A“Illn

BILKE
umvsnsrrv
/

\\l!////

S

Bilkent University
Department of Mathematics

PrROBLEM OF THE MONTH

April 2024
Problem:
Let n > 3 be an integer and ay, as, ..., a, be real numbers. For each 1 < k < n the real
numbers by, b, ..., b, 1 are defined by

ap + max{ a1, Gxio}
2

and b,.1 = b1 (ap41 = a1 and a,2 = ag). Show that the inequality

by, =

n

D (= ain)* =Y (b= biv)’

=1 i=1

is held for each n > 3 and all real numbers a1, as ..., a,.
Solution:

Let 2b; = ¢; and a; — a;41 = z;. Since for all real numbers = and y

Tty r—y
max{r,y} =TT Y+ 1722
we get that
Tit1 Tit2 LTit1 Tit2
i — Cit1l = T — 1
im e = m b L T T (T g
For each index 7 let
y@—%—i—]% and  z |

Then, y; = x;, z; = 0 for z; > 0 and y; = 0, z; = x; for z; < 0. Inserting y; and z; to (1)
we get

(i = ci1)? = (@i + Yir1 + 2i12)” < 207 4 2(Yig1 + 2i42)” = 227 + 2571 + 22705 + Wi Zio



(above we used the inequality (¢ + s)* < 2t2 4 2s%). Since y; > 0 and z; < 0 we get that
Yir12ir2 < 0. Hence we get

(ci = cin)® < 207 + 207, + 27, (2)
Finally by using of the inequality (2) and equality y? + 2? = 2?7 in the problem statement

n n 1
doal= Y e en)
i=1

i=1

we complete the solution.



