LINEAR ALGEBRA

LAST YEAR’S FIRST MIDTERM

2. Find a basis for the space V C P5 of polynomials p of degree up to 5 such
that
dp d’p d3p
2)——=—(2)=—=-—=5(2)=—=
) - L) =220 =21
What is the dimension of this space?

(2) = 0.

V consists of polynomials p(z) = asz® + asz* + azx® + asx? + ayx + ag satisfying
32a5 + 16a4 + 8as + 4as + 2a1 + ag — 80as — 32a4 — 12a3 — 4as —aqp =0,
160as + 48a4 + 12a3 + 2a5 = 0,
240as5 + 48a4 + 6a3 = 0.
Simplifying a bit this gives
48a5 + 16a4 + 4a3 —ay —ag =0,
80as + 24a4 + 6az + as = 0,
40a5 + 8a4 + ag = 0.
More simplification:
8as —az —az —a; —ag =0,
8aq — Tas — 10a; — 10ag = 0,
2a3 + 4as + a1 + Sag = 0.

At this point we see that we can choose ag = t, a1 = s and as = r freely; then as,
ays and as can be computed from the third, second, and first equation. In fact we
get

ag =t a3 = 3(—4r — 5s — 5t)
a, = s ay = %(77“ + 10s + 10¢)
ag =T as = 15(—2r — 35 — 3t)

Thus the polynomials in V' have the form

1 1 1
E(—QT —3s —3t)a” + §(7r +10s + 10t)z* + 5(—47‘ —5s — 5t)a® + ra? + sz +t.

A basis is given by {p1,p2,p3} with

p1 = f%x‘r’ + %x‘* — 223 +12,
_ _3,5,5,4 5,3
P2 = —g2° + 327 —s52° + 7,
3 5 5
ps=—1x° + 22t — 227 + 1.

If you want, you can replace p3 by p3 — ps = —x + 1.
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4. Find the dimension and a basis for the subspace span S C M, 2, where
g 3 2 4 0 3 2 5 6 0 4
- -1 21710 2|’ |-1 2|"|-3 2|’ |-2 -1 '

Since the first and the third matrices are equal, we can omit the third and find
that span S = spanT for

L

In order to test whether these matrices are linearly independent, we solve the system

3 2 4 0 5 6 0 4
o| 3 a]wely 5] el s o val s ] =0

where the 0 on the right hand side is the 2 x 2 zero matrix. This is a system of four
equations in four unknowns that we can write more traditionally in the following
form:

3 4 5 010
2 0 6 410
-1 0 -3 -2|0
2 2 2 -=1|0
Solving this in the usual way we find that a = 2, b =1, ¢ = —2, d = 2 is a nontrivial

solution. Since all the coefficients are nonzero, we can omit any of the 4 matrices
and find e.g. that span S = spanU for

o= {1 a) o 2] [ )

Now it is easily checked that these three matrices are linearly independent, hence
form a basis of span S.



