DEFORMATION FINITENESS FOR
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Abstract. We show that the number of equivariant deformation classes of real
structures in a given deformation class of compact hyperkähler manifolds is finite.

To Askold Khovansky with our admiration
1. Introduction
An irreducible holomorphic symplectic manifold is a Kählerian compact simply
connected complex manifold X such that the space H 0 (X, Ω2X ) is generated by a
nowhere degenerate holomorphic 2-form ωX .
In dimension two the only irreducible holomorphic symplectic manifolds are K3surfaces. Among examples in higher dimensions are the Hilbert schemes Hilbn (X),
where X is a K3-surface, and the generalized Kummer varieties K n T , where T is
a complex two-dimensional torus (see [Be]).
Sometimes, the irreducible holomorphic symplectic manifolds are also referred
to as compact hyperkähler manifolds. More precisely, a compact hyperkähler manifold is an irreducible holomorphic symplectic manifold with a fixed Kähler class
γX ∈ H 2 (X; R). (Here and below, by a Kähler class we mean a cohomology class
represented by the fundamental form of a Kähler metric.)
Recall that a real structure on a complex manifold X is an anti-holomorphic
involution conj : X → X. An equivariant deformation is a Kodaira-Spencer family
p : X → B with real structures on both X and B with respect to which the projection p is equivariant. Sometimes we use the same term for the pull-back p−1 (BR )
of the real part of B. Clearly, locally the two notions coincide and, thus, give rise
to the same equivalence relation.
A real structure on a compact hyperkähler manifold (X, γX ) is a real structure conj satisfying the additional property conj∗ γX = −γX . The usual averaging
argument shows that each real irreducible holomorphic symplectic manifold admits a skew-invariant Kähler class, and two real compact hyperkähler manifolds
are equivariantly deformation equivalent if and only if so are the underlying real
irreducible holomorphic symplectic manifolds.
Our goal is to prove the following theorem.
The second and the third authors are supported by ANR-05-0053-01 grant of Agence Nationale
de la Recherche (France) and a grant of Université Louis Pasteur, Strasbourg.
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1.1. Theorem. The number of equivariant deformation classes of real structures
in a given deformation class of compact hyperkähler manifolds is finite.
This result exhibits what we call the deformation finiteness for real hyperkähler
manifolds. As is known, a similar finiteness result holds for curves and surfaces.
(Indeed, the only birational classes of surfaces for which the result is not found in
the literature, either explicitly or implicitly, are elliptic surfaces and irrational ruled
surfaces, but for the latter two classes the proof is more or less straightforward.)
To our knowledge, almost nothing is known in higher dimensions.
Theorem 1.1 is inspired by the following finiteness result for complex hyperkähler
manifolds, see Huybrechts [H2]: there exist at most finitely many deformation types
of complex hyperkähler structures on a fixed underlying smooth manifold. Moreover,
in many respects, our proof of Theorem 1.1 is similar to Huybrechts’ proof of
his complex statement. The crucial points remain the Kollár-Matsusaka finiteness
theorem [KM], the Demailly-Paun characterization of the Kähler cone [DP], and
the Calabi-Yau families.
Combining Theorem 1.1 with Huybrechts’ statement cited above, one can replace the deformation class of complex manifolds in Theorem 1.1 with the diffeomorphism type of the underlying smooth manifold. Alternatively, one can consider
the manifolds with a fixed Beauville-Bogomolov form q and bounded constant λ,
see Section 2.
Note that a finiteness statement similar to Theorem 1.1 holds as well for equivariant deformation classes of holomorphic involutions (instead of real structures);
the proof is literally the same as that of Theorem 1.1.
Acknowledgements. We are grateful to the Max-Planck-Institut für Mathematik
and to the Mathematisches Forschungsinstitut Oberwolfach and its RiP program for
their hospitality and excellent working conditions which helped us to accomplish
an essential part of this work.
2. Period spaces
For any irreducible holomorphic symplectic manifold X there is a well defined
primitive integral quadratic form qX : H 2 (X; Z) → Z with the property that for
some positive constant λ ∈ R (depending on the differential type of X) the identity
qX (x)n = λ(x2n ∩[X]) holds for any element x ∈ H 2 (X; Z). (Here, the primitiveness
means that qX is not a multiple of another integral form.) This quadratic form,
called the Beauville-Bogomolov form, has inertia indexes (3, b2 (X)−3): it is positive
definite on the subspace (H 2,0 ⊕H 0,2 )R ⊕γX R and negative definite on its orthogonal
complement. Recall also that H 2,0 ⊕ H 0,2 and H 1,1 are orthogonal to each other
with respect to the Beauville-Bogomolov form.
From now on, we fix a deformation class D of irreducible holomorphic symplectic
manifolds. (Note that the property of being an irreducible holomorphic symplectic manifold is stable under Kähler deformations, see [Be], and that all sufficiently
small deformations of a Kähler manifold are Kähler.) This defines the isomorphism type of the cohomology ring H ∗ (X; Z) and the Beauville-Bogomolov form
(H 2 (X; Z), qX ). In particular, this fixes the constant λ in the above description of
the form.
In addition, we fix an abstract integral lattice (L, q) isometric to (H 2 (X; Z), qX ).
For a particular manifold X ∈ D, a choice of an isometry ϕ : (H 2 (X; Z), qX ) →
(L, q) is called a marking of X.
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Denote by Per the period domain

Per = z ∈ L ⊗ C q(z) = 0, q(z + z̄) > 0 /C∗ ⊂ P(L ⊗ C).
The period map, denoted by per, sends a marked manifold (X, ϕ), X ∈ D, to the
point per(X, ϕ) = ϕ(H 2,0 (X)) mod C∗ ∈ Per. The period map is known to be
surjective (see [H2]), and the following local Torelli theorem holds (see [Bo]).
2.1. Theorem. Given a manifold X ∈ D, there exists a universal (in the class of
local deformations of X) local deformation
p : (X , X0 = X) → (B, b0 ).
Furthermore, for any marking ϕ of X, the period map B → Per, b 7→ per p−1 (b)
(which is well defined due to the stability mentioned above), is a diffeomorphism of
a neighborhood of the base point b0 in B to a neighborhood of its image per(X, ϕ)
in Per. 
Recall that a Kähler-Einstein metric on a manifold X with complex structure I
is a Ricci flat I-invariant Riemannian metric g on X whose ‘hermitization’ h(u, v) =
g(u, v) − ig(Iu, v) is Kähler. The following fundamental statement is a well known
corollary of the Calabi-Yau theorem.
2.2. Theorem. Let (X, γX ), X ∈ D, be a compact hyperkähler manifold. Then
γX is represented by a unique closed form ρI such that the corresponding metric
g(u, v) = ρI (u, Iv) is Kähler-Einstein with respect to the original complex structure I and two additional complex structures J and K on X satisfying the relation
IJ = −JI = K. 
Consider a manifold X ∈ D and complex structures I, J, K as in Theorem 2.2.
For any triple (a, b, c) ∈ S 2 = x ∈ R3 kxk = 1 , the operator aI + bJ + cK is
also a complex structure with respect to which g is a Kähler-Einstein metric. Thus,
a Kähler-Einstein metric on X defines a whole 2-sphere of complex structures,
each complex structure coming with a distinguished Kähler class. This sphere is
naturally identified with the unit sphere in the (maximal) positive definite (with
respect to qX ) subspace V ⊂ H 2 (X; R) spanned by the corresponding Kähler classes
γI = γX , γJ , γK . Alternatively, V is spanned by γX , Re[ωX ], and Im[ωX ] and,
thus, depends on X and γX only. The corresponding sphere of complex structures is
denoted by S(X, γX ). Each element γ ∈ S(X, γX ) is the Kähler class of a compact
hyperkähler manifold (defined by γ) deformation equivalent to (X, γX ).
For any real compact hyperkähler manifold (X, γX , conj), X ∈ D, the involution
conj∗ induced on the cohomology of X is a qX -isometry. Furthermore, conj∗ interchanges H 2,0 and H 0,2 , preserves H 1,1 , and multiplies γX by −1. Therefore, with
respect to qX , the (+1)- and (−1)-eigenlattices of conj∗ : H 2 (X; Z) → H 2 (X; Z)
have positive inertia indexes 1 and 2, respectively.
The following statement is a straightforward consequence of Theorem 2.2.
2.3. Corollary. Let (X, γX , conj), X ∈ D, be a real compact hyperkähler manifold, and let Sconj (X, γX ) ⊂ S(X, γX ) be the circle of fixed points of − conj∗ . Then
each compact hyperkähler manifold defined by a class γ ∈ Sconj (X, γX ) is real with
respect to conj. 
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Remark. Under the assumptions of Corollary 2.3, the holomorphic form ωX on X
can be chosen so that conj∗ ωX = ω X . With this choice, Sconj (X, γX ) is the unit
circle in the plane spanned by γX and Im[ωX ].
A real homological type is a q-isometry c : L → L whose (+1)-eigensublattice
has positive inertia index 1. Whenever c is understood, we denote by L± its (±1)eigenlattices. The involution c induces the map ω 7→ c(ω) on the period space Per.
Denote by Per(c) its fixed point set. Clearly, Per(c) consists of pairs (ω+ R, ω− R),
where ω+ ∈ L+ ⊗ R, ω− ∈ L− ⊗ R, and q(ω+ ) = q(ω− ) > 0.
Fix a real homological type c. A c-marking of a real manifold (X, conj), X ∈ D,
is a marking ϕ : (H 2 (X; Z), qX ) → (L, q) commuting with c, i.e., such that c ◦ ϕ =
ϕ ◦ conj∗ . Clearly, the image of a c-marked manifold (X, conj, ϕ) under the period
map per belongs to Per(c).
2.4. Theorem. Any c-marked real manifold (X, conj, ϕ), X ∈ D, admits an equivariant local deformation over a base diffeomorphic to a neighborhood of the image
per(X, conj, ϕ) in Per(c).
Proof. Pick a universal local deformation p : (X , X0 ) → (B, b0 ) of X0 = X given by
Theorem 2.1. Due to the universality, the real structure conj : X → X extends to a
unique fiber preserving anti-holomorphic map c̃ : X → X . On the other hand, one
has H 0 (X; TX ) = H 0 (X; Ω1X ) = H 1,0 (X) = 0, i.e., X has no infinitesimal automorphisms. Hence, c̃ is an involution. The restriction of p to the pull-back of Per(c)
under the period map b 7→ per p−1 (b) is the desired equivariant deformation. 
Next statement is a corollary of the Demailly-Paun description [DP] of the Kähler
cone; see [H1] for details.
2.5. Theorem. Let KX ⊂ H 2 (X; R) be the Kähler cone of a manifold X ∈ D,
and let ϕ be a marking of X. If the period ω = per(X, ϕ) is generic, then the image
ϕ(KX ) coincides with the positive cone in the hyperbolic space ω ⊥ ∩ (L ⊗ R). 
Remark. More precisely, ‘generic’ in Theorem 2.5 means the following (see [F]):
no integral homology class of X should be annihilated by an (appropriate) power
of ωX and, in addition, at most one point from each sphere of the form S(Y, γ),
Y ∈ D, should be removed. This implies that the conclusion of Theorem 2.5 still
holds for a generic real period, i.e., for any real homological type c : L → L, the
set of periods of real manifolds with maximal Kähler cone is dense in Per(c).
The last ingredient of the proof is the following statement due to J. Kollár and
T. Matsusaka, see [KM].
2.6. Theorem. For any integer n > 0 and any pair of integers a and b there are
universal constants m, N such that for any compact complex n-manifold X and any
ample line bundle L on X satisfying the relations c1 (L)n = a and c1 (L)n−1 c1 (X) =
b the bundle Lm is very ample and dim|Lm | 6 N . 
2.7. Corollary. Fix a real homological type c and a vector l ∈ L− with q(l) > 0.
Then, the real compact hyperkähler manifolds (X, γX , conj), X ∈ D, admitting a
c-marking ϕ such that ϕ(γX ) = l constitute finitely many deformation families.
Proof. After a small perturbation, one can assume that the Picard group Pic X =
per(X, ϕ)⊥ ∩ L is isomorphic to Z. Then γX = c1 (L) for some ample line bundle L,
and Theorem 2.7 applied to a = ln and b = 0 gives constants m, N such that the
bundle Lm embeds X to the projective space |Lm |∨ of dimension at most N , the
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degree of the image being ln . Since X is simply connected and the Chern class
c1 (Lm ) is conj∗ -skew-invariant, the real structure conj lifts to a real structure on L,
which descends to a real structure on |Lm |∨ (possibly, nonstandard) with respect
to which the above embedding is equivariant. Thus, the manifolds in question are
realized as real submanifolds of bounded degree of real projective spaces of bounded
dimensions; such manifolds form finitely many deformation families, each family
consisting of compact hyperkähler manifolds due to the deformation stability. 
3. Proof of Theorem 1.1
3.1. Lemma. Let M be a lattice with at least two positive squares, and let v1 , v2 ∈
M ⊗ R be two vectors with v12 > 0 and v22 > 0. Then there exists a vector v ∈ M ⊗ R
such that the bilinear form is positive definite on both the plane generated by v and v1
and the plane generated by v and v2 .
Proof. Consider the subspace V generated by v1 and v2 . If it has two positive
squares, take v ∈ V ; otherwise, V ⊥ has a positive square, and take v ∈ V ⊥ . 
3.2. Proof of Theorem 1.1. Up to isomorphism, (L, q) admits at most finitely
many involutive isometries c : L → L. (Indeed, enumerating involutive isometries
of a lattice reduces to enumerating isomorphism classes of lattices of bounded determinant, cf . [N], and their number is finite, see [C].) Thus, it suffices to show
that each real homological type c is realized by finitely many deformation families.
Fix c and pick a class l ∈ L− with q(l) > 0. We will show that any c-marked
real compact hyperkähler manifold (X, γX , conj, ϕ), X ∈ D, is equivariantly deformation equivalent to a c-marked real compact hyperkähler manifold (Y, γY , conj, ψ)
with ψ(γY ) = l. Due to Corollary 2.7, manifolds Y with this property constitute
finitely many deformation families.
Consider a c-marked real compact hyperkähler manifold (X, γX , conj, ϕ), X ∈ D.
Let γ = ϕ(γX ) ∈ L− ⊗R, and denote by ω± ∈ L± ⊗R the periods of X. To construct
the desired deformation, we use the following three moves of the triple (ω+ , ω− , γ)
in the period space:
(1) a rotation in the plane spanned by ω− and γ,
(2) a small perturbation of ω+ in L+ ⊗ R and of ω− and γ in L− ⊗ R, so that
ω− and γ remain orthogonal to each other,
(3) a move of γ within the cone ϕ(KX ) ∩ (L− ⊗ R), where KX ⊂ H 2 (X; R) is
the Kähler cone of X.
Moves (1) and (2) are followed by equivariant deformations of (X, γX , conj) due to
Corollary 2.3 and Corollary 2.4, respectively. For move (3), if the pair (ω+ , ω− ) is
sufficiently generic, Theorem 2.5 implies that γ can vary within the whole positive
⊥
cone in the hyperbolic space ω−
⊂ L− ⊗ R.
(0)
It remains to start with (ω±
, γ (0) ) = (ω± , γ) and construct a sequence of triples
(i)
(ω±
, γ (i) ), 0 6 i 6 k, each obtained from the previous one by one of the three
moves, so that γ (k) = l. As explained above, that would give rise to a sequence of cmarked compact hyperkähler manifolds (X (i) , γX (i) , conj, ϕ) deformation equivalent
to each other, and one can take (Y, γY , conj, ψ) = (X (k) , γX (k) , conj, ϕ).
(0)
The desired sequence can be constructed as follows. First, perturb (ω±
, γ (0) ) to
(1)
a generic triple (ω±
, γ (1) ) (move (2)). Apply Lemma 3.1 to get a vector v ∈ L− ⊗R
(1)
such that both the plane spanned by v and ω−
and the plane spanned by v and l
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(1)
are positive definite. Since the periods ω±
are generic, one can replace γ (1) with
(2)
(1)
(2)
(1)
a vector γ
in the plane spanned by v and ω−
(move (3)). Let ω±
= ω±
,
(3)
(3)
use move (1) to produce a triple (ω± , γ ) with ω− a positive multiple of v, and
(4)
perturb it to a generic triple (ω±
, γ (4) ) (move (2)) so that the plane spanned by
(4)
ω− and l is still positive definite. Finally, replace γ (4) with a vector γ (5) in the
(4)
(5)
(4)
plane spanned by ω−
and l and such that q(γ (5) ) = q(l) (move (3)), let ω±
= ω±
,
(6)
(6)
(6)
and use move (1) to produce a triple (ω± , γ ) with γ = l. 
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Université Louis Pasteur et IRMA (CNRS)
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