Chapter 2

Affine Varieties

Let R be a ring; which properties of R can be transferred to the polynomial
ring R[X]? Quite a lot, as we well see. The most important example of such a
transfer will be the theorem that if R is a UFD, then so is R[X].

2.1 Polynomial Rings

Let us start with a simple obervation:
Lemma 2.1.1. R is a domain if and only if R[X] is a domain.

Proof. We will prove the equivalent statement that R has zero divisors if and
only if R[X] has zero divisors.

If R has zero divisors, then clearly so does R[X].

Conversely assume that f = a, X" + ... +ap and g = b, X™ + ... + by
in R[X], where a,,b,, € R\ {0}. Then fg = ap,b, X"t™ + ..., Thus fg =0
implies a,b,, = 0, and R has zero divisors. O

Before we state the next result, let us recall an important characterization
of prime elements.

Proposition 2.1.2. Let R be a domain. Then p € R is prime if and only if
R/(p) is a domain.

Proof. Assume that p is prime. Recall that R/(p) consists of elements r + (p)
(also written r mod p). We have to show that R/(p) is a domain, so assume
that ab + (p) = 0. This means ab € (p), that is, p | ab. Since p is prime, we
have p | a or p | p, which in turn implies a € (p) or b € (p). Thus a+ (p) =0 or
b+ (p) =0.

Now let R/(p) be a domain and assume that p | ab. Then 0 = ab+ (p) =
(a + (p)) - (b+ (p), and since R/(p) has no zero divisors, we conclude that
a+ (p) =0 or b+ (p) = 0, which implies p | @ or p | b. O

Now we show that primes in R remain prime in R[X]:
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Proposition 2.1.3. Let R be a domain. If p € R is prime in R, then it is also
prime in R[X].

Proof. Consider the natural ring homomorphism 7 : R — R/(p). This can
be extended to a ring homomorphism ¢ : R[X] — (R/p)[X] which sends
a polynomial f = Y a; X' to f = Y. @; X!, where @ = a + (p) denotes the
residue class of a mod p. The kernel of ¢ consists of all polynomials that are
multiples of p, that is, ker ¢ = pR[X]. The homomorphism theorem shows that
R[X]/pR[X] ~ (R/p)[X].

Now we find

p is prime in R <= R/p is a domain
<= (R/p)[X] is a domain
<= R[X]/pR[X] is a domain
<= pis prime in R[X].

Here we have used Lemma |2.1.1] as well as the isomorphism above. O
We can also easily determine the unit group of R[X]:
Lemma 2.1.4. Let R be a domain. Then R[X]* = R*.

Proof. Clearly any unit in R is also a unit in R[X]. Assume therefore that
f=anX™+...+a € R[X] is a unit (in such a situation we will always
assume that a,, # 0). Then there is some g = b, X" + ... + by € R[X] such
that fg = 1. But fg = @b, X™™ + ..., and since R is a domain, we have
amby, # 0. But then we must have m +n = 0, hence m = n = 0, and this shows
that f,g € R. O

Unique Factorization
Now we are ready to give the main result of this section:

Theorem 2.1.5. If R is a UFD, then so is R[X].

Since Z and any field K are unique factorization domains, so are Z[X]
and K[X]. Applying the theorem again shows that Z[X,Y] and K[X,Y] are
UFDs. By induction, the same holds for the polynomial rings Z[X;, ..., X,]
and K[Xq,...,X,].

The proof of Theorem will first be reduced to the case of 2primitive” poly-
nomials. For any f € R[X], let a be the ged of the coefficients of f. Then
f = ag, where g € R[X] is a polynomial whose coefficients have gcd equal to 1
(such polynomials are called primitive).

Now let f € R[X], and write f = ag for g primitive. If we can show
that g has a factorization into irreducibles, then the same must be true for f
because we know that constants have such a factorization. Similarly, if we can
show that primitive polynomials have unique factorization, then this is true for
general polynomials. For assume that f = ag with a € R and g primitive,
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and assume that f = bh is a second factorization into polynomials b, h. Since
a = p1 - - - p, has a factorization into primes, each p; divides bh and therefore b or
h. Cancellation yields g = bih1, and since g has unique factorization, the same
is true for f =ag = p1---p, - g (we just proved that every irreducible factor of
a also occurs as a factor (up to a unit) in the second factorization f = bh).

Let us first prove the existence of a factorization:

Lemma 2.1.6. Let R be a UFD. Then every f € R[X] can be written as a
product of a unit and of irreducible elements.

Proof. We do induction on deg f. We have seen that we may assume that f is
primitive. Thus if deg f = 0, then f must be a unit, and we are done.

Now assume that every polynomial with degree < n has a factorization into
irreducible elements, and assume that deg f = n. If f is irreducible, then we are
done. If not, then f = gh with degg,degh < n (here we use that f is primitive,
i.e., not divisible by irreducible constants). Then g and h can be factored into
irreducibles by induction assumption, hence the same is true for f = gh. O

For proving uniqueness we will also use induction on the degree of f. If
deg f = 0, then f € R. Any factorization of f into irreducibles involves only
elements in R, and since factorization in R is unique, f has at most one factor-
ization (up to shuffling the factors or units, as usual).

Now assume that every polynomial with degree < n is unique. Assume
moreover that f has degree n > 0 and two different factorizations into irreducible
elements into irreducible factors of degree > 0. Let p be a factor of minimal
degree and write f = pg. Let ¢ be a factor of minimal degree in the second
factorization, and write f = qh. If p divides ¢ or h, cancelling p again shows
that both factorizations are essentially the same. Thus we may assume that
ptgandpth.

Since degp < degq we can write p = az™ 4+ ... and ¢ = bx™ + ... with
m < n. Now consider the polynomial F' = (bz" ™p — aq)h. If F = 0, then
clearly p | ag. If F' # 0, then deg F' < deg ¢gh = n, so F has unique factorization
by induction assumption. Now observe

F = (bx""™p —aq)h = p(ba"™™ — ak).

Since F' has unique factorization, the irreducible factor p also occurs in the first
factorization. Since p 1 h, we conclude that p | (bx™ ™p — ag) and therefore
p|aq.

Thus we have p | ag in both cases. Since degaq = degq < n, ag has unique
factorization. From dega = 0 we conclude that p must be a factor of ¢, but this
contradicts p t ¢, and we are done.

Note that R[X] is in general not a principal ideal domain even if R is: for
example, R = Z is a PID, but the ideal (2, X) in Z[X] is not principal.
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2.2 Noetherian Rings

There is one more important property that polynomial rings R[X] inherit from
R: that of being noetherian.

A noetherian ring is a (commutative) ring with 1 in which every ascending
chain of ideals terminates. In other words: if Iy C I, C I3 C ... is an ascending
chain of ideals, then there is some index n such that I,, = I,,11 = .. ..

Proposition 2.2.1. A ring R is Noetherian if and only if every ideal in R is
finitely generated.

Proof. Assume that R is Noetherian and let I be an ideal in R. If I = (0),
we are done; if not, pick an element a; € I\ (0). If I = (a1), we are done; if
not, pick an element as € I\ (a1). If I = (ay,a2), we are done; if not, pick
az € I\ (a1,a2) and continue. In this way we get an ascending chain of ideals

(a1) € (a1,a2) € ...

Since R is Noetherian, this process must terminate, say at (aq,...,a,), and
then I is generated by aq, ..., ay.

Now assume that every ideal in R is finitely generated. Assume we have an
ascending chain

L L C...
of ideals. Let I be the union of these I;; then I is an ideal, hence finitely
generated, say I = (a1,...,a,). Each of these elements lies in some I;; let m
be the maximal index occurring. Then I C I,,,, hence I,,, = I,,41 = .. .. O

As an immediate corollary we have
Corollary 2.2.2. Principal ideal domains are Noetherian.

Also note that ideals in rings of integers in an algebraic number field always
can be generated by at most two algebraic integers; in particular, these rings
are Noetherian.

As an example of a ring that is not Noetherian, consider the polynomial ring
R = Q[X1, X2, X3,...] of infinitely many variables. The ideal (X7, X3,...) in R
is not finitely generated; alternatively, the sequence

(X1) € (X1, X2) © (X1, X2, X3) C ...

is an ascending chain of ideals that does not terminate. Note that the quotient
field K = Q(Xy, Xs, X3,...) is Noetherian (any field is); since R is a subring
of K, this shows that not every subring of a Noetherian ring is Noetherian.
Actually, even the ‘sandwich argument’ does not work for Noetherian rings: we
have Q C R C K with Q and K Noetherian, and yet R is not.

The following obervation is simple but useful:

Proposition 2.2.3. Let I be an ideal in some Noetherian ring R. Then R/I
is Noetherian.
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Proof. Let J be an ideal in R/I, and consider the ideal Jy in R defined by
Jo={r:r+ (I) € J}. Then Jy is an ideal, hence generated by z1,...,z, € R.
But then R/T is generated by x1 + I, ..., z, + I. O

A big source of Noetherian rings are polynomial rings K[X7,..., X,]:
Theorem 2.2.4 (Hilbert’s Basis Theorem). If R is Noetherian, then so is R[X].

Proof. Let I be an ideal in R[X]. We claim that I is finitely generated. Choose
f1 € I'\ (0) with minimal degree; if T # (f1), choose fo € I'\ (f1) with minimal
degree. If this process terminates, we are done. If not, let a; be the leading coef-
ficient of f;, and form the ideal J = (a1, a9, as,...) in R. Since R is Noetherian,
we have J = (aq,...,ay) for some N.

We now claim that I = Iy = (f1,...,fn). If not, then fyy1 € I\ In.
Moreover, ay+1 = Zi\il ria; since any1 € J. Now set

N

g= § rifixdeg fNy1—deg fi
i=0

Since g is a linear combination of the f;, we have g € Iy. Next degg = deg fn+1,
and both polynomials have the same leading term. Thus deg(fni1 — g) <
deg fn+1, hence fxyi1 — g € I\ In; but this contradicts the minimality of
deg fniy1- O

2.3 Affine Varieties

We now will start setting up a dictionary between the algebraic side (the poly-
nomial ring R = K[X7,...,X,] and ideals in this ring) and the geometric side
(zero sets of systems of polynomials in R). Eventually this will allow us to
transfer terms like tangent spaces, singular points, parametrizations etc. to
the algebraic side; the idea still is to use your geometric intuition for solving a
problem algebraically.

From Ideals to Varieties

Let K be a field and R = K[Xq,...,X,]. We also define the affine n-space to
be A"K = {(1,...,2y) : x; € k}. For every set S C R we define the vanishing
set V(S) as

V(S)={P e A"K : f(P)=0 for all f € S}.

For example, V(R) = @ and V({0}) = A" K.

If S, 5" are subsets of R with S C S’, then clearly V(S") C V(S). Let I be
the ideal in R generated by S. Then I claim that V(S) = V(I). Since S C I,
we only have to show that V(S) C V(I). Thus let P € A”K be a point with
f(P) =0 for all f € S. Then we have to show that g(P) =0 for all g € I. But
every such g can be written in the form g = Y r; f; for r; € R and f; € S, hence

g(P) =Y rifi(P)=0.
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Thus when talking about vanishing sets V(I) we may always assume that I
is an ideal in R. Since R is Noetherian, I will be finitely generated, and this
means we always have V(I) = V(f1,..., fn): every vanishing set is the vanishing
set of a finite number of polynomials because of Hilbert’s Basis Theorem.

Vanishing sets are also called algebraic sets. The map

V : {ideals in R} — {algebraic sets in A"K}

sending an ideal I to V(I) is, as we have already seen, inclusion reversing (I C J
implies V(I) D V(J); this is even true for sets). In addition, it has the following
basic properties:

Lemma 2.3.1. 1. V(0) = A"K; V(R) = &;
2. VI NJ)=V(I)UV(J);
5 V(S L) = V().

Here I, J, I, are ideals in R, and > I,, denotes the ideal consisting of finite
R-linear combinations of elements in the I,.

Proof. 1. These properties are clear.

2. We have V(I) C V(I NJ) since I NJ C I. Similarly V(J) C V(I NJ),
hence V(I) UV(J) C V(INJ).

Now assume that P € V(INJ). If P is not in V(I), then there is some f € T
with f(P) # 0. Similarly, if P is not in V(J), then there is some g € J with
g(P) #0. Then fg € INJ and fg(P) # 0: contradiction.

3. Let P € N V(1,); then f,(P) =0 for all f, € I,,, hence f(P) = 0 for all
finite linear combinations f € Y~ I,. This shows that (V(I,) C V(> 1,).

On the other hand, I, C )" I, for every p, hence V(> I,) C V({,,) for every
, and therefore V(3 I,) C N V(I,). O

Now recall the definition of a topological space: it is a set X, together with
a family O of subsets (called open sets) with the following properties:

e Jc0, X €0,
e UV cOimpliesUNV € O,
e U; € O implies JU; € O.

In this topological space (X, O), we say that a subset A C X is closed if X \ A4 is
open. This means that the family C of closed sets has the following properties:

e Jc 0, X €0,
e UV €O implies UUV € O;
e U; € O implies ﬂUl € 0.
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Equivalently, we may define a topology by saying what its closed sets are and
defining open sets as the complements of closed sets.

Comparing Lemma [2.3.1| with the definition above we see that algebraic sets
in A" K form the closed sets of a topology on A™K; this topology is called the
Zariski topology.

Lemma 2.3.2. The Zariski-closed sets in ALK are the finite subsets (finite sets
of points) and A'K itself.

From Varieties to Ideals

Assume that V is an affine algebraic set, defined as the zero set of polynomials
fi,- s fm € K[X1,...,X,)]. For any P = (a1,...,a,) € V we have f;(P)=0.
Thus f(P) = 0 for any K-linear combination f of the f;. This shows that
f(a)=0for all f € (f1,...,fn). Thus we are led to define the vanishing ideal

IV)={feK[Xy,...,X,]: f(P)=0forall PV}

of the algebraic set V. Note that Z(@) = K[Xy,...,X,]. If K has infinitely
many elements, then Z(A"K) = (0), but observe that e.g. Z(A'Fy) = (X (X —
1) £ (0).

It is also clear from the definition that 7 is inclusion reversing: if V3 C V;
are affine algebraic sets, then Z(Vy) D Z(V5).

Lemma 2.3.3. For any algebraic set V we have V(Z(V)) =V.

Proof. We clearly have V- C V(Z(V)): if f € Z(V), then f(P) = 0 for any
P eV, hence P € V(Z(V)).

Now assume that V' is the zero set of polynomials f1, ..., fm € K[X1,..., X,].
Then f1,..., fm € Z(V), hence (f1,..., fm) C Z(V), and therefore V(Z(V)) C
V(fisooosfm) = V. 0

The map Z seems to have similar properties:
Lemma 2.3.4. For any ideal I in R we have I CZ(V(I)).

Proof. Let f € I. Then f(P) = 0 for any P € V(I), and this shows that
fezwv)). O

If we could prove the converse inclusion, then every ideal I would have the
form I = Z(V) for some algebraic set V. Unfortunately, this is not true: the
ideal I = (X?)in K[X,Y], for example, is not of the form Z(V): in fact, assume
that Z(V) = I. Then V = V(Z(V)) = V(I), hence V consists of the y-axis. But
then Z(V)) = (X), and this ideal is strictly larger than I.

There is a second problem: if we work in the affine plane over K = R, then
V(I) =g for I = (X2 +Y?2+1), whereas Z(V(I)) = Z(@) = R[X, Y] # I. Thus
if we want a bijection between ideals and algebraic sets, then we will have to
assume that K is algebraically closed.
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In order to clarify the first problem, let us introduce the radical rad I of an
ideal I in any ring R by

radl = {f € R: f™ €I for some m € N}.

It is an easy exercise to check that rad I is an ideal; the only difficulty con-
sists in showing that rad I is closed under addition: assume that f,g € radI.
Then f™,¢g™ € I for suitably chosen integers m,m > 0, hence (f + g)" =
S (3)ffg"F eI assoonasr>m+n—1.

Note that I C rad I for every ideal I. Moreover, rad(X?) = (X). Finally
observe that if R is a UFD and f = f{* .- f2, then rad(f) = (f1- - fa)-
Compare this with our use of rad in Mason’s theorem.

Proposition 2.3.5. If V is an algebraic set, then Z(V) = rad Z(V).

Thus vanishing ideals have the property that they coincide with their radical.
In particular, (X?) can never be the vanishing ideal of an algebraic set because
rad(X?) = (X).

Proof. Since I C rad [ for any ideal I, we only have to show that rad Z(V) C
Z(V). Assume therefore that f € radZ(V). Then f™ € Z(V) for some n, hence
f™(P) =0 for all P € V. But this implies f(P) = 0, hence f € Z(V). O

Thus we only can hope to get a bijection between affine algebraic sets and
radical ideals (these are ideals that coincide with their radical). This is exactly
what happens:

Proposition 2.3.6. For any ideal I in R we have Z(V(I)) =rad I.

One direction is easy to prove: we have radI C Z(V(I)). In fact, let f €
radI. Then f™ € I C Z(V(I)) (here we used Lemma [2.3.4]). By definition of
the radical this means f € rad Z(V(I)). Now apply Pro

The proof of the converse inclusion is highly nontrivial; actually it is a con-
sequence of Hilbert’s Nullstellensatz, which we will prove below.

2.4 Hilbert’s Nullstellensatz

We now recall the definition of prime and maximal ideals (we have already
discussed prime elements at the beginning of this chapter). An ideal p in a ring
is prime if ab € p implies @ € p or b € p; it is then easily seen that p is prime
if and only if R/p is a domain. In fact, assume that R/p is a domain, and let
ab € p. Then 0 =ab+p = (a+p)(b+ p), and since R/p is a domain, we get
a € porb € p: thus p is prime. Conversely, if p is prime and (a+p)(b+p) =0,
then ab € p, hence a € p or b € p, and this shows that R/p is a domain.

Moreover, an ideal m is maximal if m C n C R for some ideal n implies that
m =n or n = R; again it is easy to see that m is maximal if and only if R/m is
a field.
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Since fields are domains, maximal ideals are always prime; the converse,
however, is not true in general. Consider e.g. the domain R = K[X,Y, Z];
here (X) C (X,Y) C (X,Y, Z) is an ascending chain of prime ideals, but only
the last one is maximal. This can be seen most easily from the isomorphisms
K[X,)Y,Z]/(X) ~ K[Y,Z] (a domain, but not a field), K[X,Y,Z]/(X,Y) ~
K|[Z] (also a domain, but not a field) and K[X,Y, Z]/(X,Y,Z) ~ K (a field).

Let us discuss the first isomorphism in detail: it is induced by the ring
homomorphism ¢ : K[X,Y, Z] — K][Y, Z] defined by f(X,Y, Z) — f(0,Y, Z),
which is clearly surjective and whose kernel consists of (X): clearly, any multiply
of X is in the kernel, so we have to prove the inverse. Assume therefore that
f € ker ¢; this means f(0,Y,Z) = 0. Now in polynomial rings F[X] in one
variable over a field F' we know that g(X) = 0 if and only if g(X) = Xh(X),
i.e. g € (X). The problem is that K[X,Y, Z] is not a polynomial ring in one
variable over a field. Here’s what we do: clearly K[X,Y,Z] C F[X], where
F = K(X,Y) is a field. in F[X] we can write g(X) = X - h(X), where h is
a polynomial in X whose coefficients are polynomials in Y and Z. Multiply
through by the lowest common multiple G(Y,Z) of the denominators; then
9(X,Y,Z2)G(Y,Z) = XH(X,Y,Z) for G,H € R. Now X is prime in R, hence
divides g or G. But it cannot divide G unless G =0 (if X | G, say G = X G,
plug in X =0, and you get G(Y, Z) = 0). Since G # 0, we must have X | g as
claimed. There probably is a much simpler proof that I will put here as soon as
my head clears up.

OK, here comes: f is a sum of monomials aiijinZk. Collect those di-
visible by X and write f(X,Y,Z) = XF(X,Y,Z) + G(Y,Z): here G is the
sum of those terms not divisible by X. Now plug in X = 0. You will find
f(0,Y,Z) = G(Y,Z). Thus f € ker ¢ if and only if G = 0, which means f is a
multiple of X.

Study the details of this argument until you are sure that you can do similar
things without a problem.

Remark. Ascending chains of prime ideals can be used to define the dimension
of rings: the Krull dimension of a ring R is the length of the maximal ascending
chain of prime ideals in R. The chain (X) C (X,Y) C (X,Y,Z) shows that
K-dim K[X,Y, Z] > 3, and it can be shown that we have equality here.

For the rest of this chapter, let K be an algebraically closed field.

Theorem 2.4.1 (Weak Nullstellensatz). Let K be an algebraically closed field.
Then every mazimal ideal in the polynomial ring R = K[X4,...,X,] has the
form M = (Xy —aq,..., X, — ay) for some point P = (a1,...,a,) € A"K.

Note that the weak Nullstellensatz gives us a bijection between maximal
ideals in K[Xy,...,X,] and points in A"K. Also observe that the theorem
does not hold for arbitrary fields: in R[X], the ideal M = (X2 + 1) is maximal
because R[X]/(X?+1) ~ C is a field, yet M is not of the form (X —a) for some
acR

As a consequence we have
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Corollary 2.4.2 (Nullstellensatz). Let K be an algebraically closed field and
I # (1) be an ideal in K[Xy,...,X,]. Then V(I) # @.

This is definitely a good thing to know: the corollary states that, over alge-
braically closed field, every algebraic set V(I) with I # R actually has a point,
in other words: the polynomials f; generating I have a common zero.

Proof. f I # R = K[X;,...,X,], then there is some maximal ideal M with
I C M (this follows from the ascending chain condition: if I is maximal, we are
done; if not then there is some I; sandwiched between I and R; now repeat and

observe that this process must end eventually). Now M = (X1—ay, ..., Xp—ay)
by the weak Nullstellensatz, hence f(P) =0 for P = (aq,...,a,) and any f € I.
In particular, P € V(I). O

Another consequence is

Corollary 2.4.3. For any ideal I in R = K[Xy,...,X,] we have Z(V(I)) =
rad I. In particular, if I is a radical ideal, then T(V(I)) = I.

Thus Z and V set up a one-to-one correspondence between radical ideals in
K[X1,...,X,] and affine algebraic sets in A" K.

Proof. We already know rad I C Z(V(I)). For proving the converse relation,
write I = (f1,..., fm) and take some g € Z(V(I)). We know that g(P) = 0
for any P € V(I). We have to prove that g € rad I, or, equivalently, that some
power of g lies in 1.

The following proof is called the trick of Rabinowitsch. Adjoin a new variable
Xnt1 to R, ie., let S = R[X,+1]. Then the polynomials fi, ..., f, and
Xn+19 — 1 have no common zeros in A" K. In fact, the common zeros of
the f; are the points Q = (z1,...,%n, Tpt1) With P = (21,...,2,) € V =
V(I). Is any of these points @ also a zero of X, 119 — 1?7 Plugging in Q gives
ZTnt19(P) — 1= —1, since g € Z(V') implies g(P) = 0.

Thus V(f1,..., fm, Xn+19 — 1) = &. By the weak Nullstellensatz we must
have (f1,..., fm,Xnt1g — 1) = (1) = S, and this implies that 1 is a linear
combination of the generators:

l=pifi+...+2mfm + Pmi1(Xny19 — 1),

where p; € S§. Now plug in X,,41 = % (the result will be an element in
K(Xi,...,X,). This gives

l=pi(z1,...,zn, /@)1 + ...+ pm(X1, o X0y 1/9) i

Now multiply through by a power of g to clear denominators; the resulting
equation then shows that this power of g is in 1. O

For the proof of the Nullstellensatz we need the following lemma (whose
proof is due to D. Allcock):
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Lemma 2.4.4. Letk be a field and K/k an extension which is finitely generated
as a k-algebra. Then K/k is algebraic.

We will give the proof later; for now let me explain what this means. Recall
that an algebra is, cum grano salis, a vector space in which vectors can be
multiplied. For example, the polynomial ring A = K[X;,...,X,] is also a K-
vector space and therefore a K-algebra: elements in A can be added (as vectors),
multiplied by scalars from K, and can be multiplied as polynomials.

If K/k is a field extension, then we can interpret K as a k-vector space: we
can add and subtract elements of K and multiply them by the “scalars” from k.
Since the “vectors” in K can also be multiplied as elements of K, we see that
K actually is a k-algebra.

A k-algebra K is now said to be finitely generated if there are elements o,

.., Qup such that every a € K can be written as a k-linear combination of
products of the «;; in other words: if the k-algebra generated by the «; is equal
to K.

As an example, consider the Q-algebra Q(X) of rational functions in one
variable X. The Q-algebra generated by f = % and g = % consists of all
Q-linear combinations of f, g, f2, fg, ¢, .... Note that all such elements have
poles at most at x =0 and z = —1.

Now we claim that Q(X) is not finitely generated as a Q-algebra. If it
were, then there would be rational functions fi,..., f,, such that every rational
function f € Q(X) can be written as a linear combination of products of the
fj. But this is not possible: the f; have finitely many poles, and by forming
products and linear combinations no new poles are created. Thus if a € Q is
not one of the finitely many poles, then —— is not an element of the Q-algebra

X—a
generated by the f;.

Proof of the Weak Nullstellensatz. Let m be a maximal ideal in R. Then R/m
is a field. Moreover, it is obviously finitely generated as a k-algebra, namely by
the elements X7 +m, ..., X,, +m: every element in R is a k-linear combination
of products of the X;, hence every element in R/m is a k-linear combination of
products of the X; + m. Observe that R/m contains k as a subfield: the map
¢k — R/m;a — a+ mis a ring homomorphism, and we have ker ¢ = {a €
kE:a€m}=FknNnm If mcontains a nonzero element a € k, then it contains
1 and is therefore equal to R. Since m is maximal, this cannot happen, hence
kENm=(0), and ¢ is injective.

Thus R/m is a field extension of k, and by Lemma we find that it is
algebraic over k. But k is algebraically closed, hence R/m = k.

Now consider the natural projection 7 : R — R/m = k sending f € R to
the coset f+m. Since m(x;) = a; for a; € k, the elements z;—a; are in the kernel

of m, which is by definition just m. Thus m contains (X1 — a1,..., X, — an);
this last ideal is maximal, and since m is also maximal, we must have equality:
m:(Xl—al,...,Xn—an). O

In order to get an idea for the proof of Lemma[2.4.4] let us first consider the
special case where k is infinite and where K = k(X) is a simple transcendental
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extension. Our claim is that if fi,..., f,, € K, then the k-algebra A they
generate is strictly smaller than K. In fact, choose a € k such that a is not a
pole of any of the rational functions f;; then no element of A can have a pole
at a, hence Xl_a e K\ A

Now we complete the proof of the Nullstellensatz by proving the central
lemma:

Proof of Lemma[2./.4 In order to simplify the presentation, we will assume
that k is algebraically closed, although the proof for general fields k is only
slightly more complicated.

We first give the proof for fields K with transcendence degree 1 over k and
then do the general case later. Recall that K/k has transcendence degree 1 if
there is some X € K such that K/k(X) is finite.

As before, let f1,...,fm € K, and let A be the k-algebra these rational
functions generate. Since K/k(X) is finite, there exist elements ey, ...,e, € K
that form a basis for the vector space K over k(X). The product e;e; of two
basis elements can be expressed as a k(X)-linear combination of the ej,, hence
there exist polynomials a;jn, bijn € k[X] with

aijn(X)
—~ bijn(X)

€65 = Eh.

We also can express our f; in terms of this basis:

cij (X)

for polynomials ¢;;,d;; € k[X].

Now observe that the poles of the elements in A must come from the finitely
many poles of the e;, the roots of the finitely many polynomials d;;, or the
roots of the finitely many polynomials b;;5. Thus there is some a € k (here
we use that k is algebraically closed) that is not among these poles, and then
- € K\ A

Now let us do the general case of fields K with arbitrary transcendence degree
> 1. Let F be a subextension of K such that K/F has transcendence degree 1.
From what we have proved we know that K is not a finitely generated F-algebra;
this immediately shows that it is not a finitely generated k-algebra. O

Exercises

4.1 Let R be a domain, and S # & a multiplicatively closed subset of R (this means
that ss’ € S for 5,5 € S) not containing 0. On the set of pairs (r,s) € R x S
define a relation (r,s) ~ (r',s") if rs’ = r's.

1. Show that ~ is an equivalence relation.
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4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

2. Let % denote the equivalence class of (r, s), and put
ST'R={t:reR,seS}

Define addition and multiplication on S™!R by T+ = % and I, =

st s s T

:—;:. Show that this is well defined and makes S™'R into a domain. Also
show that the map R — S™'R: 7+ == for a fixed s € S is an injective

ring homomorphism.

3. Show that S™'R is a field if S = R\ {0}; it is called the quotient field of R.

Show that p € R is a unit in S~ R if and only if p | s for some s € S.

Let p € R be a prime element, and assume that p { s for all s € S. Show that p
is prime in S7!R.

Show that if R is a UFD, then so is S™'R.

Show that if R is noetherian, then so is S™*R. Hint: If I is an ideal in S™'R,
consider J = I N R. Show that generators of J also generate I.

Show that prime ideals are radical.
Show that radical ideals are radical: rad(rad I) = rad I.
Show that K[X,Y, Z]/(X,Y) ~ K[Z] and K[X,Y, Z]/(X,Y,Z) ~ K.

Show that an integral domain R is a UFD if and only if

e every ascending chain of principal ideals terminates, and

e irreducibles are prime.

Consider the ideal I = (XY,Y Z,ZX) in K[X,Y, Z]. Describe V(I) in A*K. Ts
I=17(Vv(I))?

Let I = (X?*4+Y?—-1,Y —1); find f € ZV())\ I.
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