ON THE 2-CLASS FIELD TOWER OF A QUADRATIC NUMBER
FIELD

HELMUT KOCH

1. INTRODUCTION

Let & = k02 be a quadratic number field with discriminant A. For n >
0, we define fields k(™2 inductively by taking k("*t12) as the compositum of all
unramiﬁe quadratic extensions of k(™?2) that are central over k. Then k(> =
Un—, k(™2) is the 2-class field tower of k. In the following, we call k(™2 the n'"
central 2-step.

The structure of the Galois group Gal (k"% /k) of the first central 2-step is
determined by the principal genus theorem. We want to show (Theorem [1| and ,
that Gal (k) /k) is determined completely by the values of the Legendre symbols
(%), where a | A and p | A. Known results in this direction are the theorem of
L. Rédei and H. Reichardt [4] on the invariants of the class group of k divisible by
4, as well as a sufficient condition by A. Frohlich [2] for the class field tower of k to
be non-abelian.

Moreover we investigate in which cases the 2-class field tower terminates after
the first and second central 2-step, i.e., when k(°) = k(12 and k() = k(22),
respectively. According to A. Frohlich [2], we have k() # k(12) if A has more
than three prime divisors. In the case where A has two prime divisors, the theorem
of Rédei and Reichardt gives rise to a necessary and sufficient condition for k(%) #
k(12 In this paper, we give a necessary and sufficient condition for k(°°) #£ k(1.2)
in the remaining case where A has three prime divisors (Theorem and show that
the 2-class field tower terminates after the second central 2-step if Gal (k(*2?)/k) is
the quaternion group (Theorem .

In part II of this paper we shall prove that £(°°) # E(22) if A has more than four
prime divisors. If A has exactly four primes divisors, then the 2-class field tower
stops for some groups Gal (k(*?) /k) of order 32 after the second central 2-step. In
all other cases we have k(%) #£ k(2:2),

I would like to thank Professor H. Reichardt for some very valuable suggestions.

2. NOTATION

A prime discriminant p* is an integer of the form
(-1 p, —4, 8,
where p is an odd prime. Every discriminant of a quadratic number field can
be written uniquely as a product of prime discriminants. The prime |[p*| will be
denoted by p.

n this note, we only consider ramification at finite primes.
1



2 HELMUT KOCH

Let Q be the field of rational numbers. We define a symbol [A,p] for dis-
criminants A of quadratic number fields and primes p: write A = A’p*¥, where
(A’,p) =1and v € {0,1}. Then we put [A,p] =1 or = 0 according as p is inert or
split in Q(v/A’)/Q; we also put [p*,p] = 0. If p is unramified in Q(v/A)/Q, then

we have the relation
(A) - (_1)[A7p]
p

between [A, p] and the Legendre symbol (%).

Let k = k(so) = kfgo’2) be a number field and S a set of finite primes of k. We
then define the fields ké") (ké"’Q)) for n > 0 recursively. Let k(SnH) (kg"H’Q)) be

the compositum of all cyclic extensions of kgn) (kgn’z)) of degree a power of 2 (of

degree 2) that are unramified outside S and central over k. Then

oo oo
Uk = JrS? = k57
n=0 n=0

Let G = GO = G(©2) be an arbitrary group. We define recursively two central
series G and G(™2) by

G(n+1) _ [G,G(n)}, G(n+1,2) _ <(G(n,2))2’ [G,G(n’2)]>,

where [G, G(™)] denotes the commutator group of G and G, and where (G(™?))?
is the group generated by the squares of G("2).
Let K/k be a finite normal extension unramified outside S. Then Gal (K/k) and

k:(sn) are connected by the relation
(1) Gal (K/k)™ = Gal (K/K n k).
Accordingly, we have

(2) Gal (K/k)®2) = Gal (K/K N ET?).

3. GROUP THEORETICAL PRELIMINARIES

We first prove two group-theoretical lemmas:

Lemma 1. Let G be an arbitrary group with generators si, ..., Sp, and let H be
the normal subgroup of G generated by (G)? and s182, 183, ..., 818,. Moreover,
let L denote the normal subgroup of G generated by s3, ..., s2. Then

LG® = LG®? = LH*?),

Proof. We first prove that LG = LG®?). The inclusion LG C LG?2) holds
trivially. Thus it suffices to prove that G322 C LGP, The elements s € G2 can

be written in the form
n

s=t H st te GW,
v=1
Then s> = t> mod LG, and t is congruent modulo G® to a product of com-
mutators of the form [s,, Su] = sysus;lsgl. For the proof of G22 C LGD it is
therefore sufficient to show that

[$0,8u)% = 1 mod LG,
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In fact, we have
Suy Sy 2=g, Sy, S s,5,1s71 =1 mod LG®.
/ HIPHZY “p

Next we prove that LG(>2) = LH (22, Tt is sufficient to prove the claim for free
groups G. Trivially, we have LH (2 C LG(*2) . Moreover, H/L is a group with
n — 1 generators sys2L, ..., $18, L. According to [3], the group

(H/L)? /(H/L)?? ~ LH™?) /L H?Z?)

has order at most 2"("~1/2 Again according to [3], we have (G2 : G(22)) =
2n(n+1)/2.

The elements s € L have the form

s = H 52 mod G2,

v=1
Therefore, (LG : G(2:2)) = 2" hence
(G2 ; LG = gn(n=1)/2,

Moreover, (G : H) =2, (G: G®2) =27 (H: LHY?) =271 and (H : G1?)) =
27~!. This implies that

(H: LH®?) < (H : LG®?).
Since LH 22 C LG the claim follows. O

Lemma 2. Let G be a group whose quotient group mod G2 is isomorphic to the
quaternion group Q. Then G = Q.

Proof. The group @) has two generators t1,t5 and relations
t%t% =1, t%[tlatﬂ =1, Q(272) = {1}

Therefore, G is a group with two generators s; and so, and we have the relations

(3) s2s2 = 1mod GZ?),
(4) $2[s1,50] = 1mod G2,
From we deduce
(s2s2)2 = stst = 1mod GB?),
[s153, 51] = [s3, 51] = [s1,82)%[[51,52),52) = 1mod Ge2),
(5252, 59] = [s2, 55] = [s1, 52)%[[s1,82],51] = 1mod G2,
From we get
(s3[s1,59))% = si[s1,52]> = 1mod GG
[s2[s1,52], 1] = [[s1,82],51] = 1mod GG?),

This implies that the elements s{, s3, [s1, s2]?, [[s1, s2], 51], [[s1, s2], 2] arein GB2).

On the other hand, according to [3] these elements generate G(>?) mod G(32). Thus
G2 = @32) This implies by induction that G2 = G(™2) for all n > 2. Since
Moo, G2 = {1}, we see that G2 = 1, which is what we wanted to prove. [J
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4. THE MAIN RESULT
Now we can prove the main result of this note.

Theorem 1. Let k be a quadratic number field with discriminant A = p}---p}.
Then the Galois group G = Gal (k>2)/k) has n — 1 generators sy, ...,5,_1 satis-
fying the relations

GE? = 1
n—1
(5) [0 s)imd = s28wd o1, -1
v=1
n—1 )
H Sz[pwpn] = 1.
v=1
Proof. Set S = {p1,...,pn}. According to Fréhlich [I], Gal (k) N Qg)/(@) is a
finite group with n generators t4,...,t, and relations
Gal (K N Q7 /Q)® = {1},
(6) ti =1, pu=1,...,n,
n
[t t)Perd =1, p=1,...n
v=1

Here t, is a generator of the inertia subgroup of a prime divisor p, of p, in S ON
o /Q.

Put K = (k) NQP)k(22). We show next that k)NQY = k(22 = K. By the
principal genus theorem we have k(1:2) C Qg). Therefore, the group G = Gal (K/Q)
is generated by lifts ¢4, ..., t, of the automorphisms ¢4, ...,t, to K. We choose the
t,, as generators of the inertia groups of a prime divisor of p,, in K/Q, p=1,...,n.
We also put H = Gal (K/k) and L = Gal (K/K N k(>)). By Hilbert’s theory of
ramification, L is the normal closure in G of the group generated by the elements

ff, e fi, and H is generated as a normal subgroup of G by (G)? and tta, ...,
titn.

Since only primes in S ramify in K/Q, we have G(?) = Gal (K/Q(SQ) NK), hence
(7) G L = Gal (K/k™ nQY).

Now (2) implies H>?) = Gal (K/k(>?)), and k>?) C K Nk() implies L C H?2),
Thus

(8) HZYL = Gal (K/k)22,

Now we apply Lemmato G. It follows from 1’ and ) that k(22 = (@g)ﬂk("o) =
K.

Now put s, = t,t, for v = 1,...,n — 1. Then a simple calculation transforms
the relations @ into . According to , we have Gal (k22 /k)(22) = 1; this
implies that Gal (k(32) /k)() = {1}, and the proof of Theorem 1 is complete. ~ [J

According to Theorem [I} all invariants of the 2-class group of k in the strict
sense are divisible by 4 if and only if [p},p,] = 0 for all v, p = 1,...,n. In this case,
all relations vanish, and we have proved the following
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Corollary 1. Let k be a quadratic number field with discriminant A = p}---pr.
Assume that the invariants of the 2-class group of k in the strict sense are all
divisible by 4. Then the Galois group of k*?) /k is relative free, i.e., Gal (k(>2) /k)
is isomorphic to F/F 32  where F is a free group with n — 1 generators.

Theoremdescribes the structure of Gal (k(>?) /k) completely. It is, however, in-
teresting to find a more visible relation between the group structure of Gal (k(>2) /)
and the values of [A,p]. In this direction, L. Rédei and H. Reichardt have proved
the following

Theorem 2. Let A be the discriminant of a quadratic number field and A1 Ay = A,
(A1, As) = 1 a factorization of A into discriminants. Then Q(v/A1, vAz )/Q(VA)
can be embedded into a cyclic unramified extension of degree 4 over Q(v/A) if

A A
(pf) - <p21> =1
for all primes p1 | A1 and pa | As.

Since k(32 /k is the compositum of fields whose Galois groups have two genera-
tors, an analogue of the theorem of Rédei and Reichardt will be based on a factor-
ization of A into three discriminants which, however, need not be coprime. We then
have to investigate in which cases the extension Q(v/A1, VA2, VA3 )/Q(VA ) with
Klein’s four group as Galois group can be embedded into an unramified extension
with given Galois group G, where G has two generators and satisfies G2 = {1}.
In this way, we get

Theorem 3. Let k be a quadratic number field with discriminant A and let A1 Ao As
AA"? be a factorization of A into three discriminants with A, = AL A, (A, Aj) =
1 for v # p. Moreover, let t, denote an automorphism of k>?)/Q mapping
VA, — —V/A, and fizing /A, for p# v, pv=1,2,3.

Then Q(v/A1,VAz)/k can be embedded into a field K with Galois group G =
Gal (K/k) if and only if the following conditions A are satisfied:

G A
1. G ~(4,2) commutative [As,p1] = [As,p2] =0,
(t1t2)? =1 A1Ag,p3] =0, [A1As,p'] =0

2. G ~ Hg quaternion
3. G dihedral

Ag Az, p1] = [A1As,pa] = [A1Ag,p3] =0
A37p2] [A25p3] =0

(titz)* =1, (tatg)* =1 AsAz,p'] =0
4. G group of order 16 Ag,p1] = [As,p2] =0,
A1A3,p'] = [A2A3,p] =0

5. G group of order 16
(tit2)? =1

Ay, po] = [Ay,p3] =0,

Az, p2] = [Ag,p3] =0,
AsAz,p1] = [A2Az,p'] =0
Z,p]] =0, 175=12,3
A AQ, } [AlAg,p,] = O

6. G~ (4,4) commutative
7. G group of order 32, rel. free

[
[
[
|
(t1t2)? =1 %Ahp?,] [Ag,p3] =0,
[
[
[
A
[

Here p, runs through all primes dividing Apu’, v =1,2,3, and p’ runs through the
primes dividing A'.
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Proof. Let A}, = T[, ¢, pii, and A" = [],c;p; the factorizations into prime

discriminants of Af, and A’, respectively. Let t,; be an automorphism of k(>2) /Q

mapping +/p;; —+/p;;, and leaving /p* fixed for all other prime divisors p*
of A. Define ¢} correspondmgly Then the restrictions of ¢,;, and ¢, (¢, and t1tat3)

Q(VA1,vAs,v/A3) coincide. By @ the group Gal (K/Q) is therefore a group
w1th generators t1,ts, t3 and relations
Gal (K/Q)?*? =1, 2 =1, v=1,2,3,
[to, tl][A2 »P1iq ] [ts, tl][Ag,pul] =1, i1 € Ju,
[tl tQ][Al,PmQ [t tQ][As,pziQ] — 1, in € J27
[tl t3][A1,Z7313 [t t3][A27p3i3] =1, is € Js,
[

[tl tg][AlAQ N [tl tg}[A1A3 D ][t2 t3] A2Az,pi] _ 1, ieJ

Theorem [3] now follows by direct verification. O

Remark. The cases 1-7 exhaust all possibilities for G and A up to permutations
of Al, AQ, Ag.

5. APPLICATIONS

Theorem 4. The Galois group of the 2-class field tower of Q(\/pipsp}) is Klein’s
four group if and only if

o) @)

for some permutation i j 1 of the numbers 1 2 3.

Proof. Put k = Q(\/pipips). According to Theorem 3| Gal (k22 /k) is Klein’s

four group if and only if @I) holds. From k%2 = k(12 we deduce by induction that
E(12) — |(n,2) — [(o0) O

Theorem 5. The Galois group of the 2-class field tower of Q(\/pipsps) is the
quaternion group of order 8 if and only if

3)- -

foralli,j =1,2,3 with i # j.

Proof. Let k = Q(y/pipsps) and G = Gal (k2?2) /k). According to Theorem Gis
the quaternion group of order 8 if and only if holds. Moreover, Gal (k(>2) /k) =
G/G32). Lemma [2] then implies G = Gal (k22 /k), that is, k(22 = k(32 —
k(o). 0
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