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(1) Let P, be the space of polynomials of degree < 4. Prove that

(hq) = / (t — 1)p(t)q(t) dt

is an inner product and, given this inner product, find the kernel
of the linear transformation pry,: Py — W, where W = P, C P,.

(2) The inner product on R* is given by (a, b) = 2a,b; +asbs+azbz+
2a4by. Use the Gram-Schmidt process to find an orthonormal
basis in W = Span{uy, us, uz}, where
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(3) Prove that for any two (m X m)-matrices A and B one has
Tr(ATB) = Tr(BTA).

(4) Find the polynomial p(t) of degree < 3 such that p(—1) =
p(1) = 0 and the value of

/1 Ip(t) + 3t — 5[ dt
is minimal possibleT1
(5) Let
-[t1)

Find the values of a for which the function (x,y) = 2TCy is an
inner product on R2.
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(1) Recall that projections onto subspaces are defined by writing
the vector space as a direct sum of subspaces. Here we have
to consider the decomposition Py = P, @ (P)*. We know that
the kernel of the projection onto the first component P; is the
second component (P,)%, so we will be done once we have com-
puted the orthogonal complement of P;.

Now (P)* consists of all polynomials p of degree < 4 with

(p, 1) = (p,t) = (p,t*) = 0.
(2) Later. I have a horrible headache tonight.

(3) Obviously we have Tr C' = Tr C7 for all square matrices C'. Can
you use this somehow?

(4) Write p(t) = a + bt + ct* + dt3. Then p(—1) = p(1) = 0 give
c=—aand d = —b, ie. p(t) =a+ bt —at*> — bt3.
If you do the calculations, you will find that
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This function becomes extremal for a = % and b = —%1, and
the minimum is %

Where’s the linear algebra? I have no idea.

/

(5) Bilinearity (i.e. the properties (x + 2/, y) = (z,y) + (2/,y) and
(cx,y) = c(x,y) as well as symmetry are easily checked and
hold for arbitrary values of a. Thus we have an inner product
if and only if (z,x2) > 0 with equality if and only if x = 0.
This should not be too hard if you remember how to complete
squares. The answer is: whenever 0 < a? < 6.



