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Instructions:

e The FOUR sections are labelled A, B, C, D. Attempt at most TWO questions from
each of the four sections A, B, C, D. Thus, you are to attempt at most EIGHT questions
altogether.

e Hand in separate scripts for each examiner.
Examiner 1: Algebra, questions Al, A2, A3, A4.
Examiner 2: Real Analysis, questions B1, B2.
Examiner 3: Complex Analysis, questions B3, B4.
Examiner 4: Applied Mathematics, questions C1, C2, C3, C4.
Examiner 5: Analytic number theory, question D1.

Examiner 6: Algebraic number theory, question D2

Time allowed: three hours.



Section A: Algebra

A1l: Let F be a field with characteristic zero, let f(X) be an irreducible quartic (degree 4)
polynomial over F, let E be the splitting field for f(X) over F, and let G be the Galois group
of the extension E/F.

(a) State the Fundamental Theorem of Galois Theory, including clauses concerning the order
of the Galois group and the normal subgroups of the Galois group.

(b) Let aq, e, as, ay be the roots to f(X), and let
0= (041 - 042)(051 - 063)(061 — 044)(052 — 063)(062 — 044)(053 — 064) .

Suppose that § € F'. Show that G =V, or G = Ay.

(c) In each of the two cases in part (b), find the number of intermediate fields F' < L < E. In
each of those two cases, how many of those L are normal extensions of F'?

A2: Let G be a finite group and let p be the smallest prime divisor of |G]|.

(a) Let H be a subgroup of G with index |G : H| = p. Show that H is normal in G. (Hint:
consider a suitable group homomorphism from G to the symmetric group S,.)

(b) Let K be the intersection of all the subgroups G satisfying the property in (a). Show that
G/K is an elementary abelian p-group (we mean, G/K is isomorphic to a direct product of
cyclic groups with order p).

A3: Let F be a field. Up to isomorphism of algebras over F', how many 3-dimensional
semisimple algebras over F' are there in the following three cases: F =C, F =R, F =Q? In
those cases where there are infinitely many isomorphism classes, are there countably many or
uncountably many?

A4: Let G be the group with order 27 generated by the elements a, b, ¢ with the following
relations:
d=v=c3=1, ac = ca , bc = cb, ba = abc .

Construct the ordinary character table of G, justifying your steps. (Hint: first note that any
element of G can be written uniquely in the form a®b?¢? where a, 8,7 € {0,1,2}.)



Section B: Analysis

B1: Given f € L(R) and h > 0, let gp(z) = — / f(t)dt. Prove that g, € L(R) and

/ gn(@) de < || £ 1.
R

B2: Given sequence a = (a,), consider the diagonal operator Ty : l3 — la : (zy) — (apn Tp)-
Find a criterion of boundedness of T, in terms of the sequence a. In the case of bounded Ty,
find its norm.

do
1—2acosf + a2

2T
B3: Let a € C be such that |a] # 1. Compute I(a) = / using complex
0

integration.

B4: Let v be smooth curve in C, and set D = C\ «. Suppose f is a continuous function

on v, and define g(z) = / de for = € D. Prove that g is holomorphic in D and
S W= 2

g'(z):/v(f(w)de for z € D.

w— z)



Section C: Applied Mathematics

C1: Let v’ — w?u = f(z), z € (a,b). Here w is a real number and aw # nr and bw # nw
where n = 0,1,2,---. Solve this problem by using the method of Green’s Function with the
boundary conditions to u(a) = 0 and u(b) = 0.

C4: Show that the large eigenvalues of the problem
Y + Mz +m)ty =0, y0)=0, y(r)=0

are given by
9n?

4974
for large integers n , and find the corresponding eigenfunctions

A=\, =

C3: Find the solution of the heat equation u; = ug, +sinze™, z € (0,7), t > 0 with
u(0,t) =0, wu(m,t) =0 and u(x,0) = ug sin 2z, where ug is the initial temperature.

C4: (a) Obtain the most general solution of the integral equation

2m
y(x) = f(z) + )\/0 sin(x — s) y(s)ds.

Discuss all possible cases.

(b) Obtain solutions when when f(x) =z and f(x) = 1.



Section D: Number Theory

D1: (a) Show that

3 V"J =z Y pllm—l—O(x).

102
P1#p2 pip p1p2<z

(b) Explain why the sum on the right above is

(x)es i s L) 8

p<z p1<vz T z/pi<p2<z
(c) Show that if y < /x, then

1
Z — =loglogz — loglog(z/y) + O(1/log x).
z/y<p<w

(d) Show that the right-hand side above is < (logy)/log z.
(e) Deduce that the second and third terms in (1) are < 1.

D2: (a) Find the ideal class group of A N QK/—35).

—168
(b) Find the ideal class group of A NQ/—42) and show that if p is a prime with (7) =
p

then p is represented by exactly one the following forms x? + 42y2, 322 + 1492, 222 + 2142,
—168

622 + 7Ty%. Determine those primes p with <7): 1 that are represented by 6z% + 7y

p

(Hint: look at if p is a square mod 3 or 7).



