive cube root of unity, the subgroup
C ={0,(p,1),(p* 1)} of E[3] is rational!

Mazur also classified all the possible NV for which there exist elliptic curves defined
over Q with a rational cyclic subgroup of order N; the possible values of N are
1 < N <10, N =12 (of course), as well as N = 13,16, 18, 25.

7.1. X(2). As an example, consider the group I'(2) of matrices in SLy(Z) with a, d
odd and b, ¢ even. The curve X(2) is a curve of genus 0, i.e., the projective line. It
has three cusps represented by the elements 0, 1, 00 € P1Q.

The non-cuspidal points A € P!C parametrize elliptic curves with a 2-torsion
group E[2] ~ Z/2 & Z/2. lts rational non-cuspidal points A € P1Q parametrize
elliptic curves defined over QQ with three rational points of order 2. In fact, such a
parametrization is given by the Legendre family E) : 4% = z(x — 1)(z — \).

Note that the cusps A = 0 and A = 1 do not correspond to elliptic curves, but
to singular cubics.



