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Problem: Suppose that a natural number n is an odd perfect number: n is odd
and n is equal to the sum of all its positive divisors (including 1 and excluding n).
Prove that n is not divisible by 105.

Note: The existence of any odd perfect number is still unknown.
Solution: Suppose that n is divisible by 105 = 3 x 5 x 7. Consider the prime
factorization of n:

n=3"5"T7%pi . pt, > Lay>1a3 > 1.
Let S(n) be the sum of all positive divisors of n (including 1 and n):

1 1 1 1 1 1 1 1 1 1
S =l ) (1 Y (1 Y (e Y (e ),
(n) =n( +3+ +3a1)( +et +5a2)( +ot +7a3)( +p4+ +p$4) ( +pk+ +pgk)

Since n is an odd perfect number S(n) = 2n and S(n) is not divisible by 4. Since
all primes in the decomposition of n are odd, oy and a3 are at least 2, otherwise
(I+43+ - +57) =3 and (1+3+---+=%) = 2 and S(n) is divisible by 4. Finally,

S(n) 1 1 1 1 1. 13657 4446
2= > (1424 ) 1+ )14+ 0) =2 =2
w2 Ut U+ 24 5) =55 95 = 5905

Contradiction.



